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ABSTRACT. Let S be a Borel subset of a Polish space and (X, : n > 1) a
sequence of S-valued random variables. Fix a Borel probability measure og
on S, a constant go € [0,1] and a measurable function g; : S* — [0, 1] for each
i > 1. Suppose X1 ~ oo and

n n—1 n
P(Xn41 €| X1,..,Xn) =00 [[Qi+0x, 1=Qn)+ > 6x,(1-Q) [] @
=1

=1 j=it1

where Q; = qi—1(X1,...,X;—1). Sequences of this type, introduced in [10],
are conditionally identically distributed and play a role in Bayesian predictive
inference. This paper deals with the asymptotics of (X, ). As expected, (Xn)
exhibits different behaviors depending on the Q;. For instance, (X, ) converges
a.s. if a < Q; < B as. for all 4, where 0 < a < 8 < 1 are constants, while
(X7n) does not converge even in probability if oo is nondegenerate, Q; > 0 for
all i and ), (1 — Q;) < oo a.s. A stable CLT for (X,) is proved as well.

1. INTRODUCTION

Throughout, S is a Borel subset of a Polish space, B the Borel o-field on 5,
and P the collection of all probability measures on B. Moreover, X, is the n-th
coordinate projection on S| i.e.

Xn(S1y.0 ey Sny.v.) = Sn

for each n > 1 and each (s1,...,8n,...) € S®.
Following Dubins and Savage [14], a strategy is a sequence o = (09,071, . ..) such
that

e 0y € P and o, = {o,(x) : x € S™} is a collection of elements of P;

e The map = — o, (z)(B) is B™-measurable for fixed n > 1 and B € B.

Here, o( should be regarded as the marginal distribution of X; and o, (z) as the
conditional distribution of X,, 11 given that (X1,...,X,) = z. The probabilities o¢
and o, (x) are also called the predictive distributions of the sequence (X,,).

According to the Tonescu-Tulcea theorem, for any strategy o, there is a unique
probability measure P on (S, B%) satisfying

P(X;€-)=0p and P(Xnﬂ e (Xy,...,Xn) = x) = op(2)
for all n > 1 and P-almost all z € S".

Such a P is denoted P, in the sequel.
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The Tonescu-Tulcea theorem plays a role in Bayesian predictive inference. In fact,
in a Bayesian framework, to make predictions on the sequence (X,) the inferrer
needs to select a strategy o. At each time n > 1, having observed (X;,...,X,) = =,
the next observation X, ; is predicted through the predictive distribution o, (z).
This procedure makes sense, for any strategy o, because of the Ionescu-Tulcea
theorem.

1.1. Standard and non-standard approach for exchangeable data. Usu-
ally, (X,,) is requested to be exchangeable. Under this assumption, the standard
approach to obtain o is quite involved. Indeed, to get o, the inferrer should:

(i) Select a prior 7, namely, a probability measure on P;
(ii) Calculate the posterior of m given that (X1,...,X,) = «, say m,(x);

(iii) Evaluate o as
oo(B) = / p(B)7n(dp) and o,(x)(B) = / p(B) mp(z)(dp) for all B € B.
P P

Steps (i)-(ii) are troublesome. To assess a prior 7 is clearly hard. But even when
7 is selected, to evaluate the posterior m, may be not straightforward. Frequently,
T, can not be written in closed form but only approximated numerically.

A non-standard approach (henceforth, NSA) is to assign o,, directly, without
passing through n and m,. Merely, instead of choosing w and then evaluating 7,
and o, the inferrer just selects his/her predictive distribution o,,. As noted above,
this procedure makes sense because of the Ionescu-Tulcea theorem. See [3], [6], [10],
[12], [13], [14], [15], [18], [19]; see also [16], [21], [22], [23] and references therein.

NSA is in line with de Finetti, Dubins and Savage, among others. Recently, NSA
has been adopted in [18] to obtain a fast online Bayesian prediction via copulas. In
addition, NSA is quite implicit in most of the machine learning literature. From
our point of view, NSA has essentially two merits. Firstly, it requires to place
probabilities on observable facts only. The value of the next observation X,,;; is
actually observable, while = and 7, (being probabilities on P) do not deal with
observable facts. Secondly, NSA is much more direct than the standard approach.
In fact, if the main goal is to predict future observations, why to select the prior 7
explicitly ? Rather than wondering about 7, it looks reasonable to reflect on how
the next observation X, 1, is affected by (X1,...,Xp,).

