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Overview Network Flow Problems: (1) Shortest Path, (2)
Maximum Flow, and (3) Minimum Cost Flow.
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Network Flows

Network Flow Problems

Given c € R", b € R™, A € R™" and x € R", we consider the LP

problem:
min cTx (1)
st. Ax=0b (2)
x>0, (3)

Depending on the structure of the coefficient matrix A, the r.h.s. vector
b, and the cost vector ¢, we can have different type of LP problems, which
can be solved by different types of algorithms.

Many LP problems can be viewed as a problem of minimizing the cost of
moving quantity of materials along a network, as street, train, electrical,
and communication networks.

Also other applica tions can be modeled as network flow problems: facility
locations, resource management, and financial planning.
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A network is defined by !

@ Asetof m n! / J
° *is a subset of all possible ordered pairs (7, /)
with i,j € N, where i is the tail and j is the head: Eﬂ

e« AC {(’7./) ‘ laJ € Na’#l}
The pair G = (N, A) is called a network (or sometime digraph orm.

c— __ —
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Network Subnetwork
—_—

Given a network G = (N, A), a network H = (N’, A) is a subnet-

—

work of G if N/ C N and
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Connected Disconnected

Connected Network

Given a network G = (N,A), an ordered list of nodes (ni,na,...,nk),
with@ is called if e‘;cmodes in the list
is connected by an arc (i,j) € A. Here, we can have W € Aor
(nit1, ni) € A (we do not consider arc orientations). -

—
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(d Co_g\;cted (b\ Disconnected

Connected Network

Given a network G = (N, A), an ordered list of nodes (ny,ny, ..., ng),
with n; € N, is called a path if each adjacent pair of nodes in the list
is connected by an arc (i,j) € A. Here, we can have (n;, ni11) € A or
(ni+1, n;) € A (we do not consider arc orientations).

A network is called connected if there is a path connecting every pair of
nodes.

REMARK: in this course, we work with(@{

\. J




Network Flows
°

Cyclic Acyclic

Cyclic and Acyclic Network

¥ A cycle is a path in which the last node coincides with the first
node.
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Acyclic
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Cyclic and Acyclic Network

A cycle is a path in which the last node coincides with the first
node.

A network is said acyclic if does not contain any cycles.
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Tree = Connected + Acychc Not Trees {

Directed Trees

A network is a tree if it is connected and acyclic.
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Spanning Tree — A tree touching every node

(No need to recolor the nodes.)

Spanning Tree

Given G =(N, A), a subiei' Irk_ﬂ = (N, A’) is called a spanning

tree if it is a tree and
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Network Flow Problem

For each node i € IV, Ietdenote the amount of material being supplied
at node /, with the convention that negative values are demands. A
Network Flow Problem asks to move materials from supply toward demand
nodes. We make the assumption

For ee?ch arc (i,j)iA, we have a cost cj for shipping a unit of material
from i to j.
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Decision Variables

For each (i,j) € A, we have a non-negative variable x; > 0 that is the
amount of material moving from i to j along ¥/(i, j).
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Decision Variables

For each (i,j) € A, we have a non-negative variable x; > 0 that is the
amount of material moving from i to j along c (i, ).

Objective Function

We want to minimize the total cost of moving material

min E CiiXij
Ol
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Decision Variables

For each (i,j) € A, we have a non-negative variable x; > 0 that is the
amount of material moving from i to j along c (i, ).

Objective Function

We want to minimize the total cost of moving material

Constraints

We must guarantee that total flow entering an arc is equal to the total
flow leaving the node, i.e., we have flow balance constraints for each Qode
— 4o

Z Gi — Z Xij:*biar
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Network Flow Problems

The matrix A in this case is called thg node-arc incidence matrix.
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The Transportation Problem

When we transport goods along a network to model shipment problem, we
have a Problem. A special case is when the nodes in N are
partitioned into two sets S and D such that

= D
N {500) (ins=0)
&

that is every arc in A has its tail in S and head in D, and we have:

o
b > 0, Vies,
b < 0, VieD.




The Transportation Problem

When we transport goods along a network to model shipment problem, we
have a Transshipment Problem. A special case is when the nodes in N are
partitioned into two sets S and D such that

N=SUD, NNS =0,
that is every arc in A has its tail in S and head in D, and we have:

bi
bj

0, Vies,
0, VieD.

IN IV

The nodes in S are the supply nodes, those in D the demands nodes. The
network is called a Bipartite Graph. Lo 0
g
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The Transportation Problem

When we transport goods along a network to model shipment problem, we
have a Transshipment Problem. A special case is when the nodes in N are
partitioned into two sets S and D such that

N=SUD, NNS =0,
that is every arc in A has its tail in S and head in D, and we have:

bi
bj

0, Vies,
0, VieD.

IN IV

The nodes in S are the supply nodes, those in D the demands nodes. The
network is called a Bipartite Graph.

A Network Flow Problem defined on a bipartite graph is called a Trans-
portation Problem.




The Hitchcock Transportation Problem

If every supply node is connected to every demand node, the problem is
called a Hitchcock Transportation Problem.




Transportation Shortest P

The Hitchcock Transportation Problem
If@ is connected to every demand node,| the problem is

called a Hitchcock Transportation Problem.

If denote by@the supply node, and by s; the demand nodes, we can write
the problem as

(4)

s.t. ZX,'J' = Til ;’]‘_{4’;\‘ Vie s Q[_ - L (5)
jeb Na
NS

Xjj = Sj, « — C) V_] e D (6)

; _— I S\ =1
‘ 7
[0} L ool

e )
. @ 8PAUDYW coMPLETD

mulation, we still have the requirement on the input data:




The Hitchcock Transportation Problem

If every supply node is connected to every demand node, the problem is
called a Hitchcock Transportation Problem.




The Hitchcock Transportation Problem

If every supply node is connected to every demand node, the problem is
called a Hitchcock Transportation Problem.

If denote by r; the supply node, and by s; the demand nodes, we can write

the problem as
DI /

i€S jeD
o Ssn \“5,\{
JjeD
> x>, VjeD (10)
i€S
i > 0.

In this formulation, we can relax the requirement to > ics M= ZJGDSJ




Transportation

Tolstoj's Transportation Problem

1 Data:
: S @ /={1,...,n} set of sources
@ J={1,..., m} set of destinations

@ C € R™*" with ¢; distance in km
from source i to destination j

@ d € R™ demands in tons

@ s € R" supplies in tons

Decision Variables:

xjj > 0 quantity of material from i to j
Objective Function:
min ZUE/XJ Cij Xjj

Constraints:

ZJ.EJXU =d;,Viel
Xij :Sj,VjeJ

iel
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Can we reconstruct the initial condition of the Universe?
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Can we reconstruct the initial condition of the Universe?

Question: “Can one follow back in time to initial locations the
highly structured present distribution of mass in the Universe,
as mapped by redshift catalogues of galaxies?”
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Can we reconstruct the initial condition of the Universe?

12345
Distance
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Can we reconstruct the initial condition of the Universe?

12345
Distance

Considering that the initial mass distribution was quasi-uniform, about 14
billion years ago, the initial density field makes reconstruction a well-posed
instance of what is called the Optimal Mass Transportation Problem.

Frisch, U., Matarrese, S., Mohayaee, R. and Sobolevski, