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Abstract

We propose a kinetic model which describes a mixture of reactive gases, in which a unique continuous interna
parameter is present. This model enables to recover at the level of its hydrodynamical limit the Euler equations of a m
reactive polytropic gases.
 2004 Elsevier SAS. All rights reserved.

1. Introduction

In this paper we propose a kinetic model of Boltzmann type for a mixture of reactive gases. The originalityof our model is
that it satisfies the following requirements:

1. we wish to introduceonly oneinternal energy parameter which has moreover to becontinuous(that is, not discrete);
2. we wish to be able to write down precisely the kernels, and to rigorously prove the conservations laws and the H-
3. we wish to be able to take into account any chemical reversible reactions of type

A1 + A2 � A3 + A4,

in which the mass of theAi may all be different, and which may be either endothermic or exothermic;
4. when looking at the hydrodynamical limit (that is, the limit when the Knudsen number goes to 0), we wish to b

to relate (in a simple and computable way) the cross sections at the Boltzmann level with the macroscopic para
the corresponding reactive Euler equations (that is, for example, the energy law of each specie, or the depende
reaction rate with respect to temperature). In particular, we want to be able to recover the energy law of polytropic gas

Let us comment briefly on these requirements: the adjunction of only one parameter of internal energy which is m
continuous will ensure that the numerical computations (under the form of particle methods) remain tractable (no nee
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into account a large number of discrete energy levels). This is at variance with classical models such as those presented in [1–3]
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and [4], and constitutes the main originality of our work. The second and fourth requirements ensure that (at least at th
level) the link between the microscopic and macroscopic description is rigorous. In particular, thanks to the fourth requ
one has the possibility to couple numerical codes of both types (particlemethods for the kinetic part, finite volumes for t
Euler part). Finally, it is clear that one should be able to treat at least chemical reactions as described in the third req
Our model certainly can be extended to more complicated chemical situations, but in order to keep a readable paper, we
not investigate in this direction. For very general models, cf. [8].

Our model is presented in the framework of the so-called Borgnakke–Larsen procedure (cf. [5]), and is a generali
the models (which do not include chemical reactions) already introduced in [6] and [7].

For each specieAi (i = 1, . . . ,4) of the mixture, we introduce anumber density functionfi , which depends on the timet ,
the position (in space)x in R

N (of courseN = 3 in the applications, but we shall keepN in the sequel so that it is possible
see the dependence of the kernels with respect to the dimension), the velocityv (in R

N ), but also aninternal energyI , which
will vary in R+ (that is, as required, one unique continuous parameter). This lastquantity will enable to get general energy law
at the level of the Euler equation.

If we denote byni(x, t)dx thenumber of particlesof the speciei at timet in an infinitesimal region of thickness dx centered
in x, the physical meaning of the densityfi is the following:

ni(t, x) =
∫

RN

+∞∫
0

fi(t, x, v, I )ϕi (I )dv dI, (1)

whereϕi(I )dI is a nonnegative measure which is a parameter of the model (typically, one can takeϕi(I ) = Iαi for some
αi � 0).

As we shall see, the introduction of the functionsϕi(I ) is crucial, since it will permit to obtain a mass action law and a
of energy laws that are typical of polyatomic (polytropic) gases.

The paper is organized as follows: in Section 2, we write downthe kernels corresponding to collisions between molecules o
the same specie or of different species, but without chemical reactions. These kernels are close to that described in [
One of the differences (with the kernels presented in these papers) is that we take into account the mass of the molecu
may be different for the different species) and the non-symmetric aspect of the bi-species kernel.

Then, in Section 3, we shall explain how to modify the previous description when chemical reactions are allowed. T
difficulty here is to include in the model the energy which is dissipated when a chemical reaction occurs.

Finally, in Section 4, we link our kinetic model with the fluid-dynamic (Euler) system corresponding to a mechanic
not chemical) equilibrium.

2. Nonreactive collision kernels

We consider the (nonreactive) collision between two molecules of speciesi andj , with massmi andmj , velocityv andv∗,
and internal energyI andI∗ respectively. After this collision, the molecules belong to the same specie, they still have mmi

andmj , but their velocities and internal energies have changed, and are now denoted byv′, v′∗, I ′ andI ′∗ (as a matter of fact
the kernel that we shall write use the inverse (and traditional) convention: the primed quantities correspond to the state of th
molecules before the collision).

The conservations of momentum and total energy write:

miv
′ + mj v′∗ = miv + mj v∗, (2)

1

2
mi |v′|2 + 1

2
mj |v′∗|2 + I ′ + I ′∗ = 1

2
mi |v|2 + 1

2
mj |v∗|2 + I + I∗. (3)

Since we shall systematically work in the reference frame of the center of mass, we introduce the reduced mass

µij = mimj

mi + mj
. (4)

The Borgnakke–Larsen procedure, which we shall use throughout this paper, is one of the simplest (and most nat
to describe the evolution of the different energies (kinetic, internal) in the process of collision (from the mathematical poin
view, it can also be seen as a simple way of parametrizing equations (2) and (3)). The idea of this procedure can be
as follows: one first computes the total energyε of the incoming molecules in the center of mass reference frame (than
Eqs. (2) and (3), this is also the total energy of the outgoing molecules in the center of mass reference frame):

ε = 1

2
µij |v − v∗|2 + I + I∗ = 1

2
µij |v′ − v′∗|2 + I ′ + I ′∗. (5)
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Then, a proportion 1− R (with R ∈ [0,1]) of this energy is attributed to the internal energy of the outgoing molecules, that is

e extra

-
mation
I ′ + I ′∗ = (1− R)ε. (6)

This internal energy is itself distributed between the two outgoing molecules: we introduce therefore a parameterr ∈ [0,1] in
such a way that

I ′ = r(1− R)ε, I ′∗ = (1− r)(1− R)ε. (7)

The kinetic energy of the outgoing molecules (in the center of mass reference frame) is now

1

2
µij |v′ − v′∗|2 = Rε. (8)

This last equation can be parametrized by a unitary vectorω ∈ SN−1:

v′ − v′∗ =
√

2Rε

µij
Tω

[
v − v∗
|v − v∗|

]
, (9)

where

Tωx = x − 2(ω · x)ω

is the symmetry with respect toω⊥. Coming back in the laboratory reference frame, we end up with the formulas:

v′ = miv + mj v∗
mi + mj

+ mj

mi + mj

√
2Rε

µij
Tω

[
v − v∗
|v − v∗|

]
, (10)

v′∗ = miv + mjv∗
mi + mj

− mi

mi + mj

√
2Rε

µij
Tω

[
v − v∗
|v − v∗|

]
. (11)

Finally, we introduce (for the sake of symmetry: this will help in the computations of the Jacobian determinants) th
parameters

R′ = 1

2
µij |v − v∗|2ε−1, r ′ = I

I + I∗
. (12)

The main properties of the Borgnakke–Larsen transformations (5)–(12) are collected in the following lemma:

Lemma 1. Let us define(for a givenω ∈ SN−1) the transformation

S
ij
ω : (v, v∗, I, I∗, r,R) �→ (v′, v′∗, I ′, I ′∗, r ′,R′),

by formulas(5)–(12).

