UNIVERSITA
DI PAVIA

Dipartimento di Matematica "F. Casorati"

Corso di Laurea Magistrale in Matematica

Tesi di Laurea Magistrale

The renormalized energy for a system
of edge dislocations with multiple
Burgers vectors

Relatore: Candidato:
Prof. Maria Giovanna Mora Marco Bresciani
Matricola:

452243

Anno Accademico 2017/2018






Contents

Acknowledgments
Introduction
Notation and preliminaries

1 The variational model
1.1 Description of themodel . . . . . . . . . . .. ... .. ... ... ... ...
1.2 Structure of admissible strains . . . . . . . ... ...
1.3 Existence and uniqueness of the minimizer . . . . . . . .. ... ... .. ..

2 The I'-convergence of the renormalized energy
2.1 Themainresult. . . . . . . . . . . . . o
2.2 Preliminary results . . . . . . . . ...
2.3 The proof . . . . . .

Appendix

Bibliography

iii

xi

13
13
17
35

59

63






Acknowledgments

First of all, I would like to thank Prof. M. G. Mora for introducing me to this very
interesting topic. I am grateful to her for all the time she dedicated to me during the
elaboration of this thesis and for all the opportunities and all the advices that she offered
me during this last year.

Last Fall, I had the chance to spend a period as visiting student at the Department of
Mathematical Sciences of the Carnegie Mellon University, where I kept working on my
thesis under the supervision of Prof. I. Fonseca and Prof. G. Leoni. I am profoundly
grateful to them for this opportunity and I have tried to improve my work with their
remarks and suggestions. Of course, I have to thank Prof. M. G. Mora once again for
supporting my wish to go to Pittsburgh. I also want to thank G. Gravina, who made my
visit to CMU particularly enjoyable.

Next, I would like to thank Prof. A. Visintin. During these years, I have always treasured
his precious advices.

Finally, I want to thank all my family, all my colleagues and friends: your constant support
has always been a great resource for me.

Marco Bresciani

iii






Introduction

The plastic behaviour of metals is mainly caused by the presence of dislocations, which
are 1-dimensional defects of the crystal lattice.

To illustrate an example of such defects, in Figure 1 we consider the simple case of a cubic
crystal lattice. In the example, the defect is due to the presence of an extra half-plane of
atoms in the crystal lattice, that produces a local distortion of its geometry. The boundary
of this extra half-plane of atoms constitutes the dislocation line.

At a discrete level, the presence of a dislocation can be described by the following pro-
cedure. For simplicity, we consider a section of the lattice which is orthogonal to the
dislocation line. We take a closed atom-to-atom path surrounding the defect, the Burgers
circuit, in the deformed crystal. Then we represent the same path on the section of the
perfect crystal in the reference configuration. We see that, in the perfect crystal, the path
does not close. The vector required to close the circuit is the Burgers vector (see Figure
2). We could equivalently consider a 3-dimensional path and we would obtain the same
Burgers vector. Note that this vector lies on a plane that is orthogonal to the dislocation
line. Dislocations of edge type, which are the ones considered in the present work, are
characterized by this property.

In response to a shear stress, dislocations can move through the crystal lattice and their
motion leads to the plastic deformation of the metal. The gliding mechanism that allows
dislocations to move is roughly sketched in Figure 3.

For a complete treatment of the theory of dislocations, we refer to [2], [16].
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T

Figure 1: The cubic crystal lattice with the extra half-plane of atoms. The dark atoms
form the dislocation line.
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Figure 2: We consider the Burgers circuit ABCD in the deformed crystal. The corre-
sponding path in the perfect crystal does not close, since it ends at E. The
Burgers vector is given by FA.

A B C D A B C D

=
vs]
Q
O

r
d

S “‘—"‘
n’ —u’.

<O

3 \\\i
&
r,l

7
|\\

TS

Z

Q

!!l.,'!||
—
N\

I

%

A
—

]
i
—{{7
|-

\!

kkll.
‘;\I.

( ) —
..:7
.l«i’
— {7
.z‘
E_
o

I

-

-—l
Y N

a4 !
LAY T3]

s

™
‘i\._

1 I
S5

O

Figure 3: (a) The dislocation is located at A. (b) The breaking of bonds between the
atoms and the formation of new ones produces the motion of the defect from
A to B. (c) The defect has moved through the lattice, producing a shear
deformation of the crystal.
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Introduction

From the mathematical point of view, dislocations have been studied by means of both
discrete and continuum models. In this thesis we consider an intermediate scale model,
often called discrete dislocation model, introduced by Cermelli and Gurtin (see [5]).

In this model a system of a finite number of parallel straight edge dislocations with multiple
Burgers vectors is considered. Each defect is identified with a point on a cross section
orthogonal to the dislocation lines, so that the model can be reduced to a 2-dimensional
setting.

The model is in the framework of linearized elasticity. The strain field is given by a map 8
defined on the cross-section  C R? and taking values in R?*2. In presence of dislocations,
the strain field is singular. More precisely, for a system of dislocations located at the
points z1,...,z, € Q with Burgers vectors by,...,b, € R?, the equilibrium equations of
the system are given by:
(1)

di =0
{ ivCh in €,

curl B = Y"1 bidg,

where C is the elasticity tensor. Since any strain 8 satisfying the second equation does
not have finite elastic energy, no variational principle can be applied to determine the
equilibrium configurations of the system.

A common strategy to overcome this incompatibility is to adopt the so-called core-region
approach. It consists in regularizing the problem by removing small balls centred at the
defects and computing the elastic energy stored in the resulting domain.

This approach is employed in [6]. More precisely, given the core-radius € > 0 and the
dislocation density

= - 5Z'a
p= ; ;
the energy functional is defined as
(2) Ee(p, B) = W(B) dx,
Qe (p)

where Q. (1) = Q\ (U, B(zi,¢)) and W: R?*2 — R is the quadratic elastic energy density
given by W(B) = %(CB : B, for every B € R?*2. The admissible strains are required to
satisfy the following conditions:

(3) curl B =0 in Q. (p), / Btd#'=b;, i=1,...,n.
BB(ZZ',E)

The energy induced by the system of dislocations is then obtained by minimizing the
elastic energy (2) among all strain fields satisfying (3). In [6], the existence of an energy
minimizing strain B;, is proved. In particular, it is shown that, as ¢ — 07", the field
B;, converges in Lf .(R*\ {z1,...,2,};R**?) to a solution of system (1). Moreover, an
asymptotic estimate of the minimum energy, as ¢ — 0T, is obtained.

Since the typical number of dislocations in a metal is very large, it is natural to study
the asymptotic behaviour of the system, as the number of dislocations tends to infinity,
performing a homogenization procedure. The ultimate goal would be to gain insight into
the macroscopic response of the metal, starting from the knowledge of its microscopic
features.

A homogenization analysis of this type is performed in [12]. Here the asymptotic behaviour
of the elastic energy, considered as a function of the strain, is studied in terms of I'-
convergence, as the core-radius ¢ goes to zero and the number of dislocations n. goes to

vii



Introduction

infinity. It is shown that the energy can be decomposed into two terms: the self-energy,
concentrated in the core-regions, and the interaction energy, among pairs of dislocations.
The self-energy is of order n.|loge|, while the interaction energy is of order n2. The
limiting behaviour of the energy depends on the relative size of n. and |loge,|. Thus,
three regimes are identified: sub-critical (n. < |logel), critical (n. =~ |loge|), and super-
critical (ne > |loge|). At the limit, the self-energy prevails in the sub-critical regime, while
the interaction energy is dominant in the super-critical regime. In the critical regime, a
strain-gradient model for plasticity is derived.

As we mentioned, plastic deformations are due to the simultaneous motion of disloca-
tions. Therefore, a dynamical approach in terms of dislocation densities seems to be more
appropriate for the study of this problem.

The paper [21] by Mora, Peletier, and Scardia is conceived in this spirit. The aim of this
work is to study rate-independent, quasi-static evolutions of systems conserving the total
number n of dislocations. Here, the choice is to consider as main variable the dislocation
density p € P(Q2), which is the most natural variable for dislocation dynamics. It is as-
sumed that all dislocations have the same Burgers vector b and that they are all contained
in a closed rectangle of positive distance from the boundary and well-separated from each
other by a distance r,, > ¢,, where &, > 0 is the core-radius. The circulation condition in
(3) is written as:

(4) / md%l:E, i=1,...,n.
OB(2i,en) n

Moreover, precise asymptotic relations between the two scales ¢, and r, are assumed.
Since the number n of dislocations is constant during the evolution, the self-energy is of
no relevance, even if n is large. In other words, the evolution is driven by the interaction
energy. Hence, the energy is renormalized by considering

(5) Eu(k) = min B, (1,8 Wz /Q | CKi i) K )

The fundamental strain field K (-, zg) generated by a single dislocation at the point zg with
Burgers vector b and its perturbation Kj (-, zo) are defined in (1.9) and (1.32), respectively.
The second term at the right hand side of (5) represents the self-energy of the system,
which is thus removed from the energy.

The first result proved in [21] is the I'-convergence, with respect to the narrow topology
of probability measures, of the renormalized energy &,, as n — oo, to the functional

= ;//QXQ Viy,z) d(p @ p)(y,z) + m‘}nI(M7V)7

where

V(y,z) = /Q CKp(x;y) : Kn(x;2) dx

and I(p,-) is an auxiliary functional defined on H'(€;R?). In this limit functional p
represents the density of dislocations at the continuum level, the first term of the energy
describes interactions among dislocations, while the second term takes into account the
interactions of dislocations with the boundary of the domain 2. Then the evolution driven
by the renormalized energy with a Wasserstein type dissipation with slip-plane confinement
is studied.

The aim of this thesis is to extend the I'-convergence result of [21] to the case of two
different Burgers vectors by, by € R? with by - by > 0. Clearly, the case of a finite number
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Introduction

of Burgers vectors with positive pairwise scalar product can be treated exactly in the same
way.

Our choice is to decompose the dislocation density as the sum of two measures, describing
the position of the two families of dislocations with Burgers vector by and bg, respec-
tively. Thus, the renormalized energy is now a function of these two measures and the
I'-convergence result is obtained with respect to the product narrow topology. The struc-
ture of the I'-limit that we obtain is analogous to the case of a single Burgers vector, but
it contains different potentials describing the interaction between dislocations of possible
different species. Indeed, if we set

Vi(y,2) = /Q CK; (x;y) : Ki(x;2) dx,
Va(y,z) = /Q CKs(x;y) : Ka(x;2) dx,
Vialy.z) = | CKulxiy) s Kaxia) dx

where K = Ky, and K3 = Ky, then the limiting energy for a pair of admissible measures
is given by

et =3 [ it el o ) .a)
w5 [ v el e ).
] Vil (e © 1) (52) + min Tt 2 v),
QxQ

where I(u!, u2,-) is an auxiliary functional defined on H!'(€;R?). In the limit functional
p' and p? represent the proportion of the two species of dislocations at the continuum
level, the first two terms of the energy describe interaction among dislocations of the same
species, while the third term among dislocations of different species. The last term, as
before, takes into account the interaction with the boundary.

Our assumptions are the same as in [21]. The confinement hypothesis (that is, the as-
sumption of positive distance of dislocations from the boundary) is due to the fact that
we do not impose any boundary condition to the system. Indeed, since the interaction
potentials have a logarithmic repulsive behaviour (as already noted in [6]), dislocations can
reduce their energy by moving to the boundary. The well-separation hypothesis r,, > &,,
which was already introduced in [12], is physically reasonable, since the typical distance
between dislocations (represented by the scale r,,) is much larger than the atomic distance
(represented by the scale €,). Moreover, we assume the following:

(6) en =0, 1, =0, &,/r3 =0, nr:—0, as n — oo.

The first two conditions are clear. The third condition arises from the choice of imposing
the incompatibility condition via the circulation condition (4), rather than as a singularity
of the field as in (1). Indeed, the difference between the interaction energy corresponding
to the fields K; and K" is of order /e, /r3, and the third condition in (6) ensures that it
is negligible, as n — oco. The fourth condition is natural: it says that the total area of the
core-regions goes to zero, as n — oo.

The proof of the Liminf inequality, which is rather straightforward, follows that of the
original paper [21]. The proof of the Limsup inequality requires an adaptation of the
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Introduction

geometric construction used in [21] to produce a recovery sequence. The main difficulty
is due to the singular character of the interaction potentials, that makes the energy not
continuous with respect to narrow convergence and requires to suitably allocate the dislo-
cations to guarantee convergence of the energies. On the other hand, a convenient feature
of our setting is the compactness of the space on which the functionals are defined. This
is due to the choice of working with probability measures.

A further interesting result that we show in the thesis, is that the class of measures on
which the I'-limit is finite is contained in H~'(2). This fact is consistent with previous
works (see [12], [21]) and with the physical observation that dislocations in crystals prefer
to distribute along lines, the so-called dislocation walls.

A great restriction in our work is given by the assumption by - by > 0, which is, however,
crucial to avoid the creation of dipoles. Removing this hypothesis in our setting is a very
challenging problem that, at the moment, seems to be way beyond reach. A first attempt
in this direction is proposed in [13], where Burgers vectors of opposite signs are allowed,
but some suitable regularizations of the interaction potential are needed to perform the
analysis.

It is worth mentioning that the well-separation hypothesis has been overcome, in the
setting of [12], in [10] for the sub-critical regime and in [14] for the critical regime. In
both cases, the main tool used is an ad hoc version of the so-called ball construction. This
technique has been introduced in the study of the Ginzburg-Landau functional (see [17],
[24]), and consists in constructing a family of growing and merging balls that identifies a
family of annuli, where most of the energy is concentrated. The fundamental contribution
in [10] and [14] is that, in this construction, the ratio between the radii of the annuli can
be controlled, so that the constants of the Korn inequality in these annuli can be uniformly
bounded. We expect that a suitable version of the ball construction could possibly be of
help also in our setting to remove the well-separation hypothesis.

Other interesting questions could concern the extension to our framework of the results
of [21] about quasi-static evolution, as well as the inclusion of creation and annihilation
phenomena in the dislocation model.

The thesis is structured as follows. In Chapter 1, the analysis of the variational model is
performed, following [6]; the case of multiple Burgers vectors without any assumption on
their scalar product is studied and the existence of an energy minimizing strain is proved.
In Chapter 2, the renormalized energy is introduced with the assumption of two Burgers
vectors by,by satisfying by - by > 0; then, the I'-convergence result is proved (Theorem
2.1) and the characterization of measures with finite energy is established (Theorem 2.11).
In the Appendix, a Korn type inequality for fields on the plane with prescribed curl, taken
from [12], is discussed (Theorem A.2).



Notation and preliminaries

Notation and preliminaries

We use standard notation for scalars, vectors and matrices.

e For a,b € R, we set a A b = min{a,b}, a Vb = max{a,b} and we denote by |a] the
integer part of a, namely |a] = max{k € Z : k < a}.

e For a € R?, we denote by a' the vector obtained from a by a counter-clockwise
rotation of 7/2. Namely, if a = (a1, as), we set a* = (—asg,a1).

e We denote by R?*? the space of square matrices of order 2 and by I the identity
matrix. The subspaces of symmetric and skew-symmetric matrices are denoted by
Sym(2) and Skew(2), respectively.

e For A € R?*2 we define its symmetric and skew-symmetric part by setting symA =
(A+AT) /2 and skewA = (A~ AT) /2.

e For a,b € R? with a = (aj,a2) and b = (b1, bs), we define the rank-one matrix
a®b = (a;bj)j=1,2-

e We denote by : the inner product of square matrices. Namely, for A,B € R?*?
with A = (a;;) and B = (b;;), we have A : B =3, i a;; b;j. We denote by |- | the
associated norm, that is, |A| = (A : A)Y/2,

e For A € R?**? given by A = (a;;), we set
AL (T2 an
—a a21
We adopt the common convention of denoting by C' a positive constant that can change

from line to line and that can be computed in terms of known quantities. When necessary,
we are going to underline its dependence on some quantities using parentheses.

For what concerns normal and tangent unit vectors, we fix the following notation. For
any bounded set in R? with Lipschitz boundary, we always denote by n the outward unit
normal on its boundary and we define the unit tangent vector as t = n*. Thus, for
example, given a ball centered at x¢ with radius r > 0, we have

)L

X — Xg (x — %9

n(x) t(x) =

:\x—xol’ x—xo|

for every x € 0B(xo, ).

We recall the following known fact: given a sequence (z,) in a topological space X and
given x € X, then z, — z, as n — oo, if and only if for every subsequence (x,,) there
exists a futher subsequence (n,,) such that zn, — x, as £ — oo. Henceforth, we are
going to refer to this fact as the Urysohn property.

We use standard notation of Measure Theory. For example, we denote the characteristic
function of a set £ C R? by yr. The spaces of signed and vector-valued Radon measures
with bounded variation defined on the Borel subsets of Q C R? are denoted by M, (2) and
My, (Q;R?), respectively. The set of Borel probability measures is denoted by P(£2). Given
@ € Mp(Q) and given a continuous map g: R? — R2, we denote by g’y the push-forward
measure. For the notions of Measure Theory, in particular for the definition of Radon
measure, we refer to [7], [11].
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Notation and preliminaries

We briefly recall the definition of the narrow topology on My (€2). This is the topology
induced by the weak* topology of rba(Q2) = (Cy(Q2))". Thus, given (u,) C My(Q2) and
€ My(), we have that p,, — p narrowly if and only if

/vdun%/vdu, as n — 0o,
Q Q

for every v € Cy(2). The properties of narrow convergence and its relation with the weak*
convergence in My () are treated in [11]. Here we simply recall some basic facts that are
going to be used in what follows. Given (un,), (vn) C Mp(2) and p, v € My, (§2), we have
the following:

e if supp p, C K for every n, where K is a closed subset of 2, and p,, — p narrowly,
as n — o0, then supp u C K;

e if supp u, C K for every n, where K is a closed subset of €2, then u, — p narrowly

if and only if
/ud,un—>/ud,u, as n — oo,
Q Q

for every u € C(€2) which is bounded on K;

o if 41, — p narrowly and v, — v narrowly, as n — oo, then pu, ® v, — p® v narrowly,
that is, weakly* in (Cy(2 x 2))’, as n — oo.

We use standard notation for Lebesgue and Sobolev spaces and for spaces of functions
of bounded variation. For this topics, we refer to [1], [18]. Note that for £ C R? and
1 < p < oo, the space LP(JF) is always intended with respect to the measure 71 L OF.

Let Q@ C R? be a bounded Lipschitz domain. Given u € H'(2;R?), we define its sym-
metric gradient as Eu = symDu. We call infinitesimal rigid-body motion every field
n € HY(Q;R?) such that Ep = 0. It is easy to check that such functions are given, for
x € Q, by n(x) = Ax + a for some A € Skew(2) and a € R

In what follows we are going to make an extensive use of the Korn inequality that we
present in the following form.

Theorem. (Korn inequality) Let Q@ C R? be a bounded Lipschitz domain and let B C Q

a ball. There exists a constant C' > 0, depending only on §2, such that, for every field
u € HY(Q;R?) satisfying

/udx:O, /(Du—DuT)dx:O,
B B

we have
||uHH1(Q;R2) < C||Eu||L2(Q;R2X2).

For a proof we refer to [23]. In the Appendix we are going to prove an extension of this
result which is peculiar of dimension 2 (see Theorem A.2).