However, if (X,,) is requested to be exchangeable, NSA has a gap. Given an
arbitrary strategy o, the Ionescu-Tulcea theorem does not grant exchangeability of
(X,) under P,. Therefore, for NSA to apply, one should first characterize those
strategies o which make (X,,) exchangeable under P,. A nice characterization is
[15, Theorem 3.1]. However, the conditions on ¢ for making (X,,) exchangeable are
quite hard to be checked in real problems. This is the main reason for NSA has not
developed so far.

1.2. Predictive inference with conditionally identically distributed data.
To bypass the gap mentioned in the above paragraph, the exchangeability assump-
tion could be weakened. One option is to request (X,,) to be conditionally identically
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distributed (c.i.d.), namely
(1) P(Xk€~|]:n):P(Xn+1€~|]~'n) a.s. forall k >n >0

where F,, = 0(X1,...,X,) and Fy is the trivial o-field.

Roughly speaking, condition (1) means that, at each time n > 0, the future
observations (X : k > n) are identically distributed given the past F,,. Condition
(1) is actually weaker than exchangeability. Indeed, (X,,) is exchangeable if and
only if is stationary and c.i.d.

We refer to Subsection 2.1 for the essentials of c.i.d. sequences. Here, we just
mention three reasons for taking c.i.d. data into account.

(j) It is not hard to characterize the strategies o which make (X,,) c.i.d. under
P,; see Theorem 1. Therefore, unlike the exchangeable case, NSA can be
easily implemented.

(jj) C..d. sequences behave asymptotically much in the same way as exchange-
able ones; see Subsection 2.1.

(4jj) A number of meaningful strategies can not be used if (X,,) is requested
to be exchangeable, but are available if (X,,) is only asked to be c.i.d. A
trivial example is the strategy (3) reported below. Various other examples
are in [1], [2] and [10].

Motivated by (j)-(jjj), in [10], a few strategies ¢ which makes (X,,) c.i.d. are
introduced. One of such strategies is the following.

Fix 0g € P, a constant gy € [0,1] and the measurable functions ¢, : S™ — [0, 1].
For all n > 1 and z = (1,...,2,) € S™, define

=0

n—1 n—1 n—1
(2) Un(x):UO Hqi‘i_émn(l_qﬂfl) + Z(;xl(l_chfl) qu
i=1 Jj=i

where J,, is the unit mass at x; and ¢; is a shorthand notation to denote
qi = qi(xlv s 7$i)-
Then, (X,,) is c.i.d. under P,. Further, o satisfies the recursive equation

Oni1(2,y) = qn(x) op () + {1 - Qn(x)} Oy

foralln >0,z € S™ and y € S. Thus, when a new observation y becomes available,
on+1(x,y) can be obtained by a simple recursive update of o, ().

The strategy (2) is connected to Beta-GOS processes, as meant in [1], and is
analogous to formula (10) of [18]. Note also that, if o vanishes on singletons, the ¢;
have the following interpretation. Let © = (z1,...,z,). Since oq ({xl, e ,xn}) =0
and 0y, ({21,...,2,}) =1 for i < n, it follows that

P, (Xn+1 = X, for some i <n | (Xq,...,Xpn) = x) =on(@)({z1,...,2,})
n—1 n—1 n—1
=(1—gn1) + Z(l—ql‘q) HQj =1- HQi-
i=1 j=i =0

More importantly, choosing g; suitably, various real situations can be modeled
by 0. As an example, if ¢ € (0,1) is a constant and ¢; = ¢ for each i > 0, one
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obtains
n

(3) ou(@) = o0 + (1 - ) 3 ¢" 6,
=1

see also [1] and [2]. Roughly speaking, this choice of o makes sense when the inferrer
has only vague opinions on the dependence structure of the data, and yet he/she
feels that the weight of the i-th observation x; should be a decreasing function of
n —i. In this case, o, (2) is not invariant under permutations of x, so that (X,)
fails to be exchangeable under P,.