ThenS
ij
ω is a (one-to-one) involution of the setE = {(v, v∗) ∈ R

N × R
N ; I, I∗ � 0; r,R ∈ [0,1]}, and its Jacobian determi

nantJ (defined here and in all this paper as the absolute value of the determinant of the Jacobian matrix of the transfor)
is given by

J = 1− R

1− R′
( |v′ − v′∗|

|v − v∗|
)N−2

= RN/2−1(1− R)

(R′)N/2−1(1− R′) .

Proof. Note first that the inversion ofSij
ω leads to the following formulas:

ε = 1

2
µij |v′ − v′∗|2 + I ′ + I ′∗, (13)

v = miv
′ + mj v′∗

mi + mj
+ mj

mi + mj

√
2Rε

µij
Tω

[
v′ − v′∗
|v′ − v′∗|

]
, (14)

v∗ = miv
′ + mj v′∗

mi + mj
− mi

mi + mj

√
2Rε

µij
Tω

[
v′ − v′∗
|v′ − v′∗|

]
, (15)

I = r ′(1− R′)ε, I∗ = (1− r ′)(1− R′)ε, (16)

R = 1

2
µij |v′ − v′∗|2ε−1, r = I ′

I ′ + I ′∗
. (17)
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As a consequence, the transformationS
ij
ω is one to one and ontoE.

.

ation

n determi-

order
In order to compute its Jacobian determinant, we shall decompose it in a chain of elementary changes of variables

• First, we consider the passage to the center of mass reference frame. Since the transformation

A1 : (v, v∗, I, I∗, r,R) �→ (g,G, I, I∗, r,R),

with g = v − v∗ andG = (miv + mj v∗)/(mi + mj ), has a Jacobian determinant equal to 1, as well as the transform

B1 : (g′,G′, I ′, I ′∗, r ′,R′) �→ (v′, v′∗, I ′, I ′∗, r ′,R′),
with g′ = v′ − v′∗ andG′ = (miv

′ + mjv′∗)/(mi + mj ) = G, we are led to study the transformation

C1 : (g, I, I∗, r,R) �→ (g′, I ′, I ′∗, r ′,R′).
• We now pass to spherical coordinates for the relative velocitiesg andg′. We perform therefore the transformations

A2 : (g, I, I∗, r,R) �→ (|g|, g/|g|, I, I∗, r,R
)

and

B2 :
(|g′|, g′/|g′|, I ′, I ′∗, r ′,R′) �→ (g′, I ′, I ′∗, r ′,R′),

and study the transformation

C2 :
(|g|, g/|g|, I, I∗, r,R

) �→ (|g′|, g′/|g′|, I ′, I ′∗, r ′,R′),
taking into account the Jacobian determinant|g′|N−1/|g|N−1 coming fromA2 andB2.

• In the next step, we consider the transformation

A3 :
(|g|, g/|g|, I, I∗, r,R

) �→ (|g|, g/|g|, I, ε, r,R)
,

which thanks to (5) has a Jacobian determinant equal to 1. As a consequence, we only have to study the Jacobia
nant of the transformation

C3 :
(|g|, g/|g|, I, ε, r,R) �→ (|g′|, g′/|g′|, I ′, I ′∗, r ′,R′).

In the sequel, we will denote byJ [·] the Jacobian determinant of a transformation. We use Eqs. (5), (9) and (12), in
to compute the Jacobian determinant ofC3:

J

[(
|g|, g

|g| , I, ε, r,R
)

�→
(√

2Rε

µij
, Tω

[
g

|g|
]
, r(1− R)ε, (1− r)(1− R)ε,

I

ε − µij |g|2/2
,
µij |g|2

2ε

)]
.

SinceTω is a symmetry, the previous quantity is equal to

J

[(|g|, I, ε, r,R) �→
(√

2Rε

µij
, r(1− R)ε, (1− r)(1− R)ε,

I

ε − µij |g|2/2
,
µij |g|2

2ε

)]

= 1

ε − µij |g|2/2
J

[(|g|, ε, r,R) �→
(√

2Rε

µij
, r(1− R)ε, (1 − r)(1− R)ε,

µij |g|2
2ε

)]
,

and, by denotingρ = Rε, it is also equal to(
µij |g|

ε − µij |g|2/2

)
J

[
(ε, r, ρ) �→

(√
2ρ

µij
, r(ε − ρ), (1− r)(ε − ρ)

)]
.

If we call w = ε − ρ, we get for the Jacobian ofC3 the formula:(
µij |g|

ε − µij |g|2/2

)
J

[
(w, r,ρ) �→

(√
2ρ

µij
, rw, (1− r)w

)]

=
(

µij |g|
(1− R′)ε

√
2

µij

1

2
√

ρ

)
J
[
(w, r) �→ (

rw, (1− r)w
)] =

√
2µij

|g|
(1− R′)ε

w

2
√

ρ

= 1− R

1− R′
|g|
|g′| .
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Taking into account the term coming from the Jacobian determinant of the spherical change of variables, we finally get

el corre-

and
J [Sij
ω ] = 1− R

1− R′
( |v′ − v′∗|

|v − v∗|
)N−2

= RN/2−1(1− R)

(R′)N/2−1(1− R′) ,

and this ends the proof of the lemma.�
Note that whenmi = mj , the Borgnakke–Larsen equations (5)–(12) reduce to

ε = mi

4
|v − v∗|2 + I + I∗,

v′ = v + v∗
2

+
√

Rε

mi
Tω

[
v − v∗
|v − v∗|

]
,

v′∗ = v + v∗
2

−
√

Rε

mi
Tω

[
v − v∗
|v − v∗|

]
, (18)

I ′ = r(1− R)ε, I ′∗ = (1− r)(1− R)ε,

R′ = mi

4
|v − v∗|ε−1, r ′ = I

I + I∗
,

which are the equations of [6] (whenmi = 1).
We now introduce the Boltzmann kernels corresponding to the previous transformations. We begin with the kern

sponding to the collisions betweenmolecules of the same species:

Definition 1. The (nonreactive) mono-specie collision kernel for the speciei is given by

Qm
i (f, f )(v, I ) =

∫
Ω

∫
ω∈SN−1

[
f (v′, I ′)f (v′∗, I ′∗) − f (v, I )f (v∗, I∗)

]
× Bi(v, v∗, I, I∗,R, r,ω)(1− R)|v − v∗|2−N 1

ϕi(I )
dv∗ dI∗ dr dR dω, (19)

whereΩ = {v∗ ∈ R
N ; I∗ � 0; r,R ∈ [0,1]}, v′, I ′, v′∗, I ′∗ are defined by Eqs. (5)–(12) (or the simplified formulation (18)),

the cross sectionsBi are supposed to satisfy the (microreversibility) assumptions:

Bi(v, v∗, I, I∗,R, r,ω) = Bi(v∗, v, I∗, I,R,1− r,ω),

Bi(v, v∗, I, I∗,R, r,ω) = Bi(v
′, v′∗, I ′, I ′∗,R′, r ′,ω).