For matrix-valued fields, the divergence and curl operators are always understood to act
row-wise. More precisely, for B: Q — R**? with 8 = (8;;), we set

. 01B11 + 02512 01512 — 0211
d pu— 1 p— .
v <81521 + (92ﬁ22> ’ curl 5 (31522 - 82521)

xii



Notation and preliminaries

In the following we are going to consider maps u € L?(Q; R?) which distributional curl is
in L2(2). This means that there exists v € L?(Q2) such that, for every ¢ € C°(Q), we

have
—/u'anldx:/vgodx.
Q Q

In this case, we set curlu = v. The space of such maps u is usually denoted by H (curl; 2)
and this is endowed with the norm

[l g ety = [[llr2@r2) + [lcurlul|p2(q)-

The space C'(€;R?) is dense in H (curl; Q). Moreover the map ¢ +— ¢y, - t defined on
C1(€;R?), admits a unique continuous linear extension

Ye: H(curl; Q) — H™Y2(00)

defined by

- -~ L
-1/200) Yt (W), €) g2 90y = /chrlu CdXJr/Qu' (DC) dx
where ( is a lifting of ¢, that is, a function in H'(£2) such that { = ¢ on € in the sense of
traces. As for usual traces, we simply write v¢(u) as u - t. Furthermore, if the boundary

of Q has several connected components, say 092 = [J;~; I';, we write

/P u-td#t = H-1/2(8) <'Yt(u),XFi>H1/2(aQ)v

for i = 1,...,m. For details about the space H(curl; Q) and about the tangential trace
operator, we refer to [9], [15], [20].

In particular, in what follows, we are going to deal with functions u € L?(Q;R?) such
that curlu = 0 in € in the sense of distributions. For such functions, results analogous to
that of the classical theory hold. For example, if u € L?(Q;R?) with curlu = 0 in Q is
such that the circulation (in the sense specified above) along any closed curve contained
in Q) is zero, then it admists a potential. This is substantially the content of Lemma 1.1.
Moreover, in the case of simply connected domains, the following weak formulation of the
classical Poincaré Lemma holds.

Theorem. (Weak Poincaré Lemma) Let Q2 C R? be a bounded simply connected Lip-
schitz domain. Let u € L*(Q;R?) be such that curlu = 0 in Q. Then, there exists a
potential f € HY (), which is unique up to additive constants, such that u = Df.

Note that, for 1 < p < 0o, an analogous result holds with u € LP(€2;R?) and f € WHP(Q).
The proof is based on regularization by convolution and can be found in [15] and [20] (in
the references the case p = 2 is considered, but the general case with 1 < p < oo can be
proved in the same way).

Finally, we are going to use the notion of I'-convergence in metric spaces. For this topic,
we refer to [3], [8].
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Chapter 1

The variational model

In this chapter we introduce a semi-discrete model that describes a system of straight and
parallel edge dislocations in an elastic body, as presented in [6]. For more information
about the derivation of this model we refer to [5]. We work in the setting of linearized
elasticity and we adopt the so-called core-region approach.

1.1 Description of the model

Let Q C R? be a simply connected bounded Lipschitz domain representing the cross section
of an elastic body whose crystalline structure has a cylindrical symmetry. In the context
of linear elasticity, one considers the displacement, given by a function u € H!(;R?),
with the aim of minimizing the elastic energy defined as the functional

(1.1) u— / W (Du) dx,
Q
where

W(B) =, CB: B

is the elastic energy density and C is the elasticity tensor. The tensor C identifies a linear
operator from R%*? in itself that, in the case of an isotropic material as considered here,
has the following form:

CB = AtrB)I+ u(B+B') = AtrsymB)I + 2usym§,
where A, 1 € R are the Lamé moduli. Note that CB € Sym(2) for every 8 € R?*? and that
(1.2) CpB1: B2 = Csymf; : symfs
for every 1, B2 € R?*2. Moreover the elasticity tensor is symmetric, i.e., we have
(1.3) CB1:B2=CPBsy: B

for every B1, B2 € R?*2. In addition to this, we assume the elasticity tensor to be positive
definite on symmetric matrices, that is, there exist two constants Cy,Cs > 0 such that

(1.4) CilsymB|* < CB : B < Cy|sympB|?

for any B € R?*2. It is easy to check that this is equivalent to requiring A + u > 0 and
n> 0.



1. The variational model 1.1 Description of the model
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Figure 1.1: (a) The cross section {2 orthogonal to the dislocation lines. (b) The core-
regions and the reduced domain Q. (u).

We consider a system of a finite number n of straight edge dislocations orthogonal to
the cross section with Burgers vectors given by by,...,b, € R?, respectively. In the
model, these defects are identified with the points z1,...,z, € € given by the intersection
of the dislocation lines with the cross section (see Figure 1.1). The information about
the location of the defects is encoded in the dislocation density, which is the probability
measure defined by

1

In the presence of dislocations the strain field is a map B: Q — R?*? satisfying the
following incompatibility condition:

n
(1.5) curl B = Zbi 0z, -

i=1
Clearly, for B € L?(2;R?*2), equation (1.5) cannot be satisfied since the right hand side
is not in H~1(Q;R?). On the other hand, by (1.4), it is evident that, in order to minimize
the elastic energy (1.1), we have to consider B € L?(Q; R?*?). To overcome this problem,
we follow the so called core-region approach (see [6], [10], [12], [21]).
We introduce a small parameter € > 0, called the core-radius, which should be thought to
be comparable with the atomic spacing in the underlying crystal lattice. Then, for each
defect, we remove from the domain a ball of radius € centered at the point z; and we
consider the effective domain

Qu(n) = 0\ (U B(zi,s>) .
=1

Here we implicitly assume that the core-radius is sufficiently small in order to have that
B(zi,e) cC Q for i = 1,...,n. Hence, in analogy with (1.1), we introduce the following
energy functional

(1.6) B, B) = /Q W)
<(n



1. The variational model 1.2 Structure of admissible strains

defined for B € L%(Qc(11); R?*2). The class of admissible fields is then given by

A:(;by, ... by) = {ﬂ eL*(Q(p)): curlB=0 in Q. (1),
(1.7)

b;
/ Btd%lzforeveryizl,...,n}.
OB (z;,¢) n

The condition curl 8 = 0 in (1.7) should be intended in the sense of distributions, namely,
for every ¢ € C°(Q(p)), it is required that

/ B(x)Dy(x)* dx = 0.
Qe (1)

The boundary integral in (1.7) should be interpreted as a duality pairing in the sense
of traces. More explicitly, since curl@ = 0, this means that for every ¢ = 1,...,n, any
admissible field need to satisfy

— x)D xj‘dx:l b;
|, D ax= 1

for every ¢ € H}(Q) such that ¢ = 1 on B(z;,¢). Note the order 1/n of the integral
incompatibility condition in (1.7) which is due to the choice of working with probability
measures.

We remark that, instead of the two conditions in (1.7), we could alternatively require the
following circulation condition for the strain:

1

cwrl § = 2Tne
n

b, L 0B(zi,e,,) in .
i=1

Sometimes, with an abuse of terminology, we are going to refer to the admissible fields
as strain fields. Finally, the equilibrium configurations of the system will be given by the
solutions of the following minimization problem:

1.8 min E.(u,B).
( ) BEA:(1;b1,...,by) (M ﬂ)

1.2 Structure of admissible strains

In order to proceed, we need to introduce a particular class of functions that are going to
be used extensively in our study. For any zo € 2 and any b € R?, we set

1

. — 1
where log |x \
___Hleex| 1 +H el -

Henceforth we will refer to this function as the fundamental strain. Indeed the function
in (1.9) can be regarded as the deformation of the whole plane due to the presence of a
single dislocation with Burgers vector b located at the point zg. Clearly we have that
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Kp(-;20) € C®°(R?\ {z0}; R?*?). The explicit expressions of the strain (1.9) and of the
corresponding stress are given by

1

Kb(120) = 55— Hb- ®e, + (2A + 3u)(b - ®

(1.10) b(:i%0) 27r(7\+2u)g{p’( ey)e, ® ey + ( w(b-e,)e, ®ey
_}l(b-eg)eﬁ®eg—|—u(b.eﬁ)eﬁ®eﬁ}
and
RA+ )

CKp(;20) = ————1(b-eyle,@e,+ (b-e,)e, ® ey

(1.11) 7T(7\+2u)g{ 0= %e 0)€o

+(b-eyley®@e,+ (b -eyley ® eﬁ}

respectively, where we denoted by (p,?) the polar coordinates centered at zy and by
(ep,ey) the associated frame. From (1.10) and (1.11) we deduce that

Clb|
|x — zg|’

for every x # zg, thus we have Ky, (+;zo) € L .(R?;R?**?) and CKy(;20) € Li .(R?; R?*2).

loc loc
The fundamental strain satisfies the following circulation condition:

Clb|
|x — 20|

(1.12) Kb (x;20)| < [CKp(x;20)| <

(1.13) [ Kby tx) 40 = b
9B(yo,)

for every r > 0. Moreover, straightforward computations show that
(1.14) divCKp(x;20) =0, curlKp(x;29) =0 for every x # z,

and actually the field Ky (+;2z¢) is a distributional solution of the following system:

div CKy (+; =0
(1.15) vCKp(520) =0, g2
curl Ki,(+;29) = by,
To prove this, without loss of generality, we can assume that zg = 0. Consider any

¢ € C*(R?) and take R > 0 such that supp ¢ C B(0, R). We begin with the proof of the
first equation (1.15). We have to show that

(1.16) / CKp(x;20) Dp(x) dx = 0.
B(0,R)
By the integrability of the fundamental stress CKy(-;0), we can write
/ CKp(x;0) Dp(x) dx = lim CKp(x;0) Dp(x) dx
B(0,R)

r—=0% JB(0,R)\B(0,r)

(1.17) = — lim div CKp(x;0) p(x) dx
r—=0% JB(0,R)\B(0,r)

— lim CKp(x;0) n(x) p(x) ds#1 (x),
r—=0" JaB(o,r)
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where in the last equality we used integration by parts. From (1.14) we deduce that the
first integral at the right hand side of (1.17) is zero, while for the second one we have

/‘ CKyp(x;0) n(x) (x) A (x)
OB(0,r)

_ HA+ W) /aB( i(@.,{l)ﬁ(b.x)xﬂ p(x) A (x)

m(A+2u) 0,r) 73
_ pA+w)
= TR0 oy (® 37+ 30" ol ),

where in the last equality we performed the change of variables x = ry. Then, using the
Dominated Convergence Theorem, we obtain

/ ((b-yHy+(b- vy )e(ry) dy
8B(0,1)
- ((b-yHy+(b-y)yt) ¢(0) dy, asr— 0",
8B(0,1)

and the last integral is zero. Indeed, denoting b = (b1, b2) and y = (y1,y2), we have that
(b-yH)y+ (b-y)y* = y1y2(ba — b1)(1,1) and faB(o,l) y1y2 dy = 0. Thus (1.16) is proved
and we move to the proof of the second equation in (1.15). We have to prove that

(1.18) [ Ku(xiz) Dplx)* dx = bea(0)

B(0,R)
for every ¢ € C2°(Q2) with supp ¢ C B(0, R). Recalling (1.9), it is sufficient to show that

1
1.19 —/ b ®x*) Dp(x)t dx = bp(0).
(1.19) o 27 (PEX1) Do) (0)
As before, we write
1
——— (b®x") Dy(x)*" dx
/B(O,R) 2m|x|? ( ) #x)
= lim L (b ® XJ') Dy(x)* dx
r—=0% J B(o,R)\B(0,r) 27X|?

(1.20)

= — lim curl ( 5
r=0% J B(0,R)\B(0,r) 2m|x|

1
— i bex)t dz!
— oB(0r) 2mX[? ( ox ) () olx) &)

(b ® XJ‘)> p(x) dx

where we used integration by parts. Again (1.14) entails that the first integral at the right
hand side of (1.20) is zero. For the second one we have

/8B( L (b ® XL) t(x) p(x) d#t(x) = / Lb o(x) dA (%)

0,r) 27[x|? aB(0,r) 27T

1
= / 5P e(ry) 47 (y),
8B(0,1) 2T

where in the last line we set x = ry. Finally, using again the Dominated Convergence
Theorem, we get

1 1
/ 2—b o(ry) dif’l(y) — Q—b ©(0) d%l(y) =bp(0), asr— 0r,
dB(0,1) 4T dB(0,1) 4T

5
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which gives (1.19).
Now we are going to use the fundamental strains to study the class of admissible strains.
This turns out to have an affine structure as stated in the following result.

Lemma 1.1. (Structure of admissible strains) For every pair of admissible strains
B1, B2 € Ac(i; b1, ..., by) there exists a function u € H'(Q(u); R?) such that

B1— B2 =Du in Q(n).
Proof. Tt is clearly sufficient to show that every 8 € L?(Q(u); R?*?) satisfying
(1.21) curl B =0 in Q. (p)

in the sense of distributions and
(1.22) / B(x)t(x)d#t(x) =0, i=1,...,n,
0B(z;,¢)

in the sense of traces, is the gradient of a function u € H'(Q.(u); R?). Firstly we prove
that this is true in every open set compactly contained in . (u).

Given § > 0 small enough, we define Q' = {x € Q.(u) : d(x,00:(u)) > d}, so that
' ccC Q.(p). Using (1.21) and (1.22), it is easy to see that

(1.23) / B(x)t(x)d#t(x) =0, i=1,...,n
OB (z;,e+96)

in the sense of traces. We consider a sequence of standard mollifiers (px) and we define
the regularized functions By = B * pr € C™(Y;R**?). By the usual properties of the
mollification, for any k we have

curl B (x) = —/Q ( )ﬁ(y) Dpr(x — y)* dy, for every x € (.
el

From (1.21) it follows that
(1.24) curl By =0 in O, for k> 1

in the classical sense. Moreover, we also have 8 — B in L?(Q;R?*2) as k — oo which,
combined with (1.21) and (1.24), says that

Br — B in H(curl;Q)), ask — oo.

Therefore, by the continuity of the tangential trace operator in H(curl; ), we deduce
that Bt — Bt in H_I/Q(ﬁfl’;RQ), as k — oo, and in particular

(1.25) / Br(x) t(x) d#t (x) — B(x) t(x) d#t (x), as k — oo
0B(z;,e+90) OB (z;,e+9)

for s = 1,...,n. If we denote by b%c € R? the left hand side in the previous limit, then
from (1.23) and (1.25) we have that bl — 0 as k — co. For i = 1,...,n we consider the
fundamental strains Kb?; (+;z;) which, analogously to (1.13) and (1.14), satisfy

(1.26) curlez(-;zi) =0 in

6
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and
(1.27) / Kbi (X; Zi) t(X) d%l(x) = (52]1)}C
OB(zj,e+5) "
for every k and for j = 1,...,n. Here d;; denotes the usual Kronecker delta symbol

defined by d;; = 1, if ¢ = j, and by §;; = 0, otherwise. We now focus on the field
Br — iy Kbi(-;zi) € C°(V;R?*2). From (1.24) and (1.26) we know that this field has
zero curl on Q' for k > 1. Moreover, recalling the definition of bi, and using (1.27), we have
that its circulation along any closed curve in ' is zero. Therefore, by the classical theory,
we know that this field admits a potential, that is, there exists a function u;, € C*(/; R?)
such that

(1.28) ﬁk — ZKbi(';zi) = Duk in Q/
i=1

for k > 1. It is clear that the function ug can be chosen to have zero mean on a fixed ball
Bcc . Fori=1,...,n, using (1.12), we have that

C|bt | C|bt|
1.2 K, (x;z)| < kL < k
( 9) | bk(X7Z )| = ’X—Zi’ = ¢ 5

for every x € €. Since bl — 0 as k — oo, we deduce from (1.29) that sz(-;zz-) — 0
uniformly on €’ and hence in L?(Q2; R?*2), as k — co. Thus, recalling (1.28), we have

n
D[ 20 maxzy < [1Brlliz(rmexe) + Y 1Ky (5 20)ll 2 (rmexzy < ©

i=1

and applying the Poincaré-Wirtinger inequality we obtain

uk][ukdx
B

Hence, by weak compactness, there exist a subsequence (uy,) and a functionu € H L' R?)
such that ug, — u in H'(Q;R?), as £ — oo. On the other hand, passing to the limit in
(1.28), as ¢ — oo, we see that Duy, — B in L*(Q;R**?), as £ — oo. Therefore, we
conclude that 8 = Du a.e. in €/, as claimed.

Now we extend the result to the whole domain .(u). Consider a sequence of open sets
(Qp) C Q:(p) such that Qp CC Q41 CC Q(p) and Qe (1) = Upz; Q. Using the previous
arguments, we can show that, for every h, there exists u; € H'(2,; R?) such that 8 = Duy,
a.e. in Qp and fB uy, dx = 0, where B is a fixed ball with B CC ;. In this case, for
every h we have Duyy; = Duy ae. in Qp, hence up41 = uy + a a.e. in €y, for some
constant a € R?. Using the zero mean condition on B, we deduce that Up41 = Uy a.e. in
Q. Therefore, if we set u(x) = up(x) for x € Qy, then the resulting function u is well-
defined with u € L2 (Q:(¢); R?) and Du = 8 in Q.(u) in the sense of distributions. Since
Q. (p) is a Lipschitz domain, this implies that u € L?(Q(u); R?) (see Corollary at p.23 in
[19] or Theorem 7.6 in [22]), so that u € H*(Q.(11); R?), as desired. This fact can be also
proved directly by means of the following truncation argument. Set u = (u1,u2) and define
ul’ = (u1 A M)V (=M) where M > 0. Then ui’ € H'(Qc(u)) with Du’ = Duixju, (<}
and by the Poincaré-Wirtinger inequality we have

u —][ u (x) dx
B

HukHLQ(Q’;RQ) = ’ < C||Duk”L2(Q/;R2x2) <C.

L2(QR?)

< CIDu |l z2(. (uyr2) < ClIBIIL2 (9. (u)R2x2)-
L2(Qc (1))
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Thus, since uf! — uy a.e. and fyu! — f5u; =0 as M — 400, by the Fatou Lemma we

obtain
/ |ul|2 dX:/ ul—][ul dy
Qs(/»‘) QE(N) B

< hminf/ uM —][ uM dy
M —+o00 Qe (1) 1 B 1

<C 18] dx < 400
Qe (1)

2
dx

2
dx

that is, u1 € L?(Q.(u)). Applying the same argument to up, we finally conclude that
u € L?(0(n); R?). O

1.3 Existence and uniqueness of the minimizer

We are now ready to prove the existence of solutions for the minimization problem (1.8).
Since our assumptions ensure the convexity of the functional E. (i, -), we have the following
minimality criterion.

Proposition 1.2. Let B € A.(u;b1, -+ ,by). Then B is a solution of the minimization
problem (1.8) if and only if B is a weak solution of the following Neumann problem

{div(C,B =0 inQ(p),

(1.30)
CBn=0 ondQ(u).

Proof. By (1.4), the quadratic form W is positive semidefinite and thus the functional
E.(p,-) is convex. Moreover, the class of admissible fields is also convex. Hence, by
standard arguments in the Calculus of Variations, we know that B is a minimizer if and
only if it satisfies the Euler-Lagrange equations. By Lemma 1.1, any admissible field is of
the form B + Dw for some w € H' (. (u); R?). Hence, for a real parameter ¢, we compute

E.(p, B +tDw) = W(B) dx + t/ CB : Dw dx + t* W (Dw) dx,
Qe (p) Qe (p) Qc ()
where we used (1.3). Thus we easily deduce that the Euler-Lagrange equations take the
following form;

(1.31) vw € HY(Q.(1); R?), / CB: Dwdx =0,
QE(N)

which is the weak formulation of (1.30). O

Remark 1.3. Consider any strain field 8. Note that, by (1.2), for every infinitesimal
rigid-body motion 0, we have E.(u, 8 +Dn) = E-(u, B). Hence it is clear that we cannot
expect uniqueness of solutions for problem (1.8). Note that this fact is consistent with the
form (1.31) of the Euler-Lagrange equations.