As another example, take a constant ¢ > 0 and define ¢; = lf{ic
(2) yields the predictive distributions of a Dirichlet sequence, i.e.

COyp + Z?:l 5;51

Then, formula

on(x) =
n(z) -

In the above two examples, ¢; does not depend on (z1,...,xz;). Clearly, much
more elaborated strategies can be obtained if g; actually depends on (z1,...,x;).

We refer to [10] for examples of this type, including generalized Polya urns and
species sampling sequences.

1.3. Main results. If a strategy o is used to make predictions, a meaningful in-
formation is the asymptotic behavior of the data sequence (X, ) under P,. This
paper investigates the asymptotics of (X,,) under P, when o is given by (2). Our
main results, formally stated in Section 3, are a strong limit theorem and a stable
CLT. Here, we briefly sketch such results.

Consider the probability space (5°°, B>, P,), where o is given by (2), and define

Qn = Qn71(X1, .- ~;Xn71)'

The strong limit theorem is

e X, converges a.s. whenever a < @, < fa.s. foralln, where0 < a < g <1
are constants;

e X, does not converge even in probability whenever oy is nondegenerate,
Qn>0forallnand ) (1-Q,) <o as.

Thus, it may be that X,, is non-trivial and yet it converges a.s. This is a big
difference with respect to the exchangeable case. In fact, an exchangeable sequence
Y,, converges in probability if and only if ¥;, = Y7 a.s. for each n.

Let us turn to the stable CLT. We first recall that stable convergence is a strong
form of convergence in distribution; see Subsection 2.2. In particular, stable con-
vergence implies convergence in distribution.

For definiteness, suppose S = [a, b] is a bounded interval of the real line. (Oth-
erwise, as in Section 3, it suffices to replace X,, with f(X,,) where f: S - Risa
bounded measurable function). Since (X,,) and (X2) are both c.i.d. under P,,

1 - a.s, 1 = 2 a.s; *
ﬁ;Xi—H/ and E;Xi—ﬂ/

for some random variables V and V*; see Subsection 2.1. Our CLT is
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o If > {1-E(Qn)} <ooand Q, < Qny1 as. for all n, then
Vn (X, —V) = N(0,L) stably

where

Yn:%ixi and L=V"— 2“hm Z{X

=1

In a Bayesian framework, the limit V' of the sample means can be seen as a ran-
dom parameter and the above CLT is useful to make inference on V. In particular,
it allows to build (approximate) credible intervals for V.

Finally, under the same assumptions of the previous CLT, it is also shown that

N {Yn — B(Xni | X1, ,Xn)} S N(0,L) stably.

2. PRELIMINARIES

From now on, (2,4, P) is a probability space, (Y,, : n > 1) a sequence of S-
valued random variables on (92, A, P), and

Fo=A{0,9}, F,=0(Y1,...,Yn).

1. Conditionally identically distributed random variables. C.i.d. sequences
have been introduced in [4] and [20] and then investigated in various papers; see
e.g. [1], [2], [6], [8], [9], [10], [11], [17]. Here, we just recall a few basic facts.

Let (G, : n > 0) be a filtration on (£2,.4, P). Then, (Y,) is c.i.d. with respect to
(G,) if is adapted to (G,,) and

P(Yyr€-|Gn) =P(Yns1 €-|Gn) as. foralk>n>0.

If G,, = F,, the filtration is not mentioned at all and (Y,) is just called c.i.d. In
this case, by a result in [20], (Y;,) is exchangeable if and only if is stationary and
c.i.d.

Asymptotically, a c.i.d. sequence (Y;,) looks like an exchangeable one. We sup-
port this claim by three facts.