(20)

The standard conservation properties of this kernel are consequences of the following weak formulation:

Lemma 2. Letψ :RN × [0,+∞) → R be a function such that the weak formulation∫
v∈RN

∫
I�0

Qm
i (f, f )(v, I )ψ(v, I )ϕi(I )dI dv

makes sense. Then∫
v∈RN

∫
I�0

Qm
i (f, f )(v, I )ψ(v, I )ϕi(I )dI dv

= −1

4

∫
v∈RN

∫
I�0

∫
Ω

∫
ω∈SN−1

[
f (v′, I ′)f (v′∗, I ′∗) − f (v, I )f (v∗, I∗)

]
× [

ψ(v′, I ′) + ψ(v′∗, I ′∗) − ψ(v, I ) − ψ(v∗, I∗)
]

× Bi(v, v∗, I, I∗,R, r,ω)(1 − R)|v − v∗|2−N dv dv∗ dI dI∗ dr dR dω. (21)
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Proof. We use the changes of variables (withω ∈ SN−1 fixed):

f the

r

s

(v, v∗, I, I∗,R, r) �→ (v∗, v, I∗, I,R,1 − r)

(v, v∗, I, I∗,R, r) �→ (v′, v′∗, I ′, I ′∗,R′, r ′). �
Note that this weak formulation is nothing but a rewriting (with slightly different notations and with the addition o

explicit dependence on the masses) of the main result of [7].

As a consequence, consideringψ(v, I ) = 1,miv(k),mi
|v|2
2 + I (for k = 1, . . . ,N , v(k) denoting thek-th component ofv),

we get the conservation of the number of molecules of speciei, of momentum, and of total (kinetic+ internal) energy (also fo
each speciei):

∫
v∈RN

∫
I�0

Qm
i (f, f )(v, I )


1

miv(k)

mi
|v|2
2 + I

ϕi(I )dI dv = 0. (22)

We now write down the collision kernel between molecules of different species (that is,i 	= j ), but still without chemical
reactions.

Definition 2. The (nonreactive) bi-species collision kernel for the speciesi andj , with i 	= j , is given by

Qb
Sij (f, g)(v, I ) =

∫
Ω

∫
ω∈SN−1

[
f (v′, I ′)g(v′∗, I ′∗) − f (v, I )g(v∗, I∗)

]
× Bij (v, v∗, I, I∗,R, r,ω)(1− R)|v − v∗|2−N 1

ϕi(I )
dv∗ dI∗ dr dR dω, (23)

whereΩ = {v∗ ∈ R
N ; I∗ � 0; r,R ∈ [0,1]}, v′, I ′, v′∗, I ′∗ are defined by Eqs. (5)–(12) (with the indicesi, j corresponding

to Sij . In other words, when we writeQb
Sji , it means that we exchange the massesmi andmj in Eqs. (5)–(12)), and the cros

sectionsBij are supposed to satisfy the (microreversibility) assumptions:

Bij (v, v∗, I, I∗,R, r,ω) = Bji (v∗, v, I∗, I,R,1− r,ω),

Bij (v, v∗, I, I∗,R, r,ω) = Bij (v′, v′∗, I ′, I ′∗,R′, r ′,ω).
(24)

Then, the weak formulation of the kernel (23) is given by the lemma:

Lemma 3. Letψi : R
N × [0,+∞) → R be functions such that the formulas∫

v∈RN

∫
I�0

Qb
Sij (f, g)(v, I )ψi(v, I )ϕi(I )dI dv,

and ∫
v∈RN

∫
I�0

Qb
Sji (g, f )(v, I )ψj (v, I )ϕj (I )dI dv,

make sense. Then, on one hand,∫
v∈RN

∫
I�0

Qb
Sij (f, g)(v, I )ψi(v, I )ϕi(I )dI dv

= −1

2

∫
Ω

∫
v∈RN

∫
I�0

∫
ω∈SN−1

[
f (v′, I ′)g(v′∗, I ′∗) − f (v, I )g(v∗, I∗)

][
ψi(v

′, I ′) − ψi(v, I )
]

× Bij (v, v∗, I, I∗,R, r,ω)(1− R)|v − v∗|2−N dv dv∗ dI dI∗ dr dR dω, (25)

and on the other hand
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Qb

Sij (f, g)(v, I )ψi(v, I )ϕi(I )dI dv +
∫ ∫

Qb
Sji (g, f )(v, I )ψj (v, I )ϕj (I )dI dv

primed

cie

um
v∈RNI�0 v∈RNI�0

= −1

2

∫
Ω

∫
v∈RN

∫
I�0

∫
ω∈SN−1

[
f (v′, I ′)g(v′∗, I ′∗) − f (v, I )g(v∗, I∗)

]
× [

ψi(v
′, I ′) + ψj (v′∗, I ′∗) − ψi(v, I ) − ψj (v∗, I∗)

]
× Bij (v, v∗, I, I∗,R, r,ω)(1− R)|v − v∗|2−N dv dv∗ dI dI∗ dr dR dω. (26)

Proof. In order to get formula (25), it is enough to use the change of variables

(v, v∗, I, I∗,R, r) �→ (v′, v′∗, I ′, I ′∗,R′, r ′).

We now turn to formula (26). We consider the second integral in the left-hand side of Eq. (26). By expliciting the
variables (that is, by using Eqs. (10), (11) and (7)), we obtain∫

v∈RN

∫
I�0

Qb
Sji (g, f )(v, I )ψj (v, I )ϕj (I )dI dv

=
∫

v∈RN

∫
I�0

∫
Ω

∫
ω∈SN−1

[
g

(
mj v + miv∗

mi + mj
+ mi

mi + mj

√
2Rε

µij
Tω

[
v − v∗
|v − v∗|

]
, r(1− R)ε

)

× f

(
mjv + miv∗

mi + mj
− mj

mi + mj

√
2Rε

µij
Tω

[
v − v∗
|v − v∗|

]
, (1− r)(1− R)ε

)
− g(v, I )f (v∗, I∗)

]
ψj (v, I )

× Bji(v, v∗, I, I∗,R, r,ω)(1 − R)|v − v∗|2−N dv dv∗ dI dI∗ dr dR dω.

Then, by the change of variables (withω ∈ SN−1 fixed)

(v, v∗, I, I∗,R, r) �→ (v∗, v, I∗, I,R,1 − r),

the kernel takes the form∫
v∈RN

∫
I�0

Qb
Sji (g, f )(v, I )ψj (v, I )ϕj (I )dI dv

=
∫

v∈RN

∫
I�0

∫
Ω

∫
ω∈SN−1

[
g

(
mj v∗ + miv

mi + mj
− mi

mi + mj

√
2Rε

µij
Tω

[
v − v∗
|v − v∗|

]
, (1− r)(1− R)ε

)

× f

(
mjv∗ + miv

mi + mj
+ mj

mi + mj

√
2Rε

µij
Tω

[
v − v∗
|v − v∗|

]
r(1− R)ε

)
− g(v∗, I∗)f (v, I )

]
ψj(v∗, I∗)

× Bji(v∗, v, I∗, I,R,1− r,ω)(1− R)|v − v∗|2−N dv dv∗ dI dI∗ dr dR dω.