In the particular case of a single dislocation in the whole plane, the solutions of (1.30) are
explicitly known in the literature (see [16]). For = R2 we consider a defect located at

the point zg and with Burgers vector given by b. Then, using the previous notation, we
have p1 = &5, and Q. () = R?\ B(z,c). We define

(1.32) K} (x;52z0) = Kp(x;20) + e2Dwy(x — Zo),
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where
AL+ A

47T(A1 + 2)\2)’)(‘4 {(b . XL)X + (b . X)XL}

while the fundamental strain Ky (-;z¢) has been introduced in (1.9). Clearly, wy, €
C>(R?\ {0}; R?) and it easy to check that

Clb Clb
(1.33)  lwp(x)| < ‘X’|' Dwi (x)] < |X'|’ CDwy(x)| < CPI

wp(X) =

for every x # zg. Then, a direct computation shows that

(1.34) divCK; (1;20) =0 in R?\ B(zo,¢),
' CK§(;20)n=0  on 0B(zo,¢)

in the classical sense. Note that the field in (1.32) satisfies the two conditions in (1.7).
Indeed, from (1.13) and (1.15), we trivially have that

(1.35) / KS (x;20) t(x) d# (x) = b
9B(yo,r)

and

(1.36) curl K§ (+,29) =0 in R?\ B(zg,¢).

Moreover, it also satisfies
(1.37) / (K§ (x:20) — K (x;20) ") dx = 0.
S(M)
However, the field K§ (+;2o) is not admissible since it is not in L*(R? \ B(zo, ); R?*?), so
that its energy is not finite.

Now we go back to the general case of n dislocations in the bounded domain  C R2. Set,
for simplicity, K; = Ky, w; = wp, and K§ = Kj, . From (1.35) and (1.36), we have that

*ZKE 5 GAE(M7b17 7bn)7
hence, by Lemma 1.1, every admissible field has the form

(1.38) ZKE ;z;) +Du

for some u € H'(Q.(n);R?). Hence, using (1.3) and (1.38), we can write the energy
corresponding to an admissible field 3 as

=(u, B) = o2 Z/ CK;(x;2) : Kj(x;2;) dx
3,0=1

+/QE(M) W (Du(x)) dx + — Z/ (x;2;) : Du(x) dx.

Applying integration by parts to the last integral at the right hand side and recalling
(1.34), we obtain that

1 ¢ : X;z;) dx
(1.39) E. (1, 2”21/ CKj(x;2i) : Kj(x;25) dx + L (p, ),
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where we have introduced the auxiliary functional

(1.40)  I.(p,v) = W(Dv(x)) dx + — Z / ) - CK§ (x; 2)n(x) dol (x)
Qe () 09 (
defined for v € H((u); R?). Therefore, from (1.39), we see that solving (1.8) is equiva-
lent to solving the following minimization problem:
1.41 i 1 .
( ) ueHl{?lls](au);RQ) (1 w)
Recalling Remark 1.3, we deduce from (1.39) that the functional I.(y,-) is invariant with
respect to infinitesimal rigid-body motion. This suggests to look for a minimizer in the

class
(1.42)

Yi(Q) = {V € H(Q:(u); R?) : /

Bo

v(x) dx =0, /B (Dv(x) — Dv(x) ") dx = 0} )

where By CC Q. (u) is a fixed ball. Moreover, the conditions in (1.42) are needed in order
to guarantee the coerciveness of I.(u,-) and, in turn, the existence of a minimizer.

Lemma 1.4. (Minimization of the auxiliary functional) There exists a unique
minimizer uf, € H'(Q(u); R?) of the functional I.(p,-) in the class Y (S2).

Proof. First of all we note that, for ¢ = 1,...,n, the function CK5(-,z;) is bounded on
0 (p). Indeed, for every x € 0Q.(p) we have |x —z;| > € for ¢ = 1,...,n, hence, from
(1.12), (1.32) and (1.33), we easily deduce that

C|b;|

(1.43) |CKS (x;2i)| < |CKS(x;2;)| + 52](CDwi(x —z;)| < 8

for every x € 0Q.(u). Taking into account this fact, it is easy to see that the functional
I.(p,-) is continuous on H'(Q.(); R?). Moreover, by (1.4), it is also convex, and hence it
is weakly lower semicontinuous on H'(€(u); R?). Take any v € Y;£(2). Using (1.4) and
the Korn inequality, we have that

(1.44) / W (Dv(x)) dx > ClII131 g (o)

Futhermore, using (1.43) and the trace inequality, we have

ln v(x)-CK:(x;z;)n(x Lx
S [ V0O b () A )

n i=1

(1.45)
< = E ||CK: (+; z ”Loo (99 (11):R2%2) /BQ ( )|V(x)\ djfl(x)
<(n

< CHVHLQ(an(u);Rz) < ClIvlla o (u)r2)s

where the constant C' > 0 depends on €, n and, the Burgers vectors. Thus, combining
(1.44) and (1.45), we obtain that there exists two constants C7,Cy > 0 such that

(1.46) L(1,v) = Ci| V31 0. (ym2) — Col VIl (. (uym2)

for every v € Y7 (£2), that is the functional I (u, -) is weakly coercive on Y7 (2). Therefore,
by the Direct Method, we have the existence of a minimizer in this class. To prove its

10
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uniqueness, suppose that ui,us € Y, () are two minimizers. Then they solve the following
Euler-Lagrange equations:

(1.47)
Vv €Y7 (Q), / CDu; : Dvdx + 1 Z v(x) - CK;(x; z;)n(x) d#t (x) = 0,
Qe () T i=1 /99 (n)
(1.48)

1 n
Vv € Y7 (Q), / CDuy : Dvdx + — Z/ v(x) - CK;(x; z;)n(x) d# (x) = 0.
Qe (p) i1 /09 (w)
Subtracting (1.47) and (1.48) and then choosing v = u; — ug, we obtain
/ CD(u; —u2) : D(u; —ug) dx =0,
Qe (1)

from which, using (1.4), we deduce E(u; — ug) = 0. Thus, u; and up differ for an
infinitesimal rigid-body motion and, by (1.42), we conclude that u; = uy. O

Remark 1.5. In order to conclude that uj, is also a solution of (1.41), we have to show
that

1.4 inf  L(uuw) = inf L(uu).
(1.49) wern ern =00 = (g el )

To prove this, we take any u € H'(Q:(u); R?) and we show that there exist a competitor
in Y7 () with the same energy. We set

1

A= f (Du(y)” - Du(y))dy, a=-A
Bg

5 y dy — ][ u(y) dy.
Bg

Bo

Then A € Skew(2), so that n(x) = Ax + a defines an infinitesimal rigid-body motion. If
we consider v = u + 7, then we can easily check that v € Y;(Q) Moreover, we have that
I.(p,v) = I.(p,u) and this proves (1.49).

Finally, given a solution of (1.41), a solution of (1.8) is trivially obtained. In the proof of
the following result, we briefly resume the whole argument used.

Theorem 1.6. (Existence and uniqueness of the minimizer) The problem (1.8)
has a unique solution B;, € Ac(11; b, ..., by) satisfying

(1.50) /Q " (B;(x) — BZ(X)T> dx = 0.

Proof. Consider the unique solution uf, € H'(Q.(11); R?) of (1.41) given by Lemma 1.4.
Looking at the decomposition (1.38), we define

n
Z KZ(, Zi) + Dui
=1

By (1.39) and the minimality of u;, we clearly have that 8}, is a minimizer of the functional
E-(,-) in the class of admissible fields. Moreover, combining (1.37) and (1.42), we see
that the field 3], satisfies the condition (1.50).

11
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To prove uniqueness, suppose that 81, 82 € A.(u; by, ..., by) are two minimizers satisfying
condition (1.50). By Proposition 1.2, 81 and 2 solve the Euler-Lagrange equations (1.31).
If we subtract the two corresponding expressions, then we obtain

(1.51) Yw e H'(Q.(1); R?), / C(By — B2) : Dw dx = 0.
Qe(p)

By Lemma 1.1, we have that 81 — B2 = Du for some u € H'(Q.(u); R?). Hence, choosing
w =u in (1.51), we obtain

/ CDu : Dudx =0,
Qe (1)

from which, by (1.4), we deduce that Eu = 0. Therefore 81 and (B2 differ for a constant
skew-symmetric matrix but, by (1.50), it has to be the zero matrix. O

12



Chapter 2

The I'-convergence of the
renormalized energy

In this chapter we introduce the renormalized energy and we compute its I'-limit, as the
total number of dislocations goes to infinity. This is a slight generalization of the analogous
statement obtained in [21] and constitutes the original contribution of this work. Here the
case of two different Burgers vectors is considered, under the hypothesis that their scalar
product is positive, so that the energy is a function of two measures, each encoding the
information about the location of the defects corresponding to one Burgers vector.

2.1 The main result

In this chapter we restrict ourselves to the situation in which there are only two possible
Burgers vectors by, by € R? with the assumption that by - by > 0. In this case we have
two families of dislocations, each corresponding to one of them, located respectively at the
points {y;: i=1,...,N}tand {z;: i =1,...,M} withn=N+ M.

Since we are interested in the behaviour of the system as the total number n of dislocations
goes to infinity, we introduce the following setting. We consider two sequences of positive
integers (N,,) and (M,,) giving the number of dislocations with Burgers vector by and bo,
respectively, so that n = N,, + M,, for every n. Moreover we denote by 0 < m < 1 the
asymptotic proportion of the family of dislocations with Burgers vector by, namely we
assume that N,,/n — m and M,,/n — 1 —m, as n — co. We introduce also two sequences
of positive real parameters (¢,) and (r,) representing the core-radius and the minimum
distance between the defects. Moreover we fix a positive real parameter ry and we assume
the following;:

e (Confinement) All the dislocations are located in a fixed open set g CC €2, with
d(ﬁg, 89) > T0;

e (Well-separation) For every n, the distance between any pair of dislocations is at
least rp,;

e (Asymptotic relations) The following relations hold:

(2.1) en — 0, rn — 0, en/r3 — 0, nr2 — 0, as n — 00.

We can assume that ¢,, < r9/2 for every n. Moreover we choose the ball By in (1.42) in
order to have d(x,0Q) < ro/2 for every x € By. Taking into account the confinement

13
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hypothesis, we introduce the following space of measures
X(Q) = {p € MF(Q) : suppp € Qo, p(Q) <1}

and we endow it with the topology induced by the weak* topology of rba(f2), that is
by the narrow topology of bounded Radon measures. It is easy to see that X(Q) is
isomorphic to M7 (Q0) = {1 € M; () : 1(Q) < 1} with respect to the weak* topology.

This, as a bounded subset of rba() = (C’b(ﬁo)>,, is weakly™ compact by the Banach-

Alaoglu Theorem; moreover, since Qg is compact so that C,(£)g) is separable, it is weakly™*
metrizable. Thus we get that also X' () is compact, hence closed, and metrizable.
For each n, we define the two sets of empirical measures

(2.2) X} {251:%690} X,%:{ Zézz:zleﬁg}
=1

=1

and we introduce the family of the dislocation densities satisfying the well-separation
condition

Xn:{ Zéxlz x; € Qo, |z — x| > 1y W;«éj}.

=1

Now, consider two empirical measures u! € X! and py? € X2 for a certain n. We recall
from (1.39) that, highlighting the dependence on the Burgers vector, the minimum energy
is given by

E, (' + 12 By ) o2 Z/ e )CKE (x;yi) : K" (x5 i) dx
+22/ CK5'(x;z;) : Ki"(x;2;) dx
Qep, (1 4142)
Np,

1 /
+ — CK{"(x;y;) : K{"(x;y;) dx
22 2 ey T b5 30) K ()

+ n2 ZZ/Q () CK5" (x;2i) : K§"(x;25) dx

i=1i#j
1 N M,
* TQZZ/ ) CKi"(x3yi) 1 K5 (x;25) dx
i=1j=1" Qep (1" +4?)
L, (0 it )

where Bil 2 and u;il 2 ATe defined as in Theorem 1.6 and Lemma 1.4, respectively. The
renormalized energy is obtained from the right hand side in the equation above by removing
the self-energy, which is given by the first two terms, and is defined as a functional acting
on the pair of measures (u!, u?).

Therefore we define the functionals

Fp: X(Q) x X(Q) = RU {+00}

and
Gn: X(2) x X(Q) > RU{+00}

14
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as follows: if u! € X} and p? € X2 are such that u! + p? € X,,, then we set

Falph, 1?) = 5 ZZ/ CKi"(x;yi) : Ki"(x;y;) dx
2n an(p“ +N )

oy [ oK) K (o) dx
n an M +H/ )

i=1i#j
+ = / CKi"(x;y:) : Ki*(x;2;) dx
aX [ CKP ()i Kf ()

and
Gn(p's 1?) = I, (u' + 2, 05 o)

otherwise we define F,(u!, u?) = G,(u', u?) = +oo. The functional F,, represents the
pairwise interaction between dislocations, and we call it the interaction energy, while
G, takes into account the interaction of dislocations with the boundary. Finally, the
renormalized energy is defined as

En: X(Q) x X(Q) = RU {+00}

given by
En(u's1?) = Fulp's 1) + Gu(p', ).
As we mentioned, we are going to study its behaviour, as n — oo, in the sense of I'-

convergence. To this aim, it is convenient to rewrite the interaction energy for a pair of
admissible empirical measure, using the notation above, as

En xX: En X; Z x 1 1 z

Falu's ) //QXQ (/an(uumz)CK (xy) - K" (x;2) ) d(p” Wp)(y,2z)
— En X: . En X7 x 2 2 z

- 2 //QXQ (/Qen(#l_ﬂﬂ) (CKQ ( ’y) K ( ) ) d ) d(ru X )(Y7 )

+ // ( / CK" (x:y) : K5 (x;2) dx> (it © u)(y, 2),
QxQ QE7L(II‘1+H2)

where we defined p'Mu! = Efi"l >_j#i O(y:.y,) and analogously WRp? = Zij\i’i i O(zi,2;)
This expression suggests to introduce the interaction potentials

Vi,VQ,‘/LQZ QXQ—}RU{—FOO}

defined as
JoCKi(x3y) : Ki(x;2) dx  y # 2,
+00 y =1z,

Jo CKa(x3y) : Ko(x;2) dx  y # z,
+00 y=2,

JoCKi(x3y) : Ko(x;2) dx  y # z,
+00 y =z

Vl(y,Z)Z{
‘é(y7z) = {

Via(y,z) = {

The limiting interaction energy will be given by the functional

F: X(Q) x X(Q) = RU {400}

15
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defined for a pair of measures (v!,v?) by setting
1
Forot) =3 | Vi det ey
2 Jaxa
1
(2.3 w3 [ v dt o))
Vi) det e )y2)
QxQ

if 11(Q) = m and v?(2) = 1 — m, and F(v',1v?) = +oo otherwise. For what concerns
Gn, we recall from Lemma 1.4 and Remark 1.5 that it is defined, for a pair of admissible
measures as above, as

Gu(p', %) = min { L., (' + p2,v) : v € H'(Qe, (1! + p?); R},

where

+ — / v(x) - CK" (x; y;)n(z) do (x
2 V0 TR bynte) )

1M"/
+ — v(x) - CKS" (x;z;)n(x) d7t (x).
2 ERE Gmn) )

Again, if we rewrite the energy by highlighting the dependence on the empirical measures,
that is,

L+ ) = [ W (Dv(x)) dx
QEn (:ul +“2)

. En (x: n(x 1 x 1
o ( [ v CKE Gyt ar )> )

.CKE" (x: z)n(x Ly 2,
+ /Q</895n(ul+l12)V(X) CK3" (x;2)n(x) d27( )) dpi?(z)

then we can guess the form of the corresponding limiting energy. This turns out to be
given, for a pair of measures (v!,1?), as the infimum of the following auxiliary functional

I V2 v) = /QW(DV(X)) dx
(2.4) [ ([ v00- cKatxyini) ') ) avie) +
+ /Q (/aQ v(x) - CKa(x;2z)n(x) djfl(x)> dv?(z)
defined for v € H'(2;R?). More explicitly, we define
G: X(Q) x X(Q) > RU{+o0}
by setting

(2.5) G(w',v?) = inf {I(W', 1%, v) : ve H (%R}

16



2. The I'-convergence of the renormalized energy 2.2 Preliminary results

if v1(Q) = m and v2(Q) = 1 —m, and G(v', %) = +o0o otherwise. As we will see later, this
infimum turns out to be actually a minimum.
Thus the limiting energy is defined as

E:X(Q) xX(Q) - RU{+o00}, £ =Fuhv?) + 60t v2).
We are now ready to present the main result. We are going to assume the following:

there exists a point x¢ € 2y such that, given the homothety wy

(2.6) centered at xo with parameter 0 < 9 < 1, we have wy(Q) CC Q.

Note that this assumption is satisfied, for example, if ) is convex.

Theorem 2.1. (T'-convergence) Assume (2.1) and (2.6). Then the renormalized energy
En T-converges to the functional £, as n — oo, with respect to the product topology of
X(Q) x X(Q).

Note that, since the topology of X (Q2) is metrizable, we can use the sequential notion of
I-convergence. As we are going to see, assumption (2.6) is needed in the construction of
the recovery sequence in the Limsup inequality.

2.2 Preliminary results

Before proving the I'-convergence theorem, we need some preliminary results. The first
one states some properties of the interaction potentials that appear in the expression (2.3)
of the limiting interaction energy. Before presenting it, we note that, by (1.9), we have

1

CK;(x;y) : Ki(x;z dX’SCbi b~/dx<+oo
| ety K i) bl b)) [

for y # z and 4,5 = 1,2, so that the interaction potentials are well-defined.

Lemma 2.2. (Properties of the interaction potentials) Let V' be one of the interac-
tion potentials Vi, Vo and V1 2. Then V is continuous on §2 x Q and the following estimates
hold:

(i) there exists two constants C' >0 and L > 0 such that for every y,z € Q with'y # z

(2.7) [V(y.2z)| < C(1+log L —logly — 2|);

(ii) for every open set Q' CC Q there exists two positive constants C' > 0 and R' > 0,
both depending on ', such that for every y,z € Q' with 0 < |y —z| < R’

(2.8) V(y,z) > C'(1—logly — zl).

Moreover the potentials Vi and Vo are symmetric.

Remark 2.3. The constants C' and C’ given by Lemma 2.2 depend on by, by or both
in the case that, as V', we consider Vi, Vb, or Vi g, respectively. In particular, as we are
going to point out in the proof, the hypothesis by - bs > 0 is needed in order to ensure the
positivity of the constant C’ for V = Vj 4.

17



2. The I'-convergence of the renormalized energy 2.2 Preliminary results

Proof. The symmetry of the potentials V; and V5 follows from that of the elasticity tensor.
For the proof of (i), fix y,z €  with y # z. Choose L > 2|y — z| such that Q C B(z, L),
say L = 2diam{?, and set X =x —z and y =y — z. Then

1
V(y,2z)| < C/ ——dx
o [x—yl[x—2z|
N
B(z,L) X~ Y| X — 2
(2.9) | ]
=C ——— dx
Bo,L) Xl X =¥
1 B 1 N
=C ——dx + C/ — e dx
B0.2ly)) 1XI 1% =¥ B(O,L)\B02l3)) IX| X — 7|

For the first integral, we split it as

1 5 1 5 1 -
——— dX = T~ <= dX + ~ ~ ~ dX
B0.25)) 1XI [X =¥ B(0,31/2) Xl X —¥I B&.l5/2) X X =¥

_|_/ _ ~1 — dx.
B(02l7)\{B(0,|51/2UB.l51/2)} 1X| X =¥

Note that, if |x| < |y|/2, then

bl

VI =X = 3]l = [y = X[ = 7] = |91/2 = [5]/2

and thus

(2.10) / # dx < 2/ i dx = 2r.
B(0,3)/2) IX| X =¥ 1 JBo,31/2) 1XI

Analogously, if |x — §| < |y|/2, then it is easy to see that |X| > |y|/2 and, using this, to
show that

B&.3l/2) 1XI X =¥l

Finally,
B025)\{B(051/2UB(Jsl/2)} X| [X =¥ 9% JB0.2151)
Hence, combining (2.10)-(2.12), we obtain
dx < 207.

1
/B(O,Qyn %[ [%x — ¥

The second integral in the last line of (2.9) can be easily bounded using the reverse triangle
inequality and polar coordinates as follows:

L
/ H1~di§/ Hl~d)~(:2ﬂ'/ %dr
BO,L\B(02ly)) IXI [X =¥ BO,L)\B0.2y)) 1X| (|X] = 1¥]) a9 T — 1Yl

L L
:27rlog<‘~|—1>:27rlog<| ‘—1>

y y—2

L

< 2rlog

ly —z|

18
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Figure 2.1: Connecting cut technique

Thus, we conclude that

V(y,z)| <C <207T + 27 log L) <C (1 + log L)
ly — 2| ly — 2|

which is exactly (2.7).

We now prove (ii). For simplicity, we deal with the case V' = Vj. Take an open set
with ' cC Q and fix two distinct points y,z € Q. Here we use an argument taken
from [6]. Consider the line ¢ passing through y and z and denote by 7y, the segment
on it connecting z to 0f); this can be parametrized via s — z + s (z —y)/|z — y| where
0 < s < 8y, so that the unit normal is given by my , = (z — y)1/|z — y|. Since Q\ 1y,
is simply-connected and K (-;z) is smooth in this set with vanishing curl, by the classical
Poincaré Lemma there exists a function vy, € C®°(Q\ 7y ,; R?) such that Dvy , = K (-;2)
with zero mean on By. It is easy to see that, except at the ending points, if x € 7y ,, then
the one-sided limits

+ o . - o .
Vy,z (X) - £—x, lg-IrIrlly,z>0 Vy,z (6)7 Vy,z (X) - £—x, lgl-gy_’z<0 Vy,z (E)

exists and are finite, and thus the jump [vy.](z) = v{,(x) — vy ,(x) is well-defined.
Moreover, if we compute the circulation of Ki(-;z), for example, along 0B(z,r) with
r = |x—z| using a counter-clockwise parametrization a: [0, 1] — R? with a(0) = a(1) = x,

then we obtain

by = / K (& 2)t(8) At (&) = / Dvy ,(£)t(§) dr' (§) =
OB(z,r) 9B(

z,r)
1 1-h
(213) _ / Dvy.,(a(t))a/(t) dt = lim Dvy4(a(t)a/(t) dt =
0 h—0t1 Jp,
= lim (vy (a1~ 1)~ vy(@(h)} = Vyu(x) — V() = ~[vyl ()
Thus we have that [vy,] = —by. Clearly vy, € VVli)Cl(Q \ Vy.z; R?) with Dvy, €

LY(Q;R?*2). Therefore we can conclude that vy, € L'(;R?) (see Corollary at p.23
in [19] or Theorem 7.6 in [22]). This can be also proved directly using the following
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truncation argument. Set vy, = (vi,v2) and consider v} = (vy A M) V (—M) where
M > 0. Clearly v} € L>(Q), moreover it is easy to see that v} € WLHL(Q\ vy ,) with
Dv = Doy X{lv1|<M}- Using the Poincaré-Wirtinger inequality, we get

v{w—][ oM dx
By

Since v} — v a.e. and fy o) dx — fv1 dx =0 as M — +o0, by the Fatou Lemma we
conclude that

/]vﬂdxz/ vl—][ vy d€| dx
Q Q By

Sliminf/ U{VI—][ oM dg dx§0/|Dvl|dX<—|—oo,
M—+o0 Q By Q

that is, v; € L1(Q). Applying the same argument to vy, we prove that vy, € L1(Q;R?),
hence vy, € WHH(Q\ 4y ,; R?).

Let 7y, be the segment on ¢ connecting z to 0 parametrized by s — z+s(z—y)/|z—y|
with 5y, < s < 0. Denote by €21 and €25 the two open sets in which () is partitioned by
Yy.z U Yy Consider ¢ € C°(Q;R?). Integrating by parts, we have

< C[IDv |1 r2) < C||Dvil|p1o;r2)-
(@)

/ Vy 7 divep dx = —/ Dvy , ¢ dx +/ Vyz (p-m)ds" =
931 951 o1

(2.14) —— [ Kilxa) o) dx [ vy (o my) 0!
1 Vy,z

_/ V;/_,z (¢ - my,) dor”
Vy,z

and

/ Vy 7 dive dx = —/ Dvy , ¢ dx +/ Vyz (p-n)d =

Qo Qo 10192
(2.15) - [ Kibxiz) o) dx b [ vy (- my) d#!
Qo Vy,z
—i—/ Vi (p-my ;) dsr.
Vy,z

Hence, summing (2.14) and (2.15) and recalling that [vy ,] = —b;, we obtain

—/ Vy.z divep dx = / Ki(x;z) p(x) dx — / bi(p - my,) ds#!
Q Q Vy,z

which says that Dvy, , = K (+; z).L?L.Q—by ®my,z,}fll_fyy7z € Myp(£;R?*2) in the sense
of distributions. Thus vy, € BV (;R?).

We now claim that the family {vy, : y,z € '} is bounded in BV (Q;R?). Indeed, if we
set & = d(,09), we have

dx

/ Ki(x;z)| dx < C
Q

olx—z
=C ; dx +C ; dx
B(z4/2) |X — 7 O\B(z,6/2) [X — 2

< Cnd+2C/5.22(Q)
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and
/ by ® my 5| d#" < [b1]#" (1y2) < |bi|diam
Vy,z

so that [|[Dvy || s, (r2x2) < C(,0). Moreover, using the Poincaré-Wirtinger inequality
(see Remark 3.50 in [1]), we see that

Vyz ~ ][ Vy,z dX
By

and thus we conclude that ||vy .|| gy (or2) < C(R,0) for every y,z € (¥, as claimed. From
this bound and from the continuity of the trace operator on BV (Q;R?), we also deduce
that ||vy z||r100r2) < C(Q,0) for every y,z € Q. We compute

< C|IDvy gl pmy, (r2x2) < C(82,6),
L1(Q;R2)

HvyzHLl(Q;R?) =

Vily,z) = / CKi(x;y) : Ki(x;2) dx = / CKi(x;y) : Dvy ,(x) dx =
N\Yy,z Q\vy 2

(2.16) = /BQ vy z(x) - CKy(x;y)n(x) ds#t (x)
[ a0 )y ) 4 (),
Vy,z

where we have used that div CK;(-;y) = 0. For the first integral at the right hand side of
(2.16), we note that |x —y| > § for x € 90 and y € Q. This implies that

C
(2.17) ‘/ Vy z(x) - CK1(x;y)n(x) d%l(x)‘ < / vy | At < Cy,
o0 0 Joo
where C7 > 0 depends only on Q and 6. For the second integral at the right hand

side of (2.16), we consider again polar coordinates (g, %) centered at y and we note that
€,(x) - my ,(x) =0 and ey(x) - my ,(x) = 1 for x € vy ,. Therefore we have that

WA+ 1) 1
CKi(x;y) my 4 (x) = m{(bl - €(x))eg(x) + (b 'eﬁ(X))eﬁ(X)}ﬂ
A+ by

(A2 [x — |

for every x € vy 5, and we obtain
[yl CE iy a0 4 )

Vy .z
2
_ BA+ )by / 1 4 (x)
(2.18) TA+21) Uy, XY

C’/ L 4
= 2 _— S
o |ly—z|+s

= Co(log(ly — 2| + sy.0) — logly — =)

where we set Cy = w(A+p)|b1|?/(7(A+2u)). Combining (2.16)-(2.18) with the inequality
|y — 2|+ Syz > sy > d(z,00Q) > 0, we can bound the interaction potential from below as
follows:

Vi(y,z) > —C1 4 Ca(log(ly — 2| + syz) —logly —z|) >

>
> —C1+ Calogd — Calog |y — 2.
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If we set C" = C/2 and we choose R’ > 0 such that Cylog|y —z| < —2Cy — Cy + Calogd
for 0 < |y — z| < R’, the previous inequality implies (2.8).

The proof of (ii) for V' = V5 and V' = V} 5 is completely analogous. Simply note that, in
the second case, in (2.18) we are going to obtain by - by in place of [bj|?. Thus we see that
the assumption b; - bo > 0 is necessary in order to obtain a positive constant Cs.

It remains to show the continuity of the interaction potential. Again, for simplicity, we
take V' = V;. Consider two points y,z € Q and two sequences (yy), (z,) C € such that
yn — y and z, — z for n — oco. If y # z, then y,, # z, for n > 1. Moreover, by
continuity, CKi(x;y,) : Ki(x;z,) — CKi(x;y) : Ki(x;2) for a.e. x € Q, as n — o0,
and thus we only need to find a domination in order to apply the Dominated Convergence
Theorem. Take 0 < ¢ < |y — z|/4. Then, by (1.12), one has

C
(2.19) XO\{B(yn.0)UB(zn,0)} CK1(X;yn) : K1(x52,)] < 5

On the other hand, if x € B(yp,d) U B(zy,,9), then either x € B(yp,d) or x € B(zy,0).
In the first case, for n > 1 we have

X =2z, > |y — 2| = [y —yn| = [yn —%X| = |2, — 2
S A S B YCYP B PR A
2 2
and thus
1 2

X —2za| ~ |y — 2|

for n > 1. In the second case, we obtain in a similar way that

1 2
X —yal = |y — 2

for n > 1. Thus, by (1.12)

XB(yn,8)UB(zn,0) (X) [ CK1 (x5 y0) + Ki1(x;25)|

C
<
= (XB(ynﬁ) (%) + XB(2n.0) (X)> IX — Yl |x — 2]
(2.20) 2C 2C
< X + 7n,0) (X
XB(yn,(S)( )‘y_z‘ ‘X_yn’ XB( 75)( )‘y_z‘ ‘X—Zn‘

2C ( 1 1 )
< +
ly —z[ \[x —yn| ~ |x—24

for every x € ). Moreover, using translation operators, one can show that

1 1 1 1
— in L'(Q), — in L'(Q), as n — 0o,
|- =yl [l |- =2zal |- 2]

so that there exists a subsequence (nj) and exist two functions g1, g2 € L'(Q) such that
for every k we have r;' < ¢1(x) and ﬁ < g2(x) for a.e.x € Q. Hence, taking into
"k Nk
account (2.19) and (2.20), we deduce that
C 2C
CK 6 yi,) K62, € 55+ =110 + 2(0)

which gives the desired domination. Therefore, we obtain that Vi (yn, ,2n,) = Vi(y,2), as
k — oo, and by the Urysohn property we conclude that Vi(yn,z,) = Vi(y,z), as n — oc.
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Finally, we consider the case y = z. Take an open set Q' CC Q with y € ', so that
Yn,Zn € Q' for n > 1. Il y,, = 2z, for n > 1, then Vi (y,, z,) = o0 for n > 1 and there is
nothing to prove. Otherwise we can construct two subsequences (yy, ) and (z,, ) such that
Yn, 7 Zn, for every k. By (2.8) we have that Vi(yn,,2n,) > C'(1 —log|yn, — 2n,|), at
least for k > 1, and we conclude that Vi(yn,,2,,) = +00 = Vi(y,z), as k — co. Again,
it is sufficient to apply the Urysohn property to conclude. The proof of the continuity for
V5 and Vi 5 is exactly the same. O

Remark 2.4. From Lemma 2.2, it follows that all the interaction potentials are bounded
from below on Q' x ' for every ' CC Q. To see this, consider R’ > 0 as in (ii) and take
v,z € Q. If |y —z| > R/, then by (2.7) we have

— /
Viy,z) 2 -IV(y,2)| 2 -C (1 — log |yL Z|> > —C + Clog %;

otherwise, if |y — z| < R’, then by (2.8) we get
V(y,z) > C'(1 —logly —z|]) > C'(1 —log R')

Therefore we have V' > —C on Q' x €. In particular, if Q¢ CC €/, then we easily deduce
that the functional F is bounded from below.

Under the assumptions of this chapter, we have that every minimizer of the auxiliary
functional given by Lemma 1.4 admits an extension to H'(£;R?) which is uniformly
bounded with respect to the pair of admissible empirical measures considered. This is the
content of the following result.

Lemma 2.5. For a given n, consider two admissible measures p' = Zf\[:"l dy, € X! and
p? =M 5, € X2 such that p* + p? € X,,. Then uiﬁﬂLQ € HY(Q., (p' + 1?); R?) admits
an extension ﬁi’{JruQ € HY(Q;R?) such that

(2.21) 65 ol oy < C

with a constant C > 0 independent of n, p' and p?.

Proof. For simplicity, we set u = ufﬁ 2 Conditions (2.1) ensure that r,, > 4¢g, for n > 1.
Thus, by Theorem A.1 in the Appendix, there exists an extension . € H!(Q; R?) satisfying

(2.22) HEﬁHLQ(Q;sz) < C"Eu“LQ(Qen(Ml-FM?);RQXQ)

with some constant C' > 0 independend of n, u' and 2. Since @i = u on By, we can use
the Korn inequality which, combined with (2.22), gives

(2.23) ]l 12y < ClIEul[r2q., (41 4+42)r2%2)-
Hence, in order to prove (2.21), it is sufficient to show that
(2.24) ||EuHL2(an(u1+u2);R2X2) <C

for some constant C' > 0 independent of n, u' and p?. Taking v = 0 as a competitor in
HY(Q;R?) we see that I, (u! + p?,u) < I, (u* + p?,v) = 0. From this, using (1.4), we

23



2. The I'-convergence of the renormalized energy 2.2 Preliminary results

obtain

CHEHH2L2 an(M +u ).szz)

Z ICKT" (5 yi)ll 2 (0sr2x2) [ul] L2 (a0;R2)
=1

+ n < Z |ICKS" (-5 20) || L2 (or2x2y Ul | L2 (90;2)

+ - ZZ||CK1 s Yi)llL2@B(y; en)r222) [l L2(0B(y;.0)iR2)
(225) =1 j#i

Nn My,

+ = ZZHCKE s YillL2(0B (2 .e0)r2x2) Ul L2(0B (2 00)R2)
1=17=1
Mn Ny,

+ = ZZ ICKS™ (5 2i) || 22 (0B(y, en)R2%2) [0l L2(8B(y, 20)iR2)
= 1] 1

+ = ZZ [ICKS" (- 2i) || L2(0B(2;.20)iR2x2) 10| L2(0B(2; 20):R2)
i=1 j#i

where we used that CK{"(-;y;)n = 0on dB(y;,e,) for j =1,..., N, and CK5"(-;2;)n =0
on 0B(zj,ey) for j =1,..., M,. Moreover, from (1.12), (1.33), and (2.1), we can deduce
the following inequalities:

1 2
sup |CK7" (x;y;)| < C sup + o
Ix — il

(2.26) x€D0 x€dQ) Ix —yil®
. 1 )
§C<+€”>§C, fori=1,..., Ny,
To To
c 1 e
sup  |CKi"(x3y)] <C  sup + 3
(2.27) X€OB(y j,en) x€0B(y en) \ X — Vil X =il
' 1 & c : :
<C|—+=3)<—, fori=1,...,N,and j#1i,
T'n TTL Tn
: 1 &
sup  |CKJ"(x;y:)| < C sup + 3
(2 28) x€0B(zj,en) x€0B(zj,en) |X - yi| |X - Yi’
' 1 & C . ,
<C|—+3)<—, fori=1,...,Nyand j=1,..., M,
Tn TS Tn

and analogously

(2.29) sup |CK5"(x;2;)| < C, fori=1,...,M,,
xe00)
c C . )
(2.30) sup |CK5'(x;2z;)| < —, fori=1,...,M,and j=1,...,Np,
XE&B(yj,En) rn

. C . o,

(2.31) sup |CKi"(x;z;)| < —, fori=1,...,M, and j #i.
x€0B(z;,en) Tn
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Hence, combining (2.25) with the inequalities (2.26)-(2.31), we obtain

1EulZ2 (0., (u1p2yrexzy < Cllull 2 asm?)
oV {ZHuHLQ(B(yJ,% - +Z|ruuL2 >}-

The norm of of u on 9N is easily controlled using the trace inequality and (2.23). Indeed
we have

(2.32)

(2.33) [allz200.r2) = [[UllL200:r2) < CllUllm@re) < ClEU|[L2(0,, (4 42)R2x2)-

To control the norm of u on the boundaries 0B(y;,ey,), for j =1,..., N,, we proceed as
follows. Denote by u the vector field u as a function of the polar coordinates (o, 1) centered
at y;. For a.e. ¥ € (0,27), we have that u(-,9) € AC([en,rn];R?) N HY((gn,m0); R?).
Hence, for ¢, < r < r,/2, we may write

" ou
u(e,,v) =u(r,9) — — dp
" e, 00
and, using Jensen inequality, we easily deduce
TOh |2 r/2 ot 12
e, ) < 208i(r, ) + 2(r — gn)/ U7 g < 20 (r,9)? +2rn/ 9u ™ 4.
En En
Integrating respect to 9 over (0,27) and multiplying by &, we obtain
2 2 2m pra/2 ot 2
/ enli(en, )2 A0 < 2/ enlii(r, 9)2 d19+2rn/ / M v
0 0 0 Jey,

from which, since &,, <r <r,/2, it follows that

2
/ lul?> d#!t < 2/ r|a(r, 9) > do + 2rn/ B |Du/? dx.
8B(Yj vEn) 0 B(yj :Tn/Q)\B(yj 75”)

Finally, averaging with respect to r over (gy,7,/2), we have

/ luf?> !t < C/ B lul? dx
(2 34) BB(yj,sn) Tn B(yjrrn/Z)\B(Yj75”)
+C |Du? dx,

B(y, 77'n/2)\§()'j ,En)

where we used (2.1). In a completely analogous way, it can be shown that

/ [uf? dt < C/  juPdx
(2.35) 0B(zj,en) "n J B(zj,rn/2)\B(2;,2n)
+C |Du/? dx

B(z;,rn/2)\B(2;.en)

for j =1,..., M,. Thus, using (2.23) and the trace inequality, from (2.34) and (2.35) we
conclude

Z ”uHL2 B(yjen);R?) + Z HuHL2 B(zj,en);R?) < = ||u||H1(an(,u1+,u2);R2)
(2.36) =1 "

C ~
< \/ﬁﬂuHHl(Q%RQ) S n (B +p2);R2%2) -
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Therefore, combining (2.32), (2.33) and (2.36) and using (2.1), we obtain

13
[BullZ2 g, , (ot p2ymen2) < ClIEU 20, o +u2ymexe) + O [ 5Bl 20, o 402 m22)
n
< Ol[EullL2(q., (utp2)m272),

which gives (2.24). Note that the constant C obtained is independent of n, u! and u?, as
desired. O

In the next lemma we study existence and uniqueness for the minimization problem (2.5).
The argument is analogous to that of Lemma 1.4. Here we look for a minimizer in the
class

(2.37) Y(Q) = {v € HY(OQ;R?) : / v=0, / (Dv—Dv') = 0} :
By Bo

Lemma 2.6. (Minimization of the limiting auxiliary functional) For every pair
of measures p',p* € X(Q) there exists a unique minimizer w1 2 € H'(Q;R?) of the
functional I(u*, u2,-) in the class Y (Q).

Proof. The functional I(u?, 12, -) is clearly weakly lower semicontinuous on H'(€Q;R?).
Moreover, it is also weakly coercive. Indeed, since |x —y| > ry for every x € 9Q and
y € Qo, using (1.12) we have

[ v CKibyingo dr ) apy)| <
Q JoQ

Clb; ,
< Pl ey (9D < ClIVILonm
for every v € Y(Q2) and i = 1,2. Hence, using the Korn inequality, we obtain that
(2.38) 11, 1%,v) = Ci| VI ey — Col VIl om2)

for every v € Y(Q). Therefore, by the Direct Method, a minimizer exists. Now, if
uj, uy € Y (Q) are two minimizers, then they solve the following Euler-Lagrange equations:

Vv e Y(Q), /Q(CDul(x) : Dv(x) dx

(2.39) )
. i\ X5 n(x 1 X ¢ =
w3 v CRibeyinee) 4 ) () =0
Vv e Y(Q), / CDuz(x) : Dv(x) dx
(2.40) .

2
.CK. (x: v)n(x Lse) du(v) — 0.
#30 [ vi) Oy nee) 49 () =0

Taking the difference between (2.39) and (2.40) and then choosing v = u; — ug, we get
that [, CD(u; —ug) : D(u; — uz) = 0, which entails that E(u; — uz) = 0. This implies
that u; — ug is an infinitesimal rigid-body motion in Y (£2). By the definition of Y (€2), we
deduce that u; — ug = 0. O
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Remark 2.7. In order to prove that G(u!,u?) = I(,ul,,u2,uu1,uz), taking into account
(2.5), we have to check that

inf  I(p!,p?,u)= inf I(p', 2 ).
werh e (1, p,u) wl) (n, p*,a)

To do this we can argue as in Remark 1.5. We note the invariance of I(u', u?,-) with
respect to infinitesimal rigid-body motions. Therefore, for every u € H'(;R?) we can
choose a competitor of the form v = u + n, with  an infinitesimal rigid-body motion,
such that v € Y(2). Thus we have I(u!, u?,v) = I(u', %, u) and the claim follows.

We now start approaching the proof of Theorem 2.1. In the next result we present some
asymptotic estimates. In order to simplify the notation, we set K = K" and, given
fiy iy € X(Q), we write Q, = Qe (g, + p7), In = I, (s, + 12, -), Yu(Q) = Ysln_w (),
and u, = u t 2

Lemma 2.8. (Preliminary estimates) Consider two sequences (juk) and (u2) in X(Q)
such that for every n we have

1 n 1 M
:EZ(Sy?EXéa M%:ﬁzéz?Eng M?lz—i_u%zeXn
i=1 i=1

Then, as n — 0o, the following estimates hold:

(2.41)

LSS [ exitern) ieeyn ix= [ Viiy.s) dih mad)iv.e) +ol1).

i1=1 j#i QxQ

EZZ CK3(x;z}) : Ky(x; 2} dx_// Va(y,z) d(u2 R 12)(y,2) + o(1),
= QxQ

(2.43)
Nn M,

B2 [ oKy Kyt ax= [ Via(y.a) dl @ ) (v.2) + o).
QxQ

i=17=1

(2.44)

— T(x; Hx) =
ES [ ) iy a7

== E u,(x) - (x5 y7)n(x) (x) +o(1),

/ ) - CKY(x;2")n(x) d# (x) =
0

1 M

== Z/m u,(x) - CKa(x;2])n(x) do! (x) + o(1).

n =1

Moreover if it — p' and p2 — p? in X(Q), as n — oo, so that p' () = m and p?(Q) =
1 —m, then
Ln(un) = I(p! p? w e),  asn— oo,
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that is,
(2.46) Gy i) = G(u*, p®),  as n— oo,
Proof. We begin with the proof of (2.41).Using (1.3) and (1.32), we compute

CKT(x;y;) : Ki(x;y}) dx = | CKi(x;y7) : Ki(x;y)) dx
Qn Qn

el [ CKGxiy?) s Dwix - y)) dx

(2.47) fIn

+ 5721/ CKi(x;y7) : Dw(x —y7') dx
Qn

+ ai/g CDw(x —y;') : Dw(x — y7) dx.

We focus on the last three integrals. Applying the Divergence Theorem and using the fact
that divCK;(-;y}") = 0 in €, we obtain

ex | CKi(x;y}) :Dw(x —y}) dx = 5721{ / w(x —y}) CKi(x;y}) dx
Qn o0

Ny,

2.48 - w(x —y?) - CK;(x;y")n(x) d# (x
(2.48) ,;AB<yz,an>< ¥7) - CKy (x; y")n(x) d (x)

3 1
_ kz_:l /8B(Zk . w(x —yj) - CKy(x;y7)n(x) do# (X)}’

6%/ CK(x; y?) Dw(x —y}') dx = 5%{ / w(x —y7) -(CKl(x;y?) dx
Qn [2)9]

Np,
(2.49) - Z / w(x —y7) - CKi(x;y7)n(x) dA1 (x)
MTL
— Z/ w(x —y) ~(CK1(x;y?)n(x) d%”l(x)},
k=1 0B(z} en)

ai/ CDw(x —y;) :Dw(x —y}) dx = sé{ / w(x —y7) - CDw(x —y;') dx
97% oN
Nn,
(2.50) — Z / w(x —y7}) - CDw(x — y;")n(x) ds#t (x)
k=1 8B(y2,€n)
M,
- Z / w(x —y7) - CDw(x — y;')n(x) dt (x)}
k=1"9B(z}en)

Since |x —y7'| > 1o for every x € 92 and for i = 1,...,n, using (1.12) and (1.33), we have
that

C
@) [ wee I [CK eyl dx < G20 asn o o,
a0 7o
and similary
C
2.52 ek w(x —y")| |CDy(x — y")| dx < —¢% -0, asn — oo,
n 50 7 7 T‘5 n
0
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both for every i,j = 1,...,N,. Moreover, nothing that |x — y}'| > r, — &, for every
x € 0B(zk,ep), for k=1,...,M, and i = 1,..., N,, we can use (1.12), (1.33) and (2.1),
to show that

M, 3
n ne
AY [ -yl [CKa Gy dx < O
(2.53) =17 0B(z.n) A
ned
<C—5 =0, asn— o0,
rn
and
, o . . ned
gnz |lw(x —y)| ]CDw(x—yj)]dng’i(T .
(2.54) =t 0B mE) o
ned
<C— =0, asn— o0,
r

n

both for ¢,5 = 1,..., N,. Thus from (2.47)-(2.50) and (2.51)-(2.54), we deduce that

o CKi(x;y7) : Ki(x;y)) dx = o CKi(x;y;) : Ki(x;y7}) dx
n Nn n
2> [ Wiy CKibay i) dr )
k=17 9B(y} en)
(2.55) v.
— 8% Z / w(x —y?) - CKy(x; y?)n(x) d%ﬂl(x)
Np,
—ep ) / w(x —y}) - CDw(x — y}/)n(x) d" (x) + o(1),
k=17 0By} €n)
as n — oo. For k # i,j and i = 1,...,N,, we have |x —y?| > r, — &, for every

x € 0B(y},en). Hence, using again (1.12), (1.33) and (2.1), we compute

[ iy CKa by o) | 4 ()
OB(y} £n)
+ / (w(x —yi') - CKi(x;y7 )n(x)| d (x)
OB(y} en)

(2.56)
+ep / Iw(x —y}) - CDw(x — y})n(x)| 47" (x)
OB(y},en)

1 1 g2 € g3
<C n <Cl=+2].
= en ((Tn —&n)3 * (T —€n)3 * (7n — En)s) B (7‘2 * rr5z>

Similarly, we have

[ wi- ) CK Gy nGo) | 4 )

OB(y?en)

+ / lw(x —y7) - CKy(x; y?)n(x)| dffl(x)
aB(yvasn)

(2.57)
+ Ei/ Iw(x — y?) - CDw(x — y})n(x)| d7# (x)
0B(y7en)

1 1 €2 1 1
<C “ <C|—=
= Ten <€n(rn —en)? + e2(ry, —en) * e3(rp — sn)Q) - (r% * Enrn> ’
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and
[ wix ) CKa Gy nGo)| 4 )
OB(y”" ,En)
b we ) CKa Gy nGo)| 4 )
OB(y ,en)

(2.58)
+ En/ |w(x — y?) -CDw(x — yi')n(x)| d%l(x)
IB(y™,en)

1 1 g2 1 1 e,
<C€n<€2(r —€)+€(T —8)2+62(T —6)3><C<€T +r2+r3>'
n\n n n\Tn n n\Tn n nTn

Therefore, from (2.56), (2.57) and (2.58), we obtain

Nn
g2 Z / w(x —y7) - CKi(x;y])n(x) dot (x)

k=1|7/9B(y}en)

Nn
+ E?L Z / w(x —y?) - CKy(x; y?)n(x) d%ﬂl(x)
k=117 9By} en)
(2.59) +e, w(x —y7) - CDw(x — y;")n(x) dt (x)
8B(y En)

3
€ € 1 1 1 1 e
< Celn <§+§>+(2+ )+< +2+§)}
[ o T EnTn EnTn T Tn

2 3 2 4

€ 1 1 en [ € € €

<COm2n(Snyfny <Cnrp % | 2 +2+"+1
T T’n Tn T EnTn T T T T

which, due to (2.1), vanishes as n — o0o. Thus, looking back at (2.47), we proved that

XY [ eKpoev) Kiy) d

(2.60) i
3 ZZ/ CKi(x;y;') : Ki(x;y7}) dx + o(1),
i=1 j#i
as n — oo. If we prove that
(2.61) 222/ CKi(x;y7) : Ki(x;y7) dx — 0, asn — oo,
i=1 j#i 2\Qy

then we can change the domain of mtegratlon in the right hand side of (2.60) from 2, to

2 and thus obtain (2.41). Since Q\ Q, = U, B(y},en) U Uk , B(z},¢,,), we have

2 ZZ CKi(x;y7) : Ki(x;y7) dx

i=1 j#i 2\Qy,

(2.62) — iZZ/ o CKi(x;y7) - Ki(x;y7) dx

1=1 j#i k=1

ZZZ/( )CKl(X;y?):Kl(X;y?) dx.
z}g,sn

1=1 j#i k=1

30



2. The I'-convergence of the renormalized energy 2.2 Preliminary results

For k # i, j we have

/ CKi(x;y7) s Ki(xy)) dx
B(yk £n)

1
SC’/ - —dx <
B(y}.en) x —yil[x —yjl

(2.63)
e2 &2
<O —"——=<C ",
T (rn—en)? T
and analogously for the integrals on B(z},e,) with k =1,..., M,,. For k = i, using polar

coordinates, we compute

/ CKi(x;y7) - Ki(xy)) dx
B(y En)

1
SC/ - m dx <
B(y}en) Ix —y7| |x —yj’

1
< ¢ / T dx < 0&7
n = &n JB(yp.en) X — Y7 n

and analogously for & = j. Thus, from (2.62), using (2.63) and (2.64) we deduce that

(2.64)

N,
1 n
=3 CKi(x;y7) : Ki(x;y7}) dx
1=1 j#i N\
c g2 2e, €2 g2 En
<= Nt —+GM, | <C | gn+
nt iS4 \Tn n  Th {4 Tn

which vanishes, as n — oo. Hence (2.61) holds and this concludes the proof of (2.41).
The proof of (2.42) and (2.43) is completely analogous.
We now prove (2.44). Taking into account that CK}(-;y?)n = 0 on 9B(y},e,), we have

. Z/m u, (x)-CKJ(x; y")n(x) d# (x)

n

~ /8 u,(60) - CK (v (o) 4 ()

(2.65) ™
- = u,(x) - CK?(x; y")n(x) o (x
nzg/@() (%) - CKJ (x; y!)n(x) 4 (x)
15 " (x. Ly
D% ) Km0 47 (x)

Recalling (1.32), we have
1% / t, (x)-CK™ (x; y7)n(x) A ()
50 n 1 ' Yi
1 n
(2.66) -] > /a 1,0 CK; (s y7 (o) 4 ()
2 Nn
/(mun .CDw(x — y")n(x) ds#t (x).
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Moreover,
g2 Nn

g2 Nn

<n Z/ ()] [CDwW(x — y™)| d#) (x) <
n i=170Q
g2 Mn N

< f Z HunHL2(aQ;R2)HCDW(- — Y?)HL2(QQ;R2><2) < ngf,

i=1

which vanishes, as n — oo. Note that here we used the hypothesis of confinement,
combined with (1.33), to deduce that |CDw(x — y?)| < Cry?® for every x € 9Q and
1=1,...,Np, and the uniform boundedness of the traces of the functions u,,. The latter
can be obtained using the extensions @, given by Lemma 2.5 and the continuity of the
trace operator on H'(£2;R?). From the same lemma, looking back at (2.36), we can also
deduce the following estimate

C

N

(2.67) Z [unllr20B(y7 cn)r2) + Z Ianllz2(6B¢n e0)iR2) <
=1

Hence, since the first integral in (2.66) is, up to an infinitesimal term, the right hand side
of (2.44), it is enough to show that the last two integrals at the right hand side of (2.65)
vanish. Using that |CK?(x;y7})| < C/ry, for x € 0B(y},en) and i = 1,..., N,, and the
estimate (2.67), we compute

*ZZ

i=1 k#i

/ ua(x) - CK7 (ox; y?)m(x) A (x)
OB(y}.en)

1c n

—_ u, (X 1X
< ZZ/@B(y;,an>' W (%)] A (x)

T i ket

N, ¢ In
<O IS @] @
n T‘n k=1 8B(yz,an)

N, e
77\/571 Z ||un ||L?(BB(yk,€n < 0771 7‘7;17
n

which vanishes, as n — co. With analogous computations, one can estimate also the last
integral at the right hand side of (2.65), hence (2.44) is proven.

Equation (2.45) can be proven exactly in the same way.

We move to the proof of the final statement of the lemma. By hypothesis we have that
pl — ptand g2 — p? in X(Q) as n — oo, then, by narrow convergence, we deduce that
pt(Q) = m and p?(Q) = 1 — m. We know from Lemma 2.5 that we can extend each
u, € H'(Q,;R?) to 6, € H'(;R?) in such a way as to have [[0n]| g1 (r2) < C for every
n and for some M > 0. Thus, by weak compactness, there exists a subsequence (1, ) and
u € HY(Q;R?) such that 1,, — uin H'(;R?), as k — oco. . We claim that

Nn,,

(2.68) /8(2 tn, (%) CKi (x; y7*)n(x) 42" (x)

%//89 ) - CK, (x; y)n(x) 4 (x) dul(y)
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and

My,

(269) k/agunk )(CKQ(X yZ ) ( )d%l(x)
: =1

_>//m ) - CKa(x; y)n(x) d (x) dd(y),

as k — oo. For the first claim, we have

Nnk
/ U, (%)-CK1 (% y™)n(x) e (x)
o0

(2.70) - / /8 (%) = u(x) - CKi i y)n(x) A () di, ()
/ / ) - CK (x; y)n(x) o (x) dd, (y).
o0

For every y € Qg we have

/ (finy (%) — u(x)) - CK (x; y)n(x) d.A (x)
o0

_ C, .
< |[n, —ullz2@90r2) ICK1(5¥)|12000m2x2) < %Hunk —ul|2(90;r2)-

Since |0, — ul|r2a0;r2) — 0, as k — oo, by the compactness of the trace operator on
H'(Q;R?), we easily deduce that the first integral at the right hand side of (2.70) vanishes,
as k — oo. For the second term, we note that the function

y [ ux)CKi(x;y)n(x) d#" (x)
oN

is continuous (this can be easily checked using the Dominated Convergence Theorem) and
bounded on {2y, thus by narrow convergence we have

/ /8 () CK, (x:y)n(x ) At (x) dpl, (y)
%//89 ) CK1(x;y)n(x) d (x) du' (y),

as k — oo, so that (2.68) is proven. The proof of (2.69) is completely analogous.

Owing to (2.68) and (2.69) we can characterize the weak limit u. Since u,, — u in
H(Q;R?) and, by (2.1), £?(Q2\ Q) — 0, as k — oo, we have that X9, Dy, — Du in
L?(2;R?*2) as k — oo. Thus, by the lower semicontinuity of the elastic energy, we have

/ CDu:Dudx < limkinf/ C(xq,, Dun,) : D(xa,, Diy,) dx

(2.71) @

= lim inf/ CDu,, : Du,, dx.
ko Ja
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Hence, by (2.44), (2.45), (2.68), (2.69) and (2.71), we obtain
limkinf I, (uy,) > limkinf/ W (Du,, (x)) dx

Nﬂ/k

+ hm inf — Z / u,, (x) - CK}*(x; y1*)n(x) d#t (x)
Nk o
Mn,C
— Nk (o vtk 1
(2.72) + hrnklnf Z /ag u,, (x) - CKyY* (x;y, " )n(x) ds7" (x)
> / W (Du(x)) dx
[0 K (s ngx) 4 () dil ()
[ a0 CRaxiyinGe) 4 (x) di(y) = 1Ga' 4 ).
By minimality we have I,,(u,) < I,(v) for every v € H'(Q,;R?). Thus, if we show that
(2.73) Yw e HY(Q:R?), I,(w) — I(ul, 1% w), asn— oo,

then, using (2.72), we have
vv € HY(QR?), I(u', %) < limkinf I, (up,) < limkinf I, (v) = I(h, p?,v),

that is, u is a minimizer of I(u!, u?,-) on H'(£2;R?). For the proof of (2.73), the con-
vergence of the elastic energies can be easily obtained using the Monotone Convergence
Theorem. Hence it is sufficient to show that for v € H'(£2;R?) we have

1 N (g T Lix
Z/ag v(x)CK] (x;y7) do (x)

N4

(2.74)
%//8Q ) - CK (x; y)n(x) d# (x) dl(y),

as n — oo. This can be done splitting the integral as in (2.65) and using analogous
arguments. Therefore u is a minimizer of I(u!,u?,-) on H'(Q;R?). Moreover, since
u, € Y,(Q) for every n, by weak convergence u € Y (Q2) and thus, by Lemma 2.6, u =
u,1 2. Then, using the Urysohn property, we conclude that u, — u, 2 in H HQ; R?)
and Ip,(un) — I(p', p?, w0 ,2) as n — oo. Futhermore, it follows that the convergences
in (2.68) and (2.69) are true along every subsequence, hence, using (2.44) and (2.45), we

deduce that

1
(2.75) nz/aﬂ u,(x) - CKY (x; y7 )n(x) 4" (x)
2.75 i=1
%//39 ) - CK;(x;y)n(x) dt (x) dpt(y)
and
1 My,
(2.76) nz/aQ u,(x) - CK5 (x; 2 )n(x) dA#" (x)
2.76 i=1
ﬁ//aﬂ ) - CKa(x: y)n(x) 4 (x) di(y),
as n — oQ. D
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Remark 2.9. Looking at the proof of the previous lemma and paying attention to the
arguments used, we can easily convince ourselves that if (1)) and (u2) are two sequences
in X(Q) such that along subsequences indexed by (ng) we have p, € X}, p2 € X2
and ,u}zk + ,u%k € X, for every k, then estimates analogous to (2.41)-(2.45) hold for the
corresponding subsequences. Moreover, if ul — u! and p2 — p? in X(Q2) as n — oo, then
we can also conclude that Gy, (i, 12, ) — G(u', p?), as k — oc.