First, (Y,,) is asymptotically exchangeable, in the sense that

(Y., Yot1,...) = (Z1,Z,...) in distribution, as n — oo,

where (Z1, Zs,...) is an exchangeable sequence.
Second, for each bounded measurable function f : S — R, one obtains

SRS

Zf(yi) 2% v and E{f(Yn+1) \ ]:n} =V
i=1

for some real random variable V.
To state the third fact, let w,, = }L 2?:1 dy, be the empirical measure. Then,

there is a random probability measure p on (S, B) satisfying

pn(B) £5 u(B)  as n — oo for every fixed B € B.
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As a consequence, for fixed n > 0 and B € B, one obtains

E{p(B) | Fu} = lim E{pn(B) | Fn}

—tim 3 P(Yie B|F)=P(Vap € B| F) as
1=n+1

Thus, as in the exchangeable case, the predictive distribution P(Yn+1 € | }'n)
can be written as E{u(-) | F,,}, where p is the a.s. weak limit of the empirical
measures fin.

Finally, to complete claim (j) of Subsection 1.2, we report a characterization of
c.i.d. sequences in terms of strategies.

Theorem 1. ([8, Theorem 3.1]). Let o be a strategy. Then, (X,,) is c.i.d. under
P, if and only if

o0(B) = / 01(4y)(B) oo(dy) and on(x)(B) = / Onir (2,) (B) 7 () (dy)

for all B € B, alln > 1 and P,-almost all x € S™.

2.2. Stable convergence. Stable convergence is a strong form of convergence in
distribution. In a sense, it is intermediate between the latter and convergence in
probability.

A kernel on S (or a random probability measure on S) is a map K : Q — P such
that w — K(w)(B) is A-measurable for fixed B € B. Say that Y,, converges stably
to K, where K is a kernel on S, if

P(Y,€-|H)— E(K(:)| H) weakly
for all H € A with P(H) > 0.

In particular, if Y;, — K stably, then Y,, converges in distribution to the probability
measure E(K(-)) (just let H = Q). Further, given any random variable Y :  — S,
it is not hard to see that Y, L5y if and only if Y}, converges stably to the kernel
K =dy.

Let N(0,b) denote the one-dimensional Gaussian law with mean 0 and variance
b > 0 (where N'(0,0) = dp). Then, N'(0, L) is a kernel on R provided L is a real non-
negative random variable on (€, A, P). The next corollary provides conditions for

stable convergence toward a kernel of this type. It is a straightforward consequence
of [7, Theorem 1].

Corollary 2. Fiz a bounded measurable function f:S — R and define
1 n
M, =~ S f:) and Zy=E{f(Yns1) | Fu}.
i=1

Suppose (Yy,) c.i.d. and denote by V the a.s. limit of M,, (or, equivalently, the a.s.
limit of Z,,). Suppose also that

(2) o= B{maxi<p<nk|Zp1 — Zx|} — 0,

(b) %2221“(5@:) — Zp1+ k(Z—1 — Zk)}2 N F,
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(c) \/EE{sukan|Zk_1 — Zy| } — 0,
(d) nEon(Zio1 = Z4)* =5 G,
where F and G are real nonnegative random variables. Then,
vn (M, — Z,) = N(0,F) stably and
Vn (M, —V) = N(0,F+G) stably.

Proof. Just note that the sequence (f(Y;,)?) is uniformly integrable (for f is bounded)
and

E(Zpt1 | Fn) = E{f(yn-i-?) | ]:n} = E{f(Yn-H) | ]:n} =2Zn as.

since (Y;,) is c.i.d. Hence, it suffices to apply [7, Theorem 1]. O

3. RESULTS

We begin with introducing a sequence (Y, : n > 1) of S-valued random variables
whose predictive distributions agree with (2).
Fix 09 € P, a constant gy € [0,1] and the measurable functions ¢, : S™ — [0, 1],
n > 1. Moreover, on some probability space (2, 4, P), take random variables
(T, :n>1)and (U;;: j €N, 1 <i<j) such that
e (T},) is an i.i.d. sequence of S-valued random variables with T} ~ og;

e (U;;)isanii.d. array of [0, 1]-valued random variables with U3 ; uniformly
distributed on [0, 1J;

e (T,,) is independent of (U, ;).
Next, define (Y;,) as follows. Let Y7 = T;. At step 2, let Q1 = go and define

Yy =15 or Yy = Y; according to whether Uy 1 < Qq or Uy 1 > Q1. At step n + 1,
after Yi,...,Y, have been defined, let