The proposition is then obtained by using the change of variables

(v, v∗, I, I∗,R, r) �→ (v′, v′∗, I ′, I ′∗,R′, r ′). �
As a consequence, consideringψi(v, I ) = 1 in formula (25), we get the conservation of the number of molecules of spei:∫

v∈RN

∫
I�0

Qb
Sij (g,f )(v, I )ϕi(I )dI dv = 0. (27)

Considering thenψi(v, I ) = miv(k),mi
|v|2
2 + I (for k = 1, . . . ,N ) in formula (26), we get the conservation of the moment

and total (kinetic + internal) energy when all species are considered together:
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∫ ∫
Qb

Sij (f, g)(v, I )

(
miv(k)

|v|2
)

ϕi(I )dI dv

t

verse one
v∈RN I�0
mi 2 + I

+
∫

v∈RN

∫
I�0

Qb
Sji (g, f )(v, I )

(
mjv(k)

mj
|v|2
2 + I

)
ϕj (I )dI dv = 0. (28)

We conclude this section by a brief discussion relative to the assumption on the cross sectionsBi andBij . We observe tha
the requirement that these quantities are invariant whenv, v∗, I, I∗, r,R becomev′, v′∗, I ′, I ′∗, r ′,R′ is automatically satisfied
when they depend upon the following quantities:ε,

µij

2 R|v − v∗|2 (because it can also be writtenRR′ε),
µij

2 R|(v − v∗) · ω|2
(because it can still be writtenRR′ε), and(I + I∗)(1− R) (because it can also be written(1− R)(1− R′)ε).

3. Scattering in presence of chemical reactions

Let us now consider the possibility for the molecules of the gas mixture to react with themselves, according to:

A1 + A2 � A3 + A4. (29)

The mass is conserved during a collision; we denote byM = m1 + m2 = m3 + m4 its constant value.
Moreover, we defineri = mi/M (so thatµij = (mimj )/M). We get the relationr1 + r2 = r3 + r4 = 1. Finally we denote

by E � 0 the energy which is dissipated by (or which has to be supplied to) the system when we pass fromA1+A2 to A3+A4.
This means that we consider the reaction (29) from the left to the right as an endothermic reaction, whereas the in

is an exothermic reaction.
The conservation laws of momentum and energy are:

m1v1 + m2v2 = m3v3 + m4v4,
1

2
m1v2

1 + 1

2
m2v2

2 + I1 + I2 = 1

2
m3v2

3 + 1

2
m4v2

4 + I3 + I4 + E.
(30)

The passage to the center of mass reference frame is made thanks to the equation:

1

2
M|rivi + rj vj |2 + 1

2
µij |vi − vj |2 = 1

2
miv

2
i + 1

2
mjv2

j ,

so that equation (30) becomes

1

2
µ12|v1 − v2|2 + I1 + I2 = 1

2
µ34|v3 − v4|2 + I3 + I4 + E.

We now introduce the energy

ε = 1

2
µ12|v1 − v2|2 + I1 + I2 − E

2
= 1

2
µ34|v3 − v4|2 + I3 + I4 + E

2

and definev3, I3, v4 andI4 in function ofv1, I1, v2, I2 and of the parametersr , R (in [0,1]) andω ∈ SN−1 by:

v3 = r1v1 + r2v2 − r4

√
2

µ34

(
Rε − E

6

)1/2
Tω

[
v1 − v2

|v1 − v2|
]
, (31)

v4 = r1v1 + r2v2 + r3

√
2

µ34

(
Rε − E

6

)1/2
Tω

[
v1 − v2

|v1 − v2|
]
, (32)

I3 = (1− R)rε − E

6
, (33)

I4 = (1− R)(1− r)ε − E

6
. (34)

Moreover, we introduce for the sake of symmetry the parameters

R′ = 1

ε

(
µ12

2
|v1 − v2|2 − E

6

)
, (35)

r ′ = I1 − E/6

ε(1− R′) = I1 − E/6

ε − µ12|v1 − v2|2/2+ E/6
. (36)
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The previous equations can be written backwards, and so become:

(36)) by
v1 = r3v3 + r4v4 − r2

√
2

µ12

(
R′ε + E

6

)1/2
Tω

[
v3 − v4

|v3 − v4|
]
, (37)

v2 = r3v3 + r4v4 + r1

√
2

µ12

(
R′ε + E

6

)1/2
Tω

[
v3 − v4

|v3 − v4|
]
, (38)

I1 = (1− R′)r ′ε + E

6
, (39)

I2 = (1− R′)(1− r ′)ε + E

6
, (40)

R = 1

ε

(
µ34

2
|v3 − v4|2 + E

6

)
, (41)

r = I3 + E/6

ε(1− R)
. (42)

In the sequel, we shall denote the application corresponding to the previous change of variables (that is, to Eqs. (31)–

S̃12: (v1, v2, I1, I2, r,R) �→ (v3, v4, I3, I4, r ′,R′).
In the following lemma, we prove the main properties of this transformation.

Lemma 4. The applicatioñS12 is a one-to-one map from the set

F = {
(v1, v2) ∈ R

N × R
N ; I1, I2 � E/6; r,R ∈ [0,1];Rε � E/6;

× µ12|v1 − v2|2/2 � E/6; (1− R)rε � E/6; (1− R)(1− r)ε � E/6
}

onto

G = {
(v3, v4) ∈ R

N × R
N ; I3, I4 � 0; r ′,R′ ∈ [0,1]},

and its Jacobian determinantJ is given by

J =
(

m1m2

m3m4

)(
1− R

1− R′
)( |v3 − v4|

|v1 − v2|
)N−2

.

Proof. In order to prove the first part of the lemma, we observe thatS̃12 is well defined onF sinceRε � E/6.
Moreover,I3 andI4 are nonnegative since(1− R)rε � E/6 and(1− R)(1− r)ε � E/6.
Finally 0� R′ � 1 sinceµ12|v1 − v2|2/2 � E/6, I1, I2 � E/6, and 0� r ′ � 1 sinceI1 � E/6, ε − µ12|v1 − v2|2/2 +

E/6 = (I1 − E/6) + (I2 − E/6) � 0.
Conversely, if(v3, v4, I3, I4, r ′,R′) ∈ G, we deduce, by using formulas (37)–(42), thatI1, I2 � E/6, µ12|v1 − v2|2/2 =

R′ε + E/6 � E/6, Rε = µ34 |v3 − v4|2/2 + E/6 � E/6, r(1 − R)ε = I3 + E/6 � E/6, and finally(1 − r)(1 − R)ε =
I4 + E/6 � E/6.

The fact that̃S12 is one-to-one directly follows from the inversion formulas (37)–(42).
The last part of the proof is based on a series of changes of variables, and is very similar to the proof of Lemma 1.
In what follows, we shall use the following notation:

g =
√

µ12

2
(v1 − v2), g′ =

√
µ34

2
(v3 − v4).

We recall moreover that the transformations of variables which are used here refer to Eqs. (31)–(36) and (37)–(42).
The Jacobian determinant of the transformationS̃12 can be computed as follows:

J
[
(v1, v2, I1, I2, r,R) �→ (v3, v4, I3, I4, r

′,R′)
] =

(
µ12

µ34

)N/2
J
[
(g, I1, I2, r,R) �→ (g′, I3, I4, r ′,R′)

]
.

By representingg andg′ in spherical coordinates, we get the Jacobian determinant of the original transformation:(
µ12

µ34

)N/2( |g′|
|g|

)N−1
J
[(|g|, I1, I2, r,R

) �→ (|g′|, I3, I4, r ′,R′)].
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This means that we are led to compute the Jacobian determinant of the following transformation:

. We
(|g|, I1, I2, r,R
) �→

((
Rε − E

6

)1/2
, (1− R)rε − E

6
, (1− R)(1− r)ε − E

6
,

I1 − E/6

ε − |g|2 + E/6
,

1

ε

(
|g|2 − E

6

))
.

It is equal to

1

ε − |g|2 + E/6
J

[(|g|, ε, r,R) �→
((

Rε − E

6

)1/2
, (1− R)rε − E

6
, (1− R)(1− r)ε − E

6
,

1

ε

(
|g|2 − E

6

))]
.

Finally, we follow the same steps as in Lemma 1. We compute

J

[(|g|, ε, r,R) �→
((

Rε − E

6

)1/2
, (1− R)rε − E

6
, (1− R)(1− r)ε − E

6
,

1

ε

(
|g|2 − E

6

))]
= εJ

[(|g|, ε, r, ρ = Rε
) �→

((
ρ − E

6

)1/2
, (ε − ρ)r − E

6
, (ε − ρ)(1− r) − E

6
,

1

ε

(
|g|2 − E

6

))]
= 2|g|J

[
(ε, r, ρ) �→

((
ρ − E

6

)1/2
, (ε − ρ)r − E

6
, (ε − ρ)(1− r) − E

6

)]
.

Using the change of variables (of Jacobian 1)ε−ρ = w we observe that the quantity above is equal to|g|(ρ −E/6)−1/2(ε−ρ).
Collecting together all the computations, we finally see that

J [S̃12] =
(

µ12

µ34

)N/2( |g′|
|g|

)N−1 |g|
ε − |g|2 + E/6

(
ρ − E

6

)−1/2
(ε − ρ).

Using the original variables, this means

J
[
S̃12] =

(
m1m2

m3m4

)(
1− R

1− R′
)( |v3 − v4|

|v1 − v2|
)N−2

,

and the last part of the lemma is proven.�
We now write down the collision kernels (one for each specie)corresponding to the chemical reaction considered here

first define some sets:

F1
react=

{
I, I2,Rε,

µ12

2
|v − v2|2, (1− R)rε, (1− R)(1− r)ε � E

6

}
,

F2
react=

{
I, I1,Rε,

µ12

2
|v − v1|2, (1− R)rε, (1− R)(1− r)ε � E

6

}
,

F3
react=

{
I4 � 0; v4 ∈ R

N ; 0 � r ′,R′ � 1

}
,

F4
react=

{
I3 � 0; v3 ∈ R

N ; 0 � r ′,R′ � 1

}
,

and the following Heaviside functions:

Hi(ξ) =
{

1 whenξ ∈ Fi
react,

0 otherwise.

Finally, we define the following quantities:

ε1 = 1

2
µ12|v − v2|2 + I + I2 − E

2
,

ε2 = 1

2
µ12|v − v1|2 + I + I1 − E

2
,

ε3 = 1

2
µ34|v − v4|2 + I + I4 + E

2
,

ε4 = 1

2
µ34|v − v3|2 + I + I3 + E

2
.
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Definition 3. We define the reactive collision kernels by √

Qreact

1 (v, I ) =
∫
Ω1

∫
ω∈SN−1

H1

[(
m1m2

m3m4

)N

f3

(
r1v + r2v2 − r4

2

µ34

(
Rε1 − E

6

)
Tω

[
v − v2

|v − v2|
]
, (1− R)rε1 − E

6

)

× f4

(
r1v + r2v2 + r3

√
2

µ34

(
Rε1 − E

6

)
Tω

[
v − v2

|v − v2|
]
, (1− R)(1− r)ε1 − E

6

)
− f1(v, I )f2(v2, I2)

]
Breact

1 (v, v2, I, I2,R, r,ω)(m1m2)1−N |v − v2|2−N (1− R)

ϕ1(I )
dv2 dI2 dr dR dω,

Qreact
2 (v, I ) =

∫
Ω2

∫
ω∈SN−1

H2

[(
m1m2

m3m4

)N

f3

(
r1v1 + r2v − r4

√
2

µ34

(
Rε2 − E

6

)
Tω

[
v1 − v

|v1 − v|
]
, (1− R)rε2 − E

6

)

× f4

(
r1v1 + r2v + r3

√
2

µ34

(
Rε2 − E

6

)
Tω

[
v1 − v

|v1 − v|
]
, (1− R)(1− r)ε2 − E

6

)
− f1(v1, I1)f2(v, I )

]
Breact

2 (v1, v, I1, I,R, r,ω)(m1m2)1−N |v1 − v|2−N (1− R)

ϕ2(I )
dv1 dI1 dr dR dω,

Qreact
3 (v, I ) =

∫
Ω3

∫
ω∈SN−1

H3

[(
m3m4

m1m2

)N

f1

(
r3v + r4v4 − r2

√
2

µ12

(
R′ε3 + E

6

)
Tω

[
v − v4

|v − v4|
]
, (1− R′)r ′ε3 + E

6

)

× f2

(
r3v + r4v4 + r1

√
2

µ12

(
R′ε3 + E

6

)
Tω

[
v − v4

|v − v4|
]
, (1− R′)(1− r ′)ε3 + E

6

)
− f3(v, I )f4(v4, I4)

]
Breact

3 (v, v4, I, I4,R′, r ′,ω)(m3m4)1−N |v − v4|2−N (1− R′)
ϕ3(I )

dv4 dI4 dr ′ dR′ dω,

Qreact
4 (v, I ) =

∫
Ω4

∫
ω∈SN−1

H4

[(
m3m4

m1m2

)N

f1

(
r3v3 + r4v − r2

√
2

µ12

(
R′ε4 + E

6

)
Tω

[
v3 − v

|v3 − v|
]
, (1− R′)r ′ε4 + E

6

)

× f2

(
r3v3 + r4v + r1

√
2

µ12

(
R′ε4 + E

6

)
Tω

[
v3 − v

|v3 − v|
]
, (1− R′)(1− r ′)ε4 + E

6

)
− f3(v3, I3)f4(v, I )

]
Breact

4 (v3, v, I3, I,R′, r ′,ω)(m3m4)1−N |v3 − v|2−N (1− R′)
ϕ4(I )

dv3 dI3 dr ′ dR′ dω,

where

Ω1 = {
v2 ∈ R

N ; I2 � 0; r,R ∈ [0,1]},
Ω2 = {

v1 ∈ R
N ; I1 � 0; r,R ∈ [0,1]},

Ω3 = {
v4 ∈ R

N ; I4 � 0; r ′,R′ ∈ [0,1]},
Ω4 = {

v3 ∈ R
N ; I3 � 0; r ′,R′ ∈ [0,1]}.