2.3 The proof

We are now ready to present the proof of Theorem 2.1. By definition, we have to show
that the Liminf inequality and the Limsup inequality hold.

Liminf inequality. For every u', > € X(Q) and for every sequences (k) and (p2) in
X(Q) such that pt — pb and p2 — p? in X(Q), as n — oo, we have

(2.77) E(pt, p?) < liminf &, (1, pi7).-

Proof. Note that if liminf,, &, (u}, u2) = 400, then the inequality is trivially true, thus we
assume that liminf,, &, (ul, u2) < +oco. In this case, we choose a subsequence along which
the limit is equal to the liminf, that is, limg Enk(u}zk,u%k) = liminf, &,(pL, u2). Then,
for k> 1, we have &, (u,, , 2, ) < 400, which implies that p), € X} , pu2 € X2 and
ph, +p2 € Xy, . Since, by Lemma 2.8 and Remark 2.9, we have liminf, G, (p, p2) =
limy, Gy, (i, » 12, ) = G(pu*, 14%), we only need to prove that

2.78 Fut, p®) < lim Fo, (py,,, piy, ) = lim inf Fyy (., o

( : ) (/J, )y ) — IIICIl nk(unkaunk) IITlnIIl n(/’bnhun)'

Again by Lemma 2.8 and Remark 2.9, we can use (2.41)-(2.43) to obtain that
. o1
lim P, (finy s ) = lim inf - // Vi d(py, B pip,)
k k 2 QOxQ
1
(2.79) + lim inf - // Vo d(up, ®pr)
ko2 JJaxe
+ lim inf// Vi d(u,llk ® :U%k)
k QxQ
For the first limit at the right hand side, we take M > 0 and we set V¥ = V; A M. Clearly

VlM is continuous on Q x Q. Moreover, by Remark 2.4, it is also bounded on Qg x Q.

N,
Thus, for ,u}% = nik St dnx, we have
1

s . 1 1 ; M 1 1
hmkmf//Q><Q Vi d (g, M gy, ) > hlgn //QXQ Vit d(p, ® pg,)

N, N,

. 1 & 1 %

—timd S VM) - S VM )
g, ij=1 Mk i1

M N,
:1 VMd 1 1 7 N
l;gn{//gm 1 A, @ by, p— }
=// VM d(p' @ pt),
QOxN
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where we have used that p; ® u), St @ pt in (Cy(2 x Q) as k — co. Note that
VM 2 V; pointwise in Q x Q, as M — +o0, and V;* > —C on Qg x Qq, hence we can
apply the Monotone Convergence Theorem to obtain

// vMdp! @ pt) — // Vidp! @ ub), as M — 4.
QxQ QxQ

From (2.80) we conclude that

(2.81) limkinf/ Vi d(py, Rpy,,) > // Vi d(u' @ ).
QxN QAxQ

The other two integrals in (2.79) can be treated in an analogous way leading to

(2.82) i [ vadod, @)z [ vedgRe s
Qx0 QOx0

and
(2.83) i [ iadhei2) > [ Viedte ),
k- Jlaxa QxQ
Hence, combining (2.79)-(2.83), we obtain (2.78). O

We now pass to the Limsup inequality. The proof given here is an adaptation of that
presented in [21], where the case of a system of dislocations with a single Burgers vector
was considered. Recall that, in Theorem 2.1, we assume (2.6). This hypothesis is going to
be used here.

Limsup inequality. For every u',u? € X(Q) there exists two sequences (uul) and (u2)
in X(Q) such that p’ — pt and p2 — p? in X(Q), asn — oo, and

(2.84) E(p', p?) > limsup & (py,, 1)

Proof. First of all, we can assume that &(u', u?) < 400, since otherwise the inequality
is trivially satisfied. From F(u!, u?) < 400 it easily follows that, defining the diagonal
set D = {(z,2) : © € Q}, we have (u! @ p)(D) = (p? ® p?)(D) = (p' @ p?)(D) = 0.
Moreover, since £(u!, u?) < +o00, we know that p'(Q) = m and p?(Q) = 1 —m. We follow
the common strategy of first proving the limsup inequality for measures that belong to
a particular class and then regain the general statement by an approximation procedure.
Note that, once we construct two sequences of admissible measures converging to ' and
12, respectively, then the convergence of G, follows from Lemma 2.8. Therefore we only
need to focus on the interaction term. It can be noticed that the interaction energy is not
continuous with respect to narrow convergence. Moreover, given the singular character of
the interaction potentials, the dislocations need to be suitably allocated while constructing

the recovery sequences. The proof is divided into several steps.

Step 1(First approzimation) The construction that we are going to use applies to measures
in X(Q2) whose support is compactly contained in Qg. Since, in general, this is not the
case for u' and p?, we perform a first approximation by shrinking their supports. This
will be done in such a way that the energy is controlled. Recalling (2.6), we consider the
homothety wy which is given by wy(x) = (1 — 9)x¢ + ¥x, where xg € g and 0 < ¥ < 1.

Then we define the measures ué = wgul and u% = w%;ﬂ, whose supports are contained in
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the closure of the set Q0 = wy(Qp). Note that, by (2.6), we have Qf CC Qy. Moreover,
we claim that

(2.85) py — pbin X(Q), pd — p? in X(Q), as 9 — 17,
and
(2.86) F(uh p3) — F(p',p®), as 9 —1".

In order to prove (2 85), we take v € Cp(2) and ¢ = 1,2. By definition of push-forward,
we have that [, v(x) duy(x) = [, v(wg(€)) dp'(€). Clearly, wy(€) — & for every € € €, as
¥ — 17, thus, since v is bounded we can apply the Dominated Convergence Theorem to

obtain
/ v(x) dpby(x) — / v(x) dp'(x), asd — 1.
Q Q

For the proof of (2.86), we start with the first term. We have

2 87 H//S:ZXQ Vl y, /’L19 ®,U'19 \//;bdz Vl wﬂ wﬁ( )) d(,u,l ®Ml)(5;n)

In order to apply the Dominated Convergence Theorem we need to find a domination for
the integrand at the right hand side of (2.87). Using (2.7), we see that for 1/2 < 9 < 1
and for (&,m) € (2 x Q) \ D, ie., u! ® pl-a.e., we have

Vi(wy (&), wo(n))| < C(1 +1log L — log |wy (&) — ws(n)])
< C(1+logL —logv —log|& —m|)
< C(1+logL —log|& —mn|).
Therefore it is enough to show that the function (y,z) — log |y —z| is in L' (Q2x Q, p' @pul).
Consider an open set 2’ such that Qp CC Q' cC Q. By (2.8), there exist R > 0 and C’ > 0

such that for every y,z € ' with 0 < |y — z| < R’ we have Vi(y,z) > C'(1 — log |y — z|).
Then

// |log |y — 2| dp' (v) dp' (= // log [y — z| du' (y) dp' ()
(z,R'A1) B(z,R'A1)

< C”/ / Vi(y,z) dM (v) d,u (z) < +00.
Q J B(z,R'A1)

Clearly, this is sufficient to conclude that ([, , |log|y — z|| d(u' ® u')(y, z) < 400, as we
wanted. Hence we can pass to the limit in (2.87) and obtain

/ Vi(y,z) d(py ® py)(y,z) — // Vi(y,z) d(p' @ pt)(y,z), as 9 — 1.
QxQ QxQ

The terms with V5 and Vj 2 can be treated analogously.

Step 2 (Second approximation) We now present the geometric construction used to ap-
proximate leg and u%. Here the fact that their supports are compactly contained in €2
will be used. Assume that 0 < ¥ < 1 is fixed. We introduce a parameter h > 0 and
we consider the family of half-open squares of side 4h given by oh = Up.gez (4h(p, q) +
[0,4h) x [0,4h)). We denote by {Q} : ¢ = 1,...,A(9,h)} the set of squares in Q" that
intersect QY (see Figure 2.2), so that, for h so small that d(92),9Q) > 6h > 4v/2h, we
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Figure 2.2: QO covered by the squares @?

have Qg C U?:(?’h) @2” CC Q. Inside each @? we consiAder two smaller disjoint squares
of side h given by QF = 4h(p,q) + [0,h) x [0,h) and Q} = 6h(p,q) + [0,h) x [0,h), if
Qe = 4h(p,q) +[0,4h) x [0,4h) (see Figure 2.3). The approxnnatmg measures are defined
as measures supported in the union of the squares Qz and QZ obtained by distributing in
each of those squares the masses Mﬁ(QZ) and /@(QE) of the larger squares respectively in
a uniform way. More precisely, we set

A(9,h) 1/h A(9,h) 2(Nh
g (Q ps(Q ~
es8) b= > P9 gp =y 9 g
=1 =1
A1)

Clearly bupp,uﬁ n C U Qe and supp,uﬁ n C Uz 1 @; moreover we easily see that
Mﬁ,h(Q?) = Mﬂ(Q?) and Nﬂ,h(Q?) = Mﬂ(Q?)' We claim that

(2.89) 1“719,h — py in X(Q), M%,h —pd inX(Q), as h—0".
To see this, we take v € Cp(Q2). For every n > 0, by uniform continuity on Qg, there exists

§ > 0 such that [v(x) — v(y)| < 7 for any two points x,y € Qo with |[x —y| < 4. Then,
using that ;1,1197,1(62?) 0(@?) and the Fubini Theorem, we compute

’ [ 060 b0 = [ o) ) /Q

4
19h)

g i h2 /Qh /Qh ) dx duﬁ Y /Qh /Qh ) dx

Z h/Q/Q )] dx dpb(y).

Therefore, for 4v/2h < §, we have

[ odubs— [ vau
Q Q
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|
9 } h
|
|

—_———

h h h h

Figure 2.3: The square @2 and the smaller squares Qg and @?

which proves (2.89) for N119,h- The same computation applies to u?%h. For what concerns
the energies we claim that

(2.90) Fpis 15) = Tim sup F (s 15,1):

h—0

or, more precisely,

(2.91) // Vi d(ph @ pb) > lim sup// Vid ,U19 n® ,ug 1)
QxQ h—0+ QxQ
(2.92) // Vo d(pg @ pg) > lim sup / Va d(p, © 15 0);
QxQ h—0+ QxQ
(2.93) I e dih o) = tmsw [ VoG, ).
QxQ h—0+ QxQ

We begin with (2.91). As in the proof of the liminf inequality, we set V" = V; A M, where
M > 0. We write

// Vi d(les,h ® M119,h) = // VM d(:u119,h ® H119,h)
QxQO QxQ

4 // (Vi — VM) d(ud , © b )-
OxN

Since VM is continuous and bounded on Qg x Qg, using (2.89) we obtain that

// VM d(ph p © iy ) — // VM d(ph @ ul), ash— o0t
QxQ QxN

Moreover, we trivially have

(2.94)

/ VM Ay @ py) < / Vi d(pj @ pu)
QxQ QxQ
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=
Qy

Q! 7 %

Figure 2.4: The “best” and the “worst” case in (2.98) and (2.99), for p = 2.

and we note that the right hand side is the desired upper bound. Hence, to conclude,
we have to show that the second integral at the right hand side of (2.94) vanishes, as
h — 0. We recall that, by (2.7), for every y,z € Q with y # z we have |V;(y,z)| <
C(1+log L—log |y—z|). From this bound it follows that, if Vi (y,z) > M, then |y—z| < Ry,
where Ry; = exp(1 + log L — M/C). Note that Ry; — 0 as M — +o0o. Moreover, if
we consider an open set Q' such that Qy CC Q' CC Q, by (2.8) there exist C’ > 0 and
R’ > 0 such that Vi(y,z) > C'(1 — log|y — z|) for any y,z € Q' with 0 < |y — z| < R'.
In particular, when |y — z| < R’ A e, we have Vi(y,z) > 0. Thus, we choose M > 1 such
that 2Ry, < R' Ae and Vi(-,z) > 0 on B(z,2R);) for every z € . Hence, if we split the
second integral in the right hand side of (2.94) as

// (Vl - Vle) d(/"ﬁ h ® Mﬁ h / / Vi ‘/1 ) d(l%l?,h ® M%?,h)(yv Z)
QxQ (z,Rnm)

e[ = VM) s b)),
Q JO\B(z,Rur)

then the second integral is equal to zero, since |y — z| > Ry, implies Vi (y,z) < M, while
the first can be bounded by |, fB(z Rar) Vi(y,z) dﬂb,h(Y) du}m(z), using the positivity of

VM(.,z). Therefore, in order to prove (2.91), it is sufficient to show that

(2.95) lim hmsup// 1(y,2) dpy (y) dp p,(2) = 0.
B(z,Ru)

M—=+o00 p_yo+

Using (2.88), we write

/ / Vily, 2) duig,hm Ay (z) =
Q B(Z,Rju)
(2.96) A(9,h) A(W,h

v Sh
> Z QNNMQ)/ / Vily,z) dy da.
=1 =1 hJQ!M B(z,R)
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We set Py = |Ry/4h] +1. Forp=1,..., P,y and £ =1,...,A(Y, h), we define
I(6,p) = {1 <i < AW, h): Q} = QF +4h(q,7), q,7 €Z, |q| V |r| = p}

which is the set of indices of the squares that can be reached, starting from QQ‘, with
p vertical (or horizontal) “jumps” of length 4h and at most p horizontal (or vertical)
“jumps” of the same length. In this way, for every z € Q?, we have B(z, Ry;) C QZ‘ U

Uph M Uiez(e,p) QP and the right hand side of (2.96) can be written as

A(9,h) A(9,h
> Z (@) 15(@1) Mﬂ / / 1(y,z) dy dz
=1 =1 Qb QhﬁBZRM)

A(O,h) Prv

(=1 p= 11€I(€,p
A(9,h)

i Q
+ Y “ ‘ / / Vi(y,z) dy da.
=1 Q[ QhﬂBZR]w

Note that, given £ =1,...,A(0,h), p=1,..., Py n, @ € Z({,p), and given an open set
with Qy CcC @/, the following hold (see Figure 2.4):

if y e Q and z € QF, then |y — z| > (4p — 1)h so that, by (2.7), we have

(2.98) Vi(y,z)| < C(l +log L — log((4p — 1)h)>;

if y e QF and z € Q", then |y —z| < 4v2(p+ 1)h < V2R + 8V/2h, so that
(2.99) ly—z|l< R’ for h < R'/(16v/2) and M >> 1 such that Ry; < R'/(2v/2) and,
by (2.8), we have Vi(y,z) > C”(l —log (4V2(p + l)h)).

Using these two facts, we can bound the integrals in the first term at the right hand side
of (2.97) as follows:

h
#H(@F) 1y(Q) MﬁQ / / Vi(y,z) dy dz
Qh QhﬂB(ZRM

< CM(Q@)M&(Q?)( +log L — log((4p — 1)h))

(2.100) sc@@?)ué(@?)(l—log(zlf b+ 1)h) - 4%‘”’;

1 —log(4v2(p + 1)h)>

+ log L)

4V2(p+ 1)L
gf(p )L
4p — 1

< U@ @) 1
<Cub@m@) ¢ [ [ ityn) duby) dn o)
L [
for 0 =1,...,A(0,h),p=1,..., P, and i € Z(¢,p). Note that here we used that

42(p+1)hL - 8v/2
dp—1 - 3

for p = 1,..., Py v, since this quantity is decreasing for p > 1. For the integrals in the
second term at the right hand side of (2.97), we choose h < 1, so that 2h < Rjs and then
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QP C B(z,v2h) C B(z,2h) C B(z, Ry). Hence, using (2.7) and (2.99), and integrating

by parts in polar coordinates, we have

Nﬁh Qz / / 2) dy dz
lﬂB(ZR]u

_ :U’v?,h(Qf) /

o Jap

h4
1 Ah\2
oy (Q7)
<P [ )
h Q! JB(z,v/2h)

Vi(y,z) dy dz

dy dz

1 Ah\2
scuw&%nt/ / (1+log L —log |y — z|) dy dz
h Q" V2h

(2.101)

~ 1
= c@,m?ﬂ{l -3 [Q log g]

1 ~h\2 1 \/ih
< Cuyp(Qr) {1 - hQ/ olog o d@}

2

V2h
[ dg}
o 2

= Cpf p(QF)* + Cprl (@) (1= log(V2h))
< Cuh Q1) + Cuy (@) (1 - log(4v/2h))

écmaﬂébi+cél Vi d(uh © ph)
Q=@

for £ =1,...,A(d,h). Note that, in the second line from below, we have used that (2.99)
also holds for p = 0, that is, for every y,z € Q} we have |y —z| < 4v/2h, so that, by (2.8),

Vi(y,z) = C'(1 — log(4v/2h)).

Hence, combining (2.97), (2.100) and (2.101), we deduce that

A(D,h) A(9,h)

Z Z #5(@1) 13(Q) “19 / / Vi(y,z) dy dz
i= QF JQ! B(z,Ru)

ﬂh)Ph M

(2.102) < Z >y {Cuﬂ Q@) +C

=1 p=1 i€Z(¢,p)
A(9,h)

Q;

5 Vily,z) dug(y) dué(Z)}

1 e
+; {CﬂﬁQe +C/QZ/QV1}’, dpay (y) dpg( )}

Note that, for a given z € Qg, we have QZ U UP’”” Uiez(e,p) Q C B(z,2Ryy) for h <« 1.
Indeed, for every y € Qf with i € Z(¢,p) and p =1,..., Py s, we have

v — 2| < 4V2(Pyas + 1)h < V2Ry + 8V2h < 2Ry,

171 1

Therefore, from (2.102) using the positivity of Vi(-,z) on B(z,2R)s), we obtain

h) A 19h)

(2.103) h=07

Qg Mﬂ Qh / /
lim sup Z ; . thBZRM) 1(y,2) dy dz

<C /Q p3(B(2,2Rur)) dpg(z) + C /ﬂ /B o Vi(y,2) dpy(y) dugy(z).
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Finally, using the Dominated Convergence Theorem and the fact that the integral of
with respect to M,lg ® u119 is bounded, it is immediate to see that the last two integrals go
to zero, as M — +oo. This proves (2.95) and, in turn, (2.91).

The proof of (2.92) is the same, while that of (2.93) is slightly simpler. By (2.7), we have
that there exists Ry; > 0 such that Via(y,z) > M implies |y —z| < Ry for every y,z € Q
with y # z. Thus we define similarly the quantity ]5h7 M= LRM /4h] + 1 and the set of
indices

Z(t,p) = {1 <i <A@, h): QF = QF +2h(q,7), ¢,7 €Z, |g| V |r| = p}

fort=1,...,A(¥,h)andp=1,... ,]Sh’M. First, we split the integral at the right hand side
of (2.93) as in (2.94) and, with the same argument used there, we see that it is sufficient
to prove that

(2.104) tim_timsup [ [ Via(y.a) dieb(y) did () = 0.
M—+o00 h—0+ ZRIM) ' ’
We have
/  Vaaly,2) dpbu(y) Al p(2)
B(z,Rnr)
(2.105) A(9,h) Ph o

#5(Q “ﬁQf // V; dy d
303> o Vit v e

=1 p= OZEI(Ep)

Note that, if y € Q? and z € @Z, then we always have |y —z| > v/2h; so, there is no need to
distinguish the two cases as in (2.97). By (2.7), we have V1 »(y,z) < C(1+log L—log(v/2h))
fory € Q" and z € QZ Using this bound, we can argue as in (2.100) to conclude that

LiOhY ,2(0Oh
1 (Q; ilfﬁ(Qe)/A / _ Vialy,z) dy dz
Qp JQIN B(2,Ru)

< Cuy(QM) u?s(@?)+0/~ /v Via(y,2z) dug(y) duj(z).
QhJQN

(2.106)

Hence, if we sum up all the terms in (2.105) and we argue as in (2.102), we obtain

A(9,h) P;L M

lim sup Z Z Z (@ Mﬂ (@) /Q/thB = )Vlg(y, z) dy dz
¢ (z.Rm

=1 p=0 ;cT(1p)

<c / 1 (B2, 2R0)) dyid(z) + C / /  Vialyz) db(y) did (@),
Q B(ZQR]M)

which tends to zero, as M — +o00. This proves (2.104) and, in turn, (2.90).

Step 3 (Construction of the approrimating measures) We are now able to provide an
approximation for the original measures ! and p? by means of a diagonal argument.
Consider a sequence (¥f) with 0 < ¥ < 1 such that ¥y — 17, as k — oo. By Step 1 we
know that /hlsik — u! and /ﬁgk — p?in X (), as k — oo, and that }-(:“11%7 “12%) — F(ut, u?),
as k — co. Moreover, by Step 2, for every k we have that

(2.107) = by, InX(Q),  pd o, —pp, nX(Q), ash— 07,
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and

h—0+

We denote by d a distance that induces the topology of X (). By (2.107) for every k we
can find hi,hi > 0 such that for every h < hj we have d(,u}%h, ,u,}gk) < 1/k and for every
h < hZ we have d(u%hh,u%k) < 1/k. Moreover, by (2.108), there exists A} > 0 such that,
for any h < hY, we have ]:(qun,h’l‘%k,h) < ]-'(,ullgk,,ugk) + 1/k. Hence, for every k, we set
hy = min{h}, h2, hQ,1/k}, so that hy — 0T, as k — oo. Then we define u}, = Mék,hk and
u% = ,u?%hk, more explicitly

A 1 (Ahk Ax 2 (Ohk

(2.109) M}CZZM’“}S‘)%LQ% uizzﬁw’“gé)g‘"—@”ﬂ
(=1 k (=1 k

where we set A = A(J, hy). We claim that

. M — - in , pi — @ in , as k — oo,

2.110 : U inx(Q 2= p? in X(Q k

and

(2.111) limksupf(ﬂi,ﬂi) < Fluh, p?).

To see (2.110), it is sufficient to use the triangle inequality. Indeed, for every k, we
have d(ug, p') < d(wy, p.s by, ) + dlpy, 1) < 1/k + d(uy, , p*) and the right hand side
goes to zero, as k — co. Equation (2.111) is also immediate since, for every k, we have
Flpag ) = Fpy, s 145, 1) < Fluy, > 13,) +1/k and thus,

lim sup F (s i) < Tim F (g, » 5, ) = F ', 1)

Step 4 (Construction of the recovery sequence) We now construct the recovery sequences
for the approximating measures p}c and ,ui. These sequences have to be admissible in the
sense that they have to contain the right number of dislocations that, in turn, need to
satisfy the well-separation hypothesis. We fix £ and for each positive integer n, repre-
senting the total number of defects, we look for two measures of the form % ZZN:"l dy: and
% Zi]\i”l 05: - The idea is to allocate almost M}C(@?k)Nn dislocations in each square Q?’“, SO

that the measure %Zfi"l Oy assigns to Q?’“ almost the same mass as ,u,lﬁ. More precisely,

we recall that uk(@?’“) = M119k (@?’“) and ,uz(@?’“) = /ﬁgk(@?’“) and we set

m

N, ~h M ~h
(2.112) ap, = { N ﬂék(Qﬁ)‘ . Bre= Nl_”m M%k(sz)‘ :
These are clearly two non negative integers, and satisfy

Qp g — 00, asn — oo, if ui(@?’“) > 0,

(2.113) Bre — 00, asmn— oo, if MZ(~?’“) >0,
(o} ) Ah (Bt ~h
E— ,u119k( gk‘)7 T7—>,U129k( gk), as n — oQ.
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Figure 2.5: The smaller squares qg,i and cjg,j (here a}g’j =3 and ,BZ,E =4).

The first two claims in (2.113) are trivial. For the third, we recall that ¢t — 1 < |t] < ¢ for

any real number ¢. Hence /2= ,uék( ~?’“) —1<ap, < Lo ,u}gk(~?k), so that

~ 1 (an )2
h k,l
1y, (Qg*) + oS

<

~h
Nn Mék(QEk) g Nn
n

~h
- & M119k (ka)
m n

n m

and passing to the limit, as n — oo, we get the claim. The fourth claim can be proved
analogously. For every £ =1,..., Ay such that u,{,(Q?’“) > 0 we set ap , = hy /o, and, for
every £ = 1,..., Ay such that uz(@?’“) > 0, we set by , = hk/ﬁﬁe. We allocate the defects as

follows. In every square Q?’“ with g ( ~?’“) > 0 we consider a square grid of side aj; ,. More

precisely, if QZL’“ = 4hi(p, q) +10, hi) X [0, hy) with p, ¢ € Z, we consider the family of points
{4h(p,q) + azj(r, s):r,s=0,... Qg — 1}, that we denote by {yZz NS I,’;Z}, and the
squares gy, = yj, + [0, a};‘vﬁ) x [0, a}&) for ¢ € Ii,. Thus yp; € qi; and Q?’“ = Uiel,’;e i -
Note that, for every i,j € I}, with i # j, by (2.1) we have that

hi, L e/

h
(2.114) YR — Vi, >ap, = 1
g, (&

Tn
=
Qp g

for n > 1. Analogously, in every square @?’“ such that ,u%(@?’“) > 0, we consider a square
grid of side sz and the corresponding nodes z’,; j and squares cjﬁ o where j € J}; , and J,Z ,

is a set of (62’5)2 indices, so that z ; € g ; and @2’“ = Ujejﬁe gy, ; (see Figure 2.5). As in
(2.114), by (2.1) we obtain that, for any i,j € J;', with i # j, we have

(2.115) |2k ; — Zg ;| > Tn
for n > 1. Moreover, if i € Iipand j e Jyg,, for n > 1 we also have

(2.116) Vi — 2k = V2hg > .
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hi
Q'
Sy
A
B fyn‘ Ql
[
224‘
Qhk EZ Sg
1

Figure 2.6: The segments S7 and Sy in @’f’“ (here Nn,k =4 and |\7|n,k =3).

The number of defects that we have placed in the first family of squares is equal to

Nn,k_g:a“ >Z(,/ )—1)2:

=N, —2,/ Z\/uﬁk QM)+ Ay > N, —2\/ZAk.

Thus, in order to construct an admissible measure corresponding to the Burgers vector
b1, we still have to place a number of defects equal to

(2.117)

(2.118) Npos = Ny — N < 24 /%Ak.

To do this, we consider the cube Q™ = 4hy(p1,q1) + [0,4hy,) x [0,4hy,) where p1,q1 € Z.
On the segment S1 = {4hgp1 + hi} x (4hrq1 + 2hg + [0, hg)) we place the points yj
withi=1,..., Nnk in an equispaced way, that is at distance a} = hk/Nn,ka starting from
Yii = (4hgp1 + hig,4hpqr + 2hy) (see Figure 2.6). Taking into account (2.118) and using
(2.1), for any 7,5 € {1,..., Nn,k} with i # j, we have

e S hk\ﬁ
nk B 2\fAk

for n > 1. Clearly, if i € Ifpand j=1,..., Nn,k, then, for n > 1, we have

(2.119) Yii — Vi | = af =

(2.120) Yii = Yhjl = hie > 7

Analogously, the number of points placed in the second family of squares is

Ay
n
My =D (BEe)? = My — 2,/ : Ay,
=1 -m
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hence we still have to place a number of defects equal to
~ [n

(2.121) My = M, — My <2/ —=Ag.
m

Thus we place, along the segment Sy = (4hyp1 + 2ht + [0, hy)) x {4hgq1 + bt} in @?’“,
the points ZZJ- with j = 1,...,M,, at a distance b} = hj/M, j, starting from 22,1 =
(4hgp1 + 2hg, 4heqr + hi) (see Figure 2.6). As in (2.119), for any 4,5 € {1,..., I\N/Ink} with
1 # j, we have

(2.122) 7 — 2 >

and, as in (2.120), if i € Jigand j =1,..., My, then we have

both for n > 1. Moreover, we trivially see that the distance between any point y}', and
any point %’l}’j and also between any point zy ; and any point yj ; 1s greater than or 7equal
to ry, for n > 1.

We define the empirical measures

1 Ag 1 Nn,k
(2.124) Mo =2 D Oy, - D Oy,
t=1i€l}, i=1
and
1 Ak 1 Mn,k
(2.125) Pon == > Oap .+~ > G,
(=lieJp, i=1

where we set I}, = () for £ such that ui(@?’“) =0, and Ji'y = 0 for £ such that ui(@?k) = 0.
It is clear that ,u,,%/,’n € X} and ,u,im € X2. Moreover, due to (2.114)-(2.116), (2.119),
(2.120), (2.122) and (2.123), we have that ,u,l%n + ,uin € X,. Therefore (ukn)n C X(Q)

and (H%n)n C X(Q) are two sequences of admissible measures. Moreover the following
hold:

(2.126) fhp = 0 X(Q),  pg, —pi in X(Q),  as n— oo,
and
(2.127) Lo sup Fr (f1f s f17,5) < F (1 1),

n

that is ((Min,uin))n C X(Q) x X(Q) is a recovery sequence for (up, uz) € X () x X(Q).
We begin with the proof of (2.126). Denote Vli,n = %Z?:kl Eiel’?[ dyp . Take v € Cp(92).

Let n > 0 and let 6 > 0 be the modulus of uniform continuity of v in {y corresponding to

1. We have
/Udullcn_/vdlu'llc /vdyén_/vdﬂllc
Q ’ Q Q ’ Q
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For the second term at the right hand side, we have

1 ~n,k
ﬁ Z ‘U<yZz) <
i=1
that goes to zero, as n — oo, by (2.118). As for the first term at the right hand side of

(2.128) we have
/hvdl/,i’n/hvd,uk / vdu,;n/ v dup
Q,* Q,* qaz, qy,

£ ki ki

<2

ZEI”

1 /Ahk
< 1v<yz,i>—“ﬂk,§§‘ : / v(x) dx

. n
ey, ki

1 (Al n \2
(2.129) S % /n o(¥L) dx — pp,, (Qe") nlag ) / o(x) dx
Ak, q

eI, n(a} Z)Q n(az7£)2 h3 "

<y M 7 [ i) - o) dx

zEI" ki
/ o(y2)] dx.
a5 ;

ki

n(a’k?,z)Q
hi

+ L Q)

Z‘GI}?’E n(aZ,Z)Q

For n > 1, so that \@a}}% < 4, recalling that £I}, = (a275)2 and that ap , = hk/a’,;é, for
the first term at the right hand side of (2.129) we have

1 (Ahk
(2130) > 2 [ uty) — o) ax <, (@2
k Ui

iElp,

while, for the last term in (2.129), we have

1 ey AR ) n
e L (@) | [ el i
(2.131) el e ke
(042,4)2 n(af )?
<= 5 (@) hz [|0]| Lo (-

Summing over ¢ = 1,...,A; in (2.130) and (2.131) and then passing to the limit, as
n — oo, we easily see, using (2.113), that the first term of the right hand side of (2.129)
goes to zero. This concludes the proof of (2.126) for ,u,lm. Analogous arguments apply to

M%,n‘ Note that, in proving (2.126), we also have shown that

M/lg,n—Vi};,n—)O in Mp(2), asn— oo

and
(2.132) l/]i’n — pp in X(Q), asn — oo.
Moreover, if we set V]in = %Zé\:kl Yie a, 5Z7§,i’ then we can prove in the same way that

'“%,n — y,%jn — 0 in Mp(Q), asn— oo
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and
(2.133) 1/,3’,1 — pi in X(Q), asn — oo.

We now move to the proof of (2.127). We are going to prove the following:

(2.134) tiwsup [ VidGa, @) < ] vided o ud,
n OxQ ' ' QxQ
(2.135) tmsup [ Vad(ad, @) < ] vadude ),
n QxO QxQ
(2.136) imsup (| ViadGah, o t,) < ] Viadeke ).
n QxQ QxQ

Equation (2.127) will follow immediately by summing up (2.134)-(2.136). We start with
the proof of (2.134). Using the symmetry of the interaction potential, we can write

/Q QV1 (i B i ) = QZ > 2 Vilykaviy)
X

= 116[”1Z Ve

ZZ > > Vilyiaviy)

= 1m7%z€["ej€[

2 Z Z Z Vl ykwyk,j

(= 1zelnﬂ 1

+72 Z Zvl Ykak,j

=1 j#i

(2.137)

The last three terms are easy to estimate. Indeed for the second term, we have that

(2138) QZZ Z Z Vi ykl’yk,j // an®ykn)
z 1 msL Qy

{=1m=#L zEI jEI

For ¢ # m, using (2.7) we see that the potential V; is bounded on Q?’“ x QM. Thus, by
(2.132), we have that, as n — oo,

(2.139) //hk o d(v, ® vy ) *ZZ//% » d(pp @ )

e 1 m#£e =1 m#¢

For the third term in (2.137), using (2.7), (2.120), and that 4(I},) < Ny j, we obtain

22 Z Z‘/vl}’kakJ <C

= 1161,2%] 1

A ~ ay
3 Nt N (1 +log L — log ‘;) .

Thus, using (2.118) and the two estimates N, < n and ap; > C/y/n, we can bound the
right hand side in the previous line from above by C(l/f—i— 1/y/nlog+/n), which goes to
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zero, as n — oo. Similarly, for the fourth term in (2.137), using (2.119) and the fact that
ap > C/\/n, we can see that

C _ c C
QZZ‘/I kayk,] Si(N )2(1+10gL_10ga2)S7 7Og\/7
i=1 j#i n n n
and the right hand side goes to zero, as n — o0.
In order to prove (2.134), it remains to show that
(2.140) hmsup Z Z Vi(Yhi Yij) //h W d(up, @ up)
ZEI"éj#z QékXQlk

for £ =1,...,A. To do this, we argue as in Step 2. We set VM = Vi A M where M > 0.
Then we write

Z Z‘/l ykzayk,j 2 Z ZVI Ykszk,j)

ZGI ej;é’b elp ej;él

+ ) Z Z (‘/1 Y& zvyk:,]) ‘/IM(yZ,wyz,])) :

zEIk 0 JF0

(2.141)

Since VM is continuous and bounded on Q?’C X Q?’“ and by (2.132), we have

Z Z‘/l yk z?yk,] ﬂh h VIM d(yklz,n &V%,n)
Qék XQlk

ZEI” J#i

g V< [ ViaGde .
QekXQZk QZkXQZk

as n — oo. Hence, by (2.141) and (2.142), we only need to prove that

(2.142)

(2.143) Am hm:ur) >3 (ke viy) = VM (ke viy)) =0,
ielp y jF#i

This is going to require some work. Recall that, as we have seen in Step 2, for any y, z € (Q,
the inequality Vi(y,z) > M implies |y — z| < Rp;. Moreover, we can choose M > 1 to
ensure that Vl(-, z) > 0 on B(z, Ryy) for every z € Qy. Hence, we compute

Z Z (Vl YiirYkj) = VlM(yZ,i,yZ,j))

161 iy ]752
=YY (M) - VL))
(2.144) zelk P j;éz

I¥g i —Ye ;|<Bm

Z Z Vi(Ykir Vi)
zEIk Y J#i
‘yk,z yk ]|<RJ\J

For every £ = ..., A, with Mi(@?k) >0, we set Py = {RM/a}&J + 1. Note that, since
a}},e — 0 as n — oo, we have Pfj’g,M >2forn>1 Forp=2,... 7PI?,E,M7 we define the
set of indices

Tio(isp) ={j € Ip s (p— Vagy < |Yki — Vil <page}
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These are the indices of the points yj; j that lie in the annulus centered at yj, ; with internal
and external radius given by (p— 1)“2, sand p a};‘, 0> Tespectively. These points are contained
in the set given by the difference between the square centered at Y, with side 2pay , and
the square centered at the same point with radius (2p—4)a} ,. Thus we can easily estimate
that §(J;(¢,p)) < 8(2p — 1). Looking back at the last line of (2.144), using again (2.7)
and the fact that §(I}},) = (a};’f)z, we compute

k@M
— Z S VilyRaovis) = n2 oy Y vilvRayry)
le]n ]?él le]kz p=2 ]EJkZ(,p)

|yk Ji yk i ‘<RIVI

n \2 Piem
< (aw) S (2p—1)(1+log L — log((p — 1)ai,))

n o’
ape)* R (p—Vai, | (p—af,
<C|—= 2p—1—-2(p—1)log ————= —log —— | .
_<n> Z_:(p (p—1)log — 08— )
p=2
Note that, since —tlogt < C' for any ¢ > 0, we have —(p—1)log((p — 1)aj ,/L) < CL/ag,
for every p = 2, ... ,Pﬁg, a- Using this property, the previous expression can be bounded
by

2 Py n \ 2
gy - C kg C
C(n) <2p1+an> gc(n PPy 2PkM—1+a—
Qg ? Ry Ry C
<C : ——+1) (2 +1+ —
n g ¢ Yy g g
2 2
ay R R Ry C
SC(“) (f) + My + 1
n g ¢ g ¢ (ap. z) ay £

R 2an4 R an3 R an4 C an?) al 2
_ {( o) Ch" | Rar (h? | Ry ()", C (e (o

n?2 hi — n? h:  n? hry n?

where, in the last line, we applied the substitution a. , = hi/aj ,. Thus, using (2.113), we
obtain

n \2 Poem
« 5 C
lim sup c(fb’f) 3 <2p—1—|—> < C{(Rur/he)® + Raa /B3 1, (Q))?

p:2 k) V4

and the expression at the right hand side goes to zero, as M — +oo0, since Ry — 0T, as
M — 4o00. Therefore we showed that

lim i Vi(¥ii» Vi) =0
Mgﬂoo 1mnsup 152 Z 1(Ykis i)

J
\yk Y J|<RM

and this, by (2.144), proves (2.143) and, in turn, (2.134).
The claim (2.135) can be proved in the same way.
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The proof of (2.136) is simpler. Indeed, we have

//Q QVLQd('u/lc,n&/ﬁl%;n = 2 Z Z Z ‘/12 Yk‘z?zk])
X

lm= leIgleJk

+722 Z ZWZ Ykmzk:j)

= 116]"4 j=1

Z Z Z V12 kazk,]

= 1]€Jkez 1

nank

nz Z Z ‘/12 Ykrzvzk])

=1 j=1

(2.145)

For the first term at the right hand side, we have

(2146) Z Z Z VY12 Ykmzkz] ﬂhk Ah Vl?dykn(g)ykn)
{m=1

Zm 1ze1,? JEJ}

/
By (2.132) and (2.133), we have that Vli,n ® V,fyn 5ok @ pd in (Cb(Q X Q)) , as n — 00.
Since V1 2 is bounded on Q?’“ X @f}r{v, we deduce that

Ay
Z //h o V1’2 d(V’i:n®Vl%,n)
£m=1 Q, kxQpnk
(2.147)
Ak
- Z //hk ~hy, Vi d(ui®u%), as n — oo.
£,m=1 XQm

Hence, to prove (2.136), it is sufficient to prove that the last three terms in the right hand
side of (2.145) vanish, as n — co. Note that, if y € Q?k and z € @Z{“, then |y —z| > v/2hy
so that, by (2.7), we have |V12(y,z)| < C(1 + log L — log(v/2hy)). Hence, using that
N, i <nand M, ; <n, and recalling (2.118) and (2.121), we compute

C ~
(2.148) 3 Z Z Z Vi2(Yhir Zg ) < 2 Ny i My i (1 +log L — 10g(\/§hk)) <

{= 1Z€Ikej 1

ER

RV C
(2149) — Z 3 Z Via(Fhi 2k ) < 5 Muge Noi (14 log L — log(v2hy)) < —=
(=1jeJp, i=1 vn'

1 R C

Since the right hand sides of (2.148), (2.149) and (2.150) clearly go to zero, as n — oo, we
have that the last three terms in (2.145) also go to zero, as desired. This concludes the
proof of (2.136) and of (2.127).
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Step 5 (Conclusion) Now that we have constructed a recovery sequence for each pair of
approximating measures (,u,lg, ,u%), we need to regain the limsup inequality for the original
measures (u!,u?). To do this, we recall that, since the space X () is metrizable, the
I-limsup functional is defined as

(2.151)

I-limsup 7, (u1, 1) = inf {linsup 7, (04, 02) ¢ (1, 2) = (%) in (@) x (@) |

where the infimum is taken over over all sequences ((v},12)), C X(€) x X(Q) converging

to (ulmpu?). Moreover (see Remark 1.26 in [3] or Proposition 8.1 in [8]), there exists a
sequence ((uh, p#2)), C X(€) x X(2) such that

(2.152) ph — pt o in X(Q), p2 — p? in X(9Q), asn — 0o,
and
(2.153) [-limsup Fp (!, p?) = limsup F, (p:, 42).