Qiv1=¢(Y1,....Y;) fori=0,...,n—1
and then define
Yot1 =141 if U <Q; forall i,
Ynya=Y;, if Ujp>Q;and U, <Q; for some ¢ and all j > 1.
The predictive distributions of (Y,,) are actually given by (2). Recall that
Fo=1{0,2} and F,=0(Y1,...,Y,).
Lemma 3. Y7 ~ oy and
n n—1 n
P(Ypp €| Fo) =00 [[Qi+0v, 1—Qu)+ > oy, (1-Q:) [] @
i=1 i=1 j=i+1
a.s. for eachn > 1.
Proof. 1t is clear that Y, =17 ~ 0. Fixn > 1, B € B, and let
Gn=0M,....Y0,Utn,...,Unn), An={U;in <Q; for all i}.
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Since A,, € G, and T,,11 is independent of G,,,

P(Ay 0 {Yos1 € BY | Fo) = B(14, P(Tuss € B|Ga) | F.)

= 00(B) P(A, | Fn) = 00(B) H Q: as.

Similarly,

P(Unn > Qn, Yni1 € B| Fy) =15(Y,) P(Upp > Qn | Fn) =0y, (B) (1 — Q)  ass.
Finally, if i < n and A4;,, = {U;,, > Q; and U;,, < Q, for j =i+ 1,...,n}, one
obtains

P(Ain N {Yoi1 € B} | F) = 15(Y5) P(Ain | F)

=0v,(B)1-Q) [] @ as

j=i+1

One consequence of Lemma 3 is that
P((Yl,YQ,...) e ) - PU((Xl,XQ,...) € )

where the strategy o is given by (2). Since (X,,) is c.i.d. under P, (by [10]) it
follows that (Y;,) is c.i.d. as well. More importantly, to fix the asymptotic behavior
of (X,) under P,, we may work with (Y},).

Our first result is the following.

Theorem 4. If « < Q,, < a.s. for each n, where 0 < a < B < 1 are constants,
then Y, converges a.s.

Proof. Since S is a Borel subset of a Polish space, each probability measure on B
is tight. Hence, by [5, Theorem 2.2], it suffices to show that f(Y;,) converges a.s.
for each bounded continuous function f: S — R.

Fix a bounded continuous f : S — R and define A,, = E{f(YmH) | Fm} —
f(Yy,). Then,

Ampr  E{f(Ymi2) | Fnsr} = f(Yonia)

Q7n+1 Qm+1
m m—1 m
= [ oo T Qi+ F0)@ = Qu)+ 3 7001 - Q) T] @ f(¥os)
=1 =1 Jj=t1+1

= E{f(Ym+1) ‘ }—m} - f(Yerl) =0+ f(Ym) - f(Ym+1)~

Summing over m =1,...,n,

n—1 n
Api1/Quit + Y At /Quar = Y A+ f(V1) = f(Yain)

m=1 m=1

or equivalently

Z A’rn (1/Qm - 1) = _An-l-l/Qn-‘rl + A1 + f(}/I) - f(Yn-i-l)
m=2
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Next, since (Y,) is c.i.d. and Q; is F,_i-measurable, then
1 1
E{Ai (@ —1)4; (@_ - 1)}
= B{Ai (5~ 1) (5~ 1) B(A; | F-)} =0 foralli<
Therefore,
Ny o (L2
B{(3 8n gz -0)'} = X p{8i (- - 17}

Further, since a < @, < B a.s., one obtains

_QnJrl
< (2 sup|f|
«

2
+ 4 sup|f|) )

Hence, E{}>" " , A2} = 2212 E(A2?) < oo, so that A, £% 0. To conclude the
proof, just recall that F { fYot1) | Fu } 2% V for some real random variable V;
see Subsection 2.1. Therefore, f(Y,,) <% V. O

Incidentally we note that, as apparent from the previous proof, the assumption
Qn > a as. for all n can be weakened into liminf,, E(Q;?) < co. We also note
that, when the strategy o is given by (3) (i.e., when @,, = ¢ for all n and some
constant 0 < ¢ < 1) Theorem 4 implies that Y;, converges a.s.