As in the previous section, we now write down the weakform of the kernel. The following proposition holds:

Lemma 5. Letψi :RN × [0,+∞) → R be a function such that for alli = 1, . . . ,4, the formula∫
v∈RN

∫
I�0

Qreact
i (v, I )ψi(v, I )ϕi (I )dI dv

makes sense.
Then, if

Breact
1 (v1, v2, I1, I2,R, r,ω) = Breact

2 (v1, v2, I1, I2,R, r,ω) = Breact
3 (v3, v4, I3, I4,R

′, r ′,ω)

= Breact
4 (v3, v4, I3, I4,R′, r ′,ω), (43)
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where the different variables have the same meaning as in formulas(31)–(36), then

s

try
4∑
i=1

∫
v∈RN

∫
I�0

Qreact
i (v, I )ψi(v, I )ϕi (I )dI dv

= −
∫
F

∫
ω∈SN−1

[
m−N

3 f3(v3, I3)m−N
4 f4(v4, I4) − m−N

1 f1(v1, I1)m−N
2 f2(v2, I2)

]
× [

ψ3(v3, I3) + ψ4(v4, I4) − ψ1(v1, I1) − ψ2(v2, I2)
]

× Breact
1 (v1, v2, I1, I2,R, r,ω)m1m2(1− R)|v1 − v2|2−N dv1 dv2 dI1 dI2 dr dR dω. (44)

Proof. Let us consider first

2∑
i=1

∫
v∈RN

∫
I�0

Qreact
i (v, I )ψi(v, I )ϕi (I )dI dv.

SinceBreact
1 (v1, v2, I1, I2,R, r,ω) = Breact

2 (v1, v2, I1, I2,R, r,ω), this is equal to∫
F

∫
ω∈SN−1

[(
m1m2

m3m4

)N

f3

(
r1v1 + r2v2 − r4

√
2

µ34

(
Rε − E

6

)
Tω

[
v1 − v2

|v1 − v2|
]
, (1− R)rε − E

6

)

× f4

(
r1v1 + r2v2 + r3

√
2

µ34

(
Rε − E

6

)
Tω

[
v1 − v2

|v1 − v2|
]
, (1− R)(1− r)ε − E

6

)
− f1(v1, I1)f2(v2, I2)

]
× [ψ1(v1, I1) + ψ2(v2, I2)]Breact

1 (v1, v2, I1, I2,R, r,ω)(m1m2)1−N(1− R)|v1 − v2|2−N dv1 dv2 dI1 dI2 dr dR dω.

SinceBreact
3 (v3, v4, I3, I4,R

′, r ′,ω) = Breact
4 (v3, v4, I3, I4,R′, r ′,ω), a similar formulation also holds for the two other term

in the left-hand side of Eq. (44):

4∑
i=3

∫
v∈RN

∫
I�0

Qreact
i (v, I )ψi(v, I )ϕi (I )dI dv

=
∫
G

∫
ω∈SN−1

[(
m3m4

m1m2

)N

f1

(
r3v3 + r4v4 − r2

√
2

µ12

(
R′ε4 + E

6

)
Tω

[
v3 − v4

|v3 − v4|
]
, (1− R′)r ′ε4 + E

6

)

× f2

(
r3v3 + r4v4 + r1

√
2

µ12

(
R′ε4 + E

6

)
Tω

[
v3 − v4

|v3 − v4|
]
, (1− R′)(1− r ′)ε4 + E

6

)
− f3(v3, I3)f4(v, I4)

]
× [

ψ3(v3, I3) + ψ4(v4, I4)
]
Breact

3 (v3, v4, I3, I4,R
′, r ′,ω)(m3m4)1−N |v3 − v4|2−N(1− R′)

× dv3 dv4 dI3 dI4 dr ′ dR′ dω.

If in the last formula, we use the change of variables defined by (31)–(36) and (37)–(42), then thanks to the symme

Breact
1 (v1, v2, I1, I2,R, r,ω) = Breact

3 (v3, v4, I3, I4,R′, r ′,ω)

and Lemma 4, we obtain:

4∑
i=3

∫
v∈RN

∫
I�0

Qreact
i (v, I )ψi(v, I )ϕi (I )dI dv

=
∫
F

∫
ω∈SN−1

[(
m3m4

m1m2

)N

f1(v1, I1)f2(v2, I2) − f3(v3, I3)f4(v, I )

][
ψ3(v3, I3) + ψ4(v4, I4)

]
× Breact

1 (v1, v2, I1, I2,R, r,ω)(m3m4)−N(m1m2)|v1 − v2|2−N(1− R)dv1 dv2 dI1 dI2 dr dR dω.

This concludes the proof of the lemma.�
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If we choose the test functionsψi = 1, ψi = mi andψi = miv(k) in the weak form of the reactive kernels, we obtain the

e

conservation of total number of molecules, total mass and total momentum:

4∑
i=1

∫
v∈RN

∫
I�0

Qreact
i (v, I )

 1

mi

miv(k)

ϕi(I )dI dv = 0. (45)

Note that the total energy is not conserved when the reactive collisions are present.

4. The hydrodynamical limit

4.1. The mechanical andchemical equilibria

In this subsection, we write down the H-theorems corresponding to the kernels defined earlier.
We begin with the nonreactive kernels. We shall denote byqi the Laplace transform ofϕi (as a function of 1/T ), that is

qi(T ) =
+∞∫
0

ϕi(I )e−I/T dI.

Proposition 1. We suppose that the cross sectionsBi (i = 1, . . . ,4) and Bij (i 	= j) are strictly positive a.e., as well as th
functionsφi (i = 1, . . . ,4).

First part of the H-theorem: For all fi ≡ fi(v, I ) � 0 (i = 1, . . . ,4) such that the followingquantities are defined, one has

4∑
i=1

∫
v∈RN

+∞∫
0

Qm
i (fi, fi)(v, I ) log

(
fi(v, I )

mN
i

)
ϕi(I )dv dI

+
4∑

i=1

∑
j 	=i

∫
v∈RN

+∞∫
0

Qb
Sij (fi , fj )(v, I ) log

(
fi(v, I )

mN
i

)
ϕi(I )dv dI � 0.

Second part of the H-theorem: Moreover, the three following properties are equivalent

• For all i = 1, . . . ,4, j 	= i, v ∈ R
N , I > 0,

Qm
i (fi , fi)(v, I ) = 0, Qb

Sij (fi, fj )(v, I ) = 0;

4∑
i=1

∫
v∈RN

+∞∫
0

Qm
i (fi, fi)(v, I ) log

(
fi(v, I )

mN
i

)
ϕi(I )dv dI

+
4∑

i=1

∑
j 	=i

∫
v∈RN

+∞∫
0

Qb
Sij (fi, fj )(v, I ) log

(
fi(v, I )

mN
i

)
ϕi(I )dv dI = 0;

•• There existsni � 0 (i = 1, . . . ,4), u ∈ R
N andT > 0 such that

fi(v, I ) = ni

qi(T )

(
mi

2πT

)N/2
e− 1

T (
mi
2 |v−u|2+I ). (46)

Proof. We begin with the first part of the H-theorem. We use Lemmas 2 and 3 forψi(v, I ) = log(
fi(v,I )

mN
i

) and observe that

ψi(v
′, I ′) + ψj(v′∗, I ′∗) − ψi(v, I ) − ψj(v∗, I∗) = log

(
fi(v

′, I ′)fj (v′∗, I ′∗)
) − log

(
fi(v, I )fj (v, I )

)
,

so that(
fi(v

′, I ′)fj (v′∗, I ′∗) − fi(v, I )fj (v, I )
)(

ψi(v
′, I ′) + ψj (v′∗, I ′∗) − ψi(v, I ) − ψj (v∗, I∗)