The functional I'-lim sup,, F,, is lower semicontinuous on X' (2) x X'(€2) (see Proposition
1.28 in [3] or Proposition 6.8 in [8]). Hence, we have

lim sup Fy, (pig, p13,) = T-limsup Fp (p", %)
n n
< lim inf (F— lim sup F, (., u%))
k n
<liminf (limsup 7, (s, 3,0))
k n b b
< timnt Ful 1)

< limsup Flpg pz) < F(ut, 1),

where we have used (2.110), (2.126) and (2.151), (2.127) and, finally, (2.111) in the last
line. Thus, we proved that

(2.154) lim sup F (s i) < F(p' 1).

Since F(u!, pu?) < +oo, from (2.154) it follows that F,(ul, u2) < +oo for n > 1. There-
fore, put € X}, p2 € X2 and pl + p2 € X, for n > 1, and we can use Lemma 2.8 to
conclude that

(2.155) Gty i) = G(p' 4),  asn — oo.
Hence, combining (2.154) and (2.155), we obtain
lim sup €y, ) = M sup Fo (g, ) + limsup G (1, 417)
< F(pts 1?) + Gt p?) = E(ut, 1),
which concludes the proof of the Limsup inequality. O

Remark 2.10. Since the space X'(2) x X(2) is compact, by the Fundamental Theorem
of T-convergence (see Theorem 1.21 in [3] or Theorem 7.8 in [8]) and by Theorem 2.1, we
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deduce the existence of a minimizer of the functional £. That is, there exists two measures
i, 12 € X(Q) such that
(it i) = min {E(ut, 1) : (u',12) € X(2) x X(D)}
Moreover, for every sequence ((fil, i2))n C X () x X (2) such that (i}, ii2) is a minimizer
of &, for every n, there exists a subsequence converging to a minimum point of £ and we
have
lim &, (i, i) = min €.

We conclude this chapter with a characterization of the class of measures where the I'-limit
£ is finite.

Theorem 2.11. (Characterization of measures with finite energy) Consider two
measures pt,p? € X(Q). Then E(u', u?) < +oc if and only if p*(Q) =m, p?(Q) =1-m
and pt, p? € H1(Q).

Proof. For every p', u? € X(9Q), we set
(2.156) B, ,2(x) = Duyn 2(x) +/QK1(X; y) dul(y) +/QK2(x;y) dp*(y), xeqQ,

where u,1 2 is the function given by Lemma 2.6. We have 8,1 ,2 € LY (2;R?*2). Indeed,
by Fubini Theorem and (1.12), for i = 1,2, we compute

‘ 1 .
lﬁ/&mm@wwmmm// dx dui(y) < ClbylR,
ala aJBy,r) XYl

where 0 < diam 2 < R. We claim that 8,1 ,2 satisfies

(2.157) curl B 2 = byut 4 boy?

in the sense of distributions and that it is a weak solution of the following Neumann
problem

divCB=0 inQ,

(2.158) {
CBn=0 on 0f2.

We begin with the proof of (2.157). Recall from (1.15) that, for i = 1,2, the field K;(-;y)
is a distributional solution of the system

in R

(2.159) {div CKi(:;y) =0,

curl K (;y) = b; dy

Therefore, for every ¢ € C2°(€2), by Fubini Theorem and the second equation in (2.159),

we have
/Q(/QKi(X§Y) du"(y)) dx—//K x; y)Dep(x) " dx dyt (y)

= [ biely) di'ty)
Curl(/QKi(';Y) dui> = by’
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in the sense of distributions. Hence, (2.157) easily follows.
In order to prove that 8,1 2 is a weak solution of (2.158), we have to show that for every
¢ € CH(Q;R?), we have

(2.160) / CB1 42 : Dy dx = 0.
Q

Consider an extension ¢ € C1(R?;R?) of ¢ with supp ¢ C € for some open set ' with
Q cc . Fori=1,2, we compute

C( | Kibey) di'(y)) : D) dx = || CKixiy) : Diplo) dx du'(y)
fe(), ) N
_ /Q 5 CK;(x;y) : D@(x) dx du'(y)
- / a\Q CKi(x;y) : Dp(x) dx du'(y)-

By the first equation in (2.159), the first integral at the right hand side is equal to zero.
For the second one, integrating by parts and recalling that div CK;(x;y) = 0 for every
X # y, we obtain

/Q [ Ci6y) Do) de 'y / /6 ) y)n(x) A (x) dui(y).

Hence, we deduce

/Q o /Q Kixiy) di'(y) ) :Dip(x) dx
- /Q /a plx) - CK (i) A (x) dy ().

On the other hand, by the Euler-Lagrange equations satisfied by u

(2.161)

ul, 2, We have

u x — — X 1 x 1
/Q(CD :Dep d //BQ ) - CKy(x;y)n(z) d” (x) dp (y)
/ /8 @) - CKa(oxy)n(a) A (x) dy(y).

Therefore, combining (2.161) and (2.162), we obtain (2.160).
Suppose now that 8 € L'(£; R?*2) is another weak solution of (2.158) with

(2.162)

curl B = byt + bop?

in the sense of distributions. Then, by the weak Poincaré Lemma, 3,1 ,2 — 8 = Dv for
some v € WH1(Q;R?) that satisfies

(2.163) Y € CH(;R?), / CDv : D dx = 0.
Q

We consider a sequence of standard mollifiers (pi) and we define the regularized functions
Vi = v pp € C®(Q;R?). These functions satisfy the same equation, namely

(2.164) Vo € CH(;R?), / CDvy :Dpdx =0
Q
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for every k. Indeed, for every k and for every ¢ € C1(€2;R?), we have
/CDV;C :Dgodx:/C(Dv*pk) :Dcpdx:/(CDv: (D * pr) dx =0,
Q Q Q

where we used (2.163), the symmetry of pj, and that ¢ * pp € C*°(2;R?). Hence, choosing
@ = vi in (2.164), we deduce by (1.4) that Evy = 0. Then Dvy = Ay for some constant
matrix Ay € Skew(2), and, since Dv; — Dv in L!(Q;R?%2), as k — 0o, we conclude that
Dv = A for some constant matrix A € Skew(2). Therefore, 8,1 ,» and @ differ for a
constant skew-symmetric matrix.

Now suppose that p'(Q) = m, p?(Q) = 1 —m, and p',u? € H~1(Q). We consider the
minimization problem

2.165 min E(B),
( ) BEA(u!,u2;b1,b2) 8
where
— [ ax
Q
and

A(p', p?; by, by) = {/3 € L*(Q;R*?): curl B =bip' + b2/~02}7

where the condition curl 8 = byu! 4+ bau? should be intended in the sense of distributions.
Note that the class A(u', u%; b1, by) is not empty. Indeed the field 8 = Dut where
u € H}(Q;R?) is the unique weak solution of the Dirichlet problem

Au=Dbiu' +byu? inQ,
u=20 on 0f)

is an element of that class. The functional E and the class A(u!, u?; b1, by) are both
convex, hence we have weak lower semicontinuity. Moreover, E is weakly coercive. Hence,
by the Direct Method, we deduce the existence of a solution B € L2(£;R?%2) of the
minimization problem (2.165). Computing the Euler-Lagrange equations of the functional
E, we obtain that B is a solution of (2.158). Therefore we deduce that By, 2 and B
differ for a constant Skew—symmetrlc matrix and, in turn, that B, ,. € L2(Q R2%2),
Thus B4 2 € A(ut, 4%, b1, by) and, using Fubini Theorem and integration by parts, we
compute

E(Bﬂlaﬂz) = /QW(’BM17M2) dx = /QW<DuM17M2) dx
+ /Q/QCKl(x,y) :Du, 2(x) dx dp'(y)
+ /Q/Q(CKQ(X,y) :Du 2 (x) dx dp?(y)

“a ety [ oo

i // Vig d(p! @ p*) = E(u', ).
QxQ

Therefore, we conclude that &(u!, u?) < +oc.
Conversely, suppose that &(u!, u?) < +oo. Thus we have p!(Q) = m and p2() =1 —m.
By Step 3 in the proof of the Limsup inequality, there exist two sequences (ut), (i) C
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X () such that pi — p! and p2 — p? in X(Q), as k — oo, and lim sup, (,uk,,uz) <
F(pt, u?). Then, by the continuity of the functional G, we easily deduce lim supy, &(ut, i) <
E(ut, p?). In analogy with (2.156), we define By € L1(Q; R**?) as

(2.166) Br(x) = Dug(x /K1 X;y) )—i—/ﬂKg(x;y) dui(y), x€9

pl g2 Recalling (2.109), we see that u}., uz € H-1(Q).

Hence, using the previous argument, we can conclude that B € L?(Q;R?*2) and, by
Fubini Theorem, we can check that F(By) = €(u}, u3) for every k. Therefore, by (1.4),

where, for simplicity, we set ux = u

CllsymB|[72(qpaxey < E(Br) = E(mp i) < E(u', 1?)

for k > 1, so that there exist a subsequence (sympy,) and a field & € L?(£2;R?*?) such
that

(2.167) sympBg, — € in L*(Q;R**?), as £ — co.

Consider the sequence (ug,) C H'(€;R?). For every /, taking u = 0 as a competitor and
using (2.38), we have

0> I(Milaﬂipukz) > Cl’|uke||12L11(Q;R2) — Ool[ug, || m1(r2)

from which we deduce that [[ug,||g1(qr2) < C2/C1 for every £. Hence, there exist a
subsequence (ug, ) and a function u € H'(Q;R?) such that uy, — uin H'(Q;R?), as
m — oo. We claim that u = u Indeed, by the lower semicontinuity of the elastic
energy we have

pt, 2

(2.168) / W(Du) dx < lim inf/ W(Duy, )dx.
Q ™o Ja "
Moreover, for i = 1,2 we have

/ / wp, (x) - CK;(x;y)n(x) d#t (x) d,uiwm (v)
QJoQ
(2.160) :iéﬂ;u&yCmeymwﬁm%%@d%MQO
+ /Q /8Q (ug, (x) —u(x)) - CK;(x; y)n(x) d.7#" (x) dlﬁiem (¥)-
For the first integral at the right hand side of (2.169), since the function

y— u(x) - CK;(x; y)n(x) d# (x)
o0N

is continuous and bounded, by narrow convergence we have

//u@@&mwwm%mwmw
Q JOQ
%

(2.170) |
/ / u(x) - CK;(x; y)n(x) dl (x) du'(y), asm — oo.
QJoQ
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For the second integral at the right hand side of (2.169), using (1.12), we compute

(2.171) ‘ /9 /89 (g, (%) = u(x)) - CK;(x; y)n(x) d#" (x) dpgg,, (y)
2.171

<%l |
>~ o k)gm L2(8Q)

where the right hand side goes to zero, as m — oo, by the compactness of the trace
operator. Thus, combining (2.170) and (2.171), we obtain that

(2.172) I(pt, p?,u) < hrr;linff(u,lwm,uiem ,uy, ).
Note that, by (2.170), we have that

Ik, 1%, »v) = It @2 v), asm— oo
for every v € H'(Q; R?). Therefore, using (2.172), we can conclude

I(Nla /’LQ’ u) < hmmlnf I(,U/Ilggm ’ Hifm ) ukgm)
< I(:u’llcgm ) M%Zm ) u;ﬂ,/ﬂ) = I(Mla M27 uul,;ﬂ)

which entails u = u,1 2, as claimed. Therefore Dug, — Duj 2 in L2(;R?X2) ) as
m — oo. Moreover, for i = 1,2, we have that

/ Ki(:y) duj, (v) = /QKZ-(~;y) dyr'(y)
in the sense of distributions, as m — co. Indeed, for every ¢ € C2°(£2), the function
y /QKZ-(X;.V)SO(X) dx

is continuous and bounded. Thus, by Fubini Theorem and narrow convergence, we obtain

/Q(/Ki(x;y) d/ﬁgem(}’) dx—//K x;y)p(x) dx dﬂk[ (y)
—>//ny dxdu /(/nydu ))()d

as m — oo. Therefore, B — B, 2 in the sense of distributions and, by (2.167), we
deduce symf,1 ,2 = &, so that symB,1 2 € L?(2;R?*2). Finally, by the generalized
Korn inequality (see Theorem A.2 and Remark A.3 in the Appendix), we obtain that
B, 2 € L2(QR?*?) and, in turn, p*, p? € H-1(Q). O
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In this appendix we present two results. The first is an extension theorem for Sobolev
functions defined on perforated domains and is taken from [21]. The proof is based on
Lemma 4.1 in [23], which asserts the following: for every v € H'(B(0,2) \ B(0,1);R?)
there exists an extension v € H!(B(0,2); R?) of v satisfying

(A1) IEV]|22(B(0,2)r2%2) < Col[EV|[12(B(0,2)\B(0,1):R2%2)
with some constant Cy > 0 independent of v.

Theorem A.l. Let Q C R? be a bounded Lipschitz domain. Given X1, ...,%X, € § and
giwen 6 > 0 such that d(x;,00) > 26 and |x; — x| > 46 for every i # j, define Q5 =
O\ (UM, B(x,9)). Then for every u € H'(Qs;R?) there exist an extension 1 € H'(Q;R?)
of u satisfying

[Eul[2(qrex2) < Cl|Eul|2(q;r2x2)

with some constant C > 0 independent of u, of n, of the points x;, and of 9.

Proof. Take any u € H'(5;R?) and denote by u; its restriction to B(x;,25) \ B(x;,9).
For every i = 1,...,n, we consider the affine map g; on R? given by g;(x) = (x — x;) /9.
We define v; = u; o g, so that v; € H'(B(0,2)\ B(0,1);R?). Thus, by the result recalled
previously, there exists an extension v; € H(B(0,2); R?) of v; satisfying (A.1). Then,
the function ©; = v; o g; ! is in H'(B(x;,20); R?) and gives an extension of u;. Moreover,
an easy scaling argument shows that

| 22 (B (x; 26)R272) < Col B | 125 x; 26\ B 6):R2%2)-

Hence, if we define
~ u; in B(x;,0), fori=1,...,n,
u=
u in Qg,

then we obtain a function in H'(Q;R?) that is an extension of u and satisfies

n

|EQ|[72 (0 mex2y = B2, mexey + X Bl |72, 5)m2x2)
=1

< (14 CF)||Eu|[72(q, mex2),

where we remark that Cj is the same constant as in (A.1). O]

The second result is a generalized version of the Korn inequality which is taken from [12].
Consider a field B8 € L?(£;R?*?) with curl 8 = 0 in the sense of distributions. By the
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Weak Poincaré Lemma, there exists u € H'(2;R?) such that 8 = Du. Hence, if skews
has zero mean on some ball B C (2, then by the classical Korn inequality we obtain

(A.2) / 18| dx :/ |Du|? dx < 0/ |Eu/? dx = C/ lsym B|% dx
Q Q Q Q

for some constant C' > 0 depending only on €. The next result shows that, in the plane,
a similar estimate can be obtained also for fields whose curl is a measure of bounded
variation, up to an error depending on the total variation of the measure.

The proof is based on the following result (see Theorem 3.1 and Remark 3.3 in [4]): if
f € LY(R?) is a field with divf € H=2(), then f € H '(Q;R?) and there exists a
constant C' > 0, independent of f, such that

(A.3) ]l -1 (m2y < C(HdinHH*2(Q) + HfHLl(Q;R2))-

Note that here and henceforth, the divergence and the curl operators are always intended in
the distributional sense. By density, this result can be extended to measures of bounded
variation. That is, for every u € My (€2;R?) such that divy € H~2(f), we have that
p € H-Y(Q;R?) and

(A4) [all =1 eume) < O (Jldiv pall =2y + 1l(€2))-

Theorem A.2. (Generalized Korn inequality) Let Q C R? be a bounded Lipschitz
domain and consider a ball B CC ). There exists a constant C > 0 depending only on ()
such that, for every B € L?(2; R?*2) with

culf= e My(@B?), [ (8- 5T)dx =0,
B

we have

1 ax<c ([ smBP axr (lul@)”)

Proof. Set pn = (p1, p2) and B = (Bij)i j=1,2. Consider ¢ = (S12 — B21)/2, that is, the entry
of position (1,2) in the matrix skew 8. Since curl 8 = pu, we can write

{81(1 =11 + g1,
daq = p2 + g2,
where g1 = 92811 —01((B12+521)/2) and go = —01B22+02((B12+P21)/2). Note that g1, g2 €
H~1(Q) and that they are linear combinations of distributional derivatives of the entries of
symf3. Set g = (g1, g2). Trivially curl Dg = 0. From this we deduce that curl p = — curl g,
or, equivalently, div ut = —divg". Note that divg' € H~%(Q). Therefore, by the result

recalled in A.4, we obtain that u~ € H~1(Q;R?), hence u € H~1(Q;R?). Moreover, we
have

el -1 2y = 1| r-1 @2
< O(|ldiv || 20y + ()
= C(|[divg*|| -2 + ()

< O(|lsymBllp2(mexs) + |1(2).

(A.5)
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Consider now the unique weak solution u € H&(Q; R2) of the following Dirichlet problem:

—Au=pt inQ,
u=20 on 0f).

Thus we have
(A.6) |IDul|r2orex2) < [Julliore) < Cllwt | r-1@r2) = Cllulla-10z2)

where the constant C' > 0 depends only on . Set & = Du'. This field satisfies curl & = p.
Moreover, by (A.5) and (A.6), we obtain

| 1gR ax = [ pup ax < Cllulfys oz
< O(llsymBlZazens) + (11(2))*).
Define € = € — A, where we set A = 1/2 f,(€ —€") dx. Thus curl (8 — €) = 0 and

{5 (B - £) — (B —€)T) = 0. Therefore, we can apply the classical Korn inequality (A.2)
and use (A.7) to conclude

[ 1grax<a( [ 1o &P ax+ [ 167 ax)
< ([ tsvmp - symef? ax+ [ [¢f ax)

o ([ sl ax+ [ e ax)

<c (/Q symB[2 dx + (\m(sz)f) .

IN

O

Remark A.3. Let 8 € L%(Q; R?*2) with curl 8 = p be such that skew/3 has not zero mean
on B. We can consider the field 8 — A where A = % fB (B —BT") dx. Its skew-symmetric
part clearly satisfies the zero mean condition on B. Moreover curl (8 — A) = u. Therefore,
applying the generalized Korn inequality, we obtain

/ﬂ B—APdx<C (/Q lsym B|% dx + (|M|(Q))2) .
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