In Theorem 4, the @,, are separated from 0 and 1 and Y,, converges a.s. Things
change drastically if @),, approaches 1 quickly enough.

Theorem 5. Y,, does not converge in probability provided oy is nondegenerate,
Qn >0 foralln and Y, (1 — Q) < 00 a.s.

Proof. Let d be the distance on S. It suffices to show that d(Y;,,Y,+1) does not
converge to 0 in probability. Since o¢ is nondegenerate, there is € > 0 such that
P(d(Ty,Ts) > ) is strictly positive. Define

H, ={U;, < Q; for each i <n and U; ,,—1 < Q; for each i < n}.

Since (Q1,...,Qy) is a function of (Y1,...,Y,_1), then (T,,T,,+1) is independent
of H,. Hence,

P(d(Yn,YnH) > e) > P(Hn A {d(Ty, Tpsr) > e}) = P(d(T1, T) > €) P(H,)

= P(d(Ty, Ty) > ) {HQZ HQZ}
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Finally, @, > 0 for all n and 3, (1 — Q,) < 0o a.s. implies that [[[_; Q; <> Q,
where @) is a random variable such that ¢ > 0 a.s. Therefore,

limnian(d(Yn, Y1) > e) > P(d(Ty,Ty) > €) E(Q%) > 0.
O

We finally turn to the CLT. Fix a bounded measurable function f : S — R and
define

Mnigf(x) and Zn:E{f(Yn+1)|f"}'

Since (V) is c.i.d., there is a real random variable V' such that
M, *%V and Z, =3 V.
Our last result deals with
Cn,=+vn(M,—2,) and W, =+/n(M,—V).

Indeed, both C,, and W, are often involved in the CLT for dependent data; see
e.g. [4], [6], [7], [8]- Note also that, in the special case where (Y,) is i.i.d. (namely,
when Q,, =1 for all n) one obtains C,, = W,, = /n{M, — E(f(Y1))}.

Theorem 6. Suppose >, {1—E(Qn)} < 00 and Q, < Qny1 a.s. for all n. Then,
for each bounded measurable function f:S — R, one obtains

Cn, = N(0,L) stably and W, — N(0,L) stably
where
1 n
L=V*=V? with V*'=lim= > f*(Y;) as.
wi im ~ 2 vy as

Proof. By Corollary 2, it suffices to prove conditions (a)-(d) with ' = V* —V?2 and
G=0.
First note that

QuZnr = Zn— f)(1-Qu)  as.
Letting ¢ = 2 sup|f], it follows that
1Zn = Zn-a| = (1= Qu) [f(Yn) = Zna| <c(1-Qn)  as.
Since @, < Qn+1 a.s. for all n, one also obtains
n{l=EB(Qn)} =j{1-E@n)}+(n—j){1-EQu.}
<j{1-E@Qn}+ i: {1-E(Q;)} foreachj<n.
i=j+1
Hence, 3°, {1 — E(Q,)} < oo implies
limsup n {1 — E(Q,)} = 0.
We next prove conditions (a) and (c). As to (c),
vn E{;gﬁle_l —Zi|} <cvn E{igg(l —Qr)} =cVnE1-Q,) = 0.



ASYMPTOTICS 11
As to (a), since
n|Zn—1— Zn| <ecn(l—Qn) SCZ(:[—QZ') a.s.,

one obtains

%E{fﬁn@(ﬂkﬂkq — Z|} < %E{Z(l — Q) } Z{l —E(Qr)} — 0.

k=1

It remains to prove conditions (b) and (d) with F = V* — V2 and G = 0. On
the other hand, since

% S = Zea ) S V- V2

conditions (b) and (d) are actually true with F = V* — V2 and G = 0 provided
n(Zp — Zn_1) L5 0.

Since
E{Z 1-Qu)} = > {1~ BQu) <o,

then >~ (1 —@Q,) < oo a.s. Hence, arguing as above,

n(l—Qn) <jl-Qn+ Z (1-@;) as. for each j < n.
i=j+1
Therefore,
limsup n|Z, — Z,—1| <climsupn(l —Q,) =0 as.
n n
and this concludes the proof. (I
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