)
� 0.
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We now turn to the second part of the H-theorem.
first one.
e

re exists

ns

is
It is easy and classical to show that the first property implies the second one, and that the third one implies the
Suppose now that the second property holds. Since the term corresponding to the collisions between molecules of the sam
specie (and in fact each part of this term corresponding to a given specie) is equal to 0, we know (cf. [6]) that the
ni � 0, ui ∈ R

N andTi > 0 (i = 1, . . . ,4) such that

fi(v, I ) = ni

qi(Ti )

(
mi

2πTi

)N/2
e
− 1

Ti
(

mi
2 |v−ui |2+I )

. (47)

Then, it remains to show thatui = uj andTi = Tj for all i 	= j .
Using the terms corresponding to the collisions between the molecules of speciesi andj (i 	= j ), we see that (still when

i 	= j ):

fi(v
′, I ′)fj (v′∗, I ′∗) = fi(v, I )fj (v∗, I∗), (48)

with v′, v′∗, I ′ andI ′∗ given by (5)–(12).
We plug (47) in formula (48). We get (for a.e.v, v∗, I , I∗, r , R)

1

Ti

[
mi

2

∣∣∣∣miv + mj v∗
mi + mj

+ mj

mi + mj

√
2Rε

µij
Tω

[
v − v∗
|v − v∗|

]
− ui

∣∣∣∣2 + r(1− R)ε

]

+ 1

Tj

[
mj

2

∣∣∣∣miv + mjv∗
mi + mj

− mi

mi + mj

√
2Rε

µij
Tω

[
v − v∗
|v − v∗|

]
− uj

∣∣∣∣2 + (1− r)(1− R)ε

]
= 1

Ti

[
mi

2
|v − ui |2 + I

]
+ 1

Tj

[
mj

2
|v∗ − uj |2 + I∗

]
. (49)

We consider in this identity the term of degree 1 inr , and get

1

Ti
− 1

Tj
= 0,

so thatTi = Tj .

Using this property and taking the term of (49) of lowest degree in
√

R, we get

1

2

|miv + mjv∗|2
mi + mj

− (miv + mj v∗)

mi + mj
· (miui + mjuj ) + µij

2
|v − v∗|2 = 1

2
miv

2 + 1

2
mj v2∗ − miui · v − mj uj · v∗.

Using the term inv, we get

−miui + mjuj

mi + mj
mi = −miui ,

that isui = uj . �
We now turn to the question of chemical equilibrium (assuming that mechanical equilibrium is reached).

Proposition 2. We suppose that the cross sectionsBreact
i

(i = 1, . . . ,4) are strictly positive a.e., as well as the functio
φi (i = 1, . . . ,4).

First part of the H-theorem: For all fi ≡ fi(v, I ) � 0 (i = 1, . . . ,4) such that the followingquantities are defined, one has

4∑
i=1

∫
v∈RN

+∞∫
0

Qreact
i (v, I ) log

(
fi(v, I )

mN
i

)
ϕi(I )dv dI � 0.

Second part of the H-theorem: Moreover, letfi be defined by(46) (that is, assume that the mechanical equilibrium
reached). Then the three following properties are equivalent

• For all i = 1, . . . ,4, v ∈ R
N , I > 0,

Qreact
i (v, I ) = 0;
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•
4∑ ∫ +∞∫

Qreact(v, I ) log

(
fi(v, I )

)
ϕi(I )dv dI = 0;

ith
l)

by

)
d

i=1
v∈RN 0

i
mN

i

• The following mass action law holds:

n1n2

n3n4
=

(
m3m4

m1m2

)−N/2
eE/T q1(T )q2(T )

q3(T )q4(T )
.

Proof. The first part of the H-theorem is a consequence of Lemma 5, when we takeψi(v, I ) = log(
fi (v,I )

mN
i

). This is due to the

identity:(
m−N

3 f3(v3, I3)m−N
4 f4(v4, I4) − m−N

1 f1(v1, I1)m−N
2 f2(v2, I2)

)
× (

ψ3(v3, I3) + ψ4(v4, I4) − ψ1(v1, I1) − ψ2(v2, I2)
)

= (
m−N

3 f3(v3, I3)m−N
4 f4(v4, I4) − m−N

1 f1(v1, I1)m−N
2 f2(v2, I2)

)
× (

log
(
m−N

3 f3(v3, I3)m−N
4 f4(v4, I4)

) − log
(
m−N

1 f1(v1, I1)m−N
2 f2(v2, I2)

))
� 0.

The (nonobvious implication) of the second part of the H-theorem is obtained by plugging Eq. (46) in the identity

m−N
3 f3(v3, I3)m−N

4 f4(v4, I4) = m−N
1 f1(v1, I1)m−N

2 f2(v2, I2). �
4.2. Reactive Euler equations

We introduce at this level the Hilbert expansion related to the Boltzmann system:

∂f
η
i

∂t
+ v · ∇xf

η
i = 1

η
Qm

i (f
η
i , f

η
i ) + 1

η

( ∑
j 	=i

Qb
Sij (f

η
i , f

η
j )

)
+ Qreact

i . (50)

That is (keeping in mind thatη will tend to 0), we consider a situation in which there are many nonreactive collisions (w
respect to macroscopic scales) but not so many reactive collisions. As a consequence,f

η
i

(v, I ) converges (at the formal leve
towards the mechanical equilibriumfi(v, I ) described by formula (46). That is, we have

fi(v, I ) = ni

qi(T )

(
mi

2πT

)N/2
e− 1

T (
mi
2 |v−u|2+I ). (51)

Note that the number of molecules of thei-th specie, their momentum and their total (kinetic + internal) energy are given

∫
RN

+∞∫
0

fi(v, I )


1

miv(k)

mi
|v|2
2 + I

ϕi(I )dv dI =


ni

miniu(k)

mini
|u|2
2 + N

2 niT + ni
ηi(T )
qi(T )

 , (52)

where the index(k) indicates thek-th component and

ηi(T ) =
∫

I�0

Iϕi(I )e−I/T dI.

The reactive Euler equations are obtained by integrating (and partly by summing overi = 1, . . . ,4) the Hilbert expansion (50
against the quantities that are conserved in nonreactive collisions (number of molecules of thei-th specie, total momentum an
total energy) and by lettingη go to 0.

4.2.1. Conservation of the number of molecules of thei-th specie
As announced, we multiply Eq. (50) byϕi(I ), and then we integrate with respect tov andI in R

N × R+. We obtain thanks
to properties (22) and (27):

∂

∂t

∫
RN

+∞∫
0

f
η
i ϕi(I )dv dI +

N∑
k=1

∂

∂xk

∫
RN

+∞∫
0

v(k)f
η
i ϕi (I )dv dI =

∫
RN

+∞∫
0

Qreact
i ϕi(I )dv dI, (53)

where the notationv(k) means thek-th component of the vectorv.
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Lettingη go to 0, we get
∂

∂t
ni +

N∑
k=1

∂

∂xk
(niu(k)) = Si,

whereSi = (−1)ri S, r1 = r2 = 1, r3 = r4 = 0, and

S =
∫

r ′,R′∈[0,1]

∫
v3,v4∈RN

∫
I3,I4∈R+

∫
ω∈SN−1

exp

(
− 1

T

[
m3

2
|v3 − u|2 + I3 + m4

2
|v4 − u|2 + I4

])

× Breact
3 (v3, v4, I3, I4,R′, r ′,ω)(m3m4)1−N |v3 − v4|2−N(1− R′)dv3 dv4 dI3 dI4 dr ′ dR′ dω

×
[(

m3m4

m1m2

)N n1n2(m1m2)N/2 exp(−E/T )

(2πT )Nq1(T )q2(T )
− n3n4(m3m4)N/2

(2πT )Nq3(T )q4(T )

]
.

4.2.2. Conservation of momentum
In order to obtain the equation of conservation for thej -th component of the momentum (j = 1, . . . ,N ), we multiply

equation (50) bymiv(j)ϕi(I ), we integrate with respect tov andI in R
N × R+, and we sum overi (i = 1, . . . ,4). We get

thanks to properties (22), (28) and (45):

∂

∂t

4∑
i=1

mi

∫
RN

+∞∫
0

v(j)f
η
i ϕi(I )dv dI +

N∑
k=1

∂

∂xk

4∑
i=1

mi

∫
RN

+∞∫
0

v(j)v(k)f
η
i ϕi(I )dv dI = 0. (54)

Lettingη go to 0, we obtain

∂

∂t

4∑
i=1

mi

∫
RN

+∞∫
0

ni

(
mi

2πT

)N/2
exp

[
−

(
mi

2
|v − u|2 + I

)/
T

]
v(j)

ϕi (I )

qi (T )
dv dI

+
N∑

k=1

∂

∂xk

4∑
i=1

mi

∫
RN

+∞∫
0

ni

(
mi

2πT

)N/2
exp

[
−

(
mi

2
|v − u|2 + I

)/
T

]
v(j)v(k)

ϕi(I )

qi(T )
dv dI = 0,

which, after having computed the integral inv andI , leads to

∂

∂t

[ 4∑
i=1

(mini)u(j)

]
+

N∑
k=1

∂

∂xk

[ 4∑
i=1

(mini)u(j)u(k) +
4∑

i=1

niT δjk

]
= 0.

4.2.3. Conservation of energy
Finally, the conservation law of energy is obtained by multiplying Eq. (50) by[mi |v|2/2+ I ]ϕi(I ), by summing overi

(i = 1, . . . ,4) and by integrating with respect tov andI in R
N × R+.

We obtain in this way, thanks to properties (22) and (28):

∂

∂t

4∑
i=1

∫
RN

+∞∫
0

[
mi

2
|v|2 + I

]
f

η
i

ϕi(I )dv dI +
N∑

k=1

∂

∂xk

4∑
i=1

∫
RN

+∞∫
0

[
mi

2
|v|2 + I

]
v(k)f

η
i

ϕi (I )dv dI

=
4∑

i=1

( ∫
RN

+∞∫
0

[
mi

2
|v|2 + I

]
Qreact

i

)
ϕi(I )dv dI.

Lettingη tend to 0, we get

∂

∂t

(
1

2

4∑
i=1

(mini )|u|2 + 1

2

4∑
i=1

ni

[
NT + 2

ηi(T )

qi(T )

])

+
N∑

k=1

∂

∂xk

(
1

2

4∑
i=1

(mini)|u|2u(k) + 1

2

4∑
i=1

ni

[
(N + 1)T + 2

ηi (T )

qi (T )

]
u(k)

)
= −ES.
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4.2.4. Entropy inequality
N

ytropic,

ere is
We now multiply Eq. (50) by log(fi/m
i

)ϕi (I ), we sum overi (i = 1, . . . ,4) and we integrate with respect tov andI in

R
N × R+.

We get thanks to the first parts of Propositions 1 and 2 the following entropy inequality:

∂

∂t

4∑
i=1

∫
RN

+∞∫
0

f
η
i

[
log

(
f

η
i

mN
i

)
− 1

]
ϕi(I )dv dI +

N∑
k=1

∂

∂xk

4∑
i=1

∫
RN

+∞∫
0

f
η
i

[
log

(
f

η
i

mN
i

)
− 1

]
v(k)ϕi (I )dv dI � 0.

Lettingη tend to 0, we get the macroscopic entropy inequality:

∂

∂t

( 4∑
i=1

ni

[
log

(
ni

qi (T )

(
1

2πT mi

)N/2)
−

(
1+ N

2

)
− 1

T

ηi(T )

qi(T )

])

+
N∑

k=1

∂

∂xk

( 4∑
i=1

ni

[
log

(
ni

qi (T )

(
1

2πT mi

)N/2)
−

(
1+ N

2

)
− 1

T

ηi(T )

qi (T )

]
u(k)

)
� 0. (55)

4.3. Recapitulation and comments

The system (ofN + 5 equations) obtained in the previous subsection is nothing else than the Euler system of pol
perfect and reactive gases. We rewrite it here as a whole (without repeating the entropy relation (55)):

∂

∂t
ni +

N∑
k=1

∂

∂xk
(niu(k)) = Si,

∂

∂t

[ 4∑
i=1

(mini)u(j)

]
+

N∑
k=1

∂

∂xk

[ 4∑
i=1

(mini)u(j)u(k) +
4∑

i=1

niT δjk

]
= 0,

∂

∂t

(
1

2

4∑
i=1

(mini )|u|2 + 1

2

4∑
i=1

ni

[
NT + 2

ηi(T )

qi(T )

])

+
N∑

k=1

∂

∂xk

(
1

2

4∑
i=1

(mini)|u|2u(k) + 1

2

4∑
i=1

ni

[
(N + 2)T + 2

ηi(T )

qi (T )

]
u(k)

)
= −ES.

According to the equation of conservation of energy, the (internal) energy law of the mixture of gases considered h

e(n1, . . . , n4, T ) = 1

2

4∑
i=1

ni

[
NT + 2

ηi (T )

qi (T )

]
.

A typical choice of the functionsφi would consist in takingφi(I ) = Iα for someα > 0. Then, the previous law becomes

e(n1, . . . , n4, T ) = 1

2

4∑
i=1

ni

(
N + 2(α + 1)

)
T,

andα = 0 corresponds to the law of diatomic gases.
We now recall the form of the reaction terms:Si = (−1)ri S, r1 = r2 = 1, r3 = r4 = 0, and

S =
∫

r ′,R′∈[0,1]

∫
v3,v4∈RN

∫
I3,I4∈R+

∫
ω∈SN−1

exp

(
− 1

T

[
m3

2
|v3 − u|2 + I3 + m4

2
|v4 − u|2 + I4

])

× Breact
3 (v3, v4, I3, I4,R′, r ′,ω)(m3m4)1−N |v3 − v4|2−N(1− R′)dv3 dv4 dI3 dI4 dr ′ dR′ dω

×
[(

m3m4

m1m2

)N n1n2(m1m2)N/2 exp(−E/T )

(2πT )Nq1(T )q2(T )
− n3n4(m3m4)N/2

(2πT )Nq3(T )q4(T )

]
.

This shows that the temperature dependence of the reaction rateS involves power terms (namely,(2πT )Nq1(T )q2(T ) and
(2πT )Nq3(T )q4(T ) whenφi(I ) = Iαi ), which do not disappear in the mass action law as soon asα3 + α4 − α1 − α2 	= 0.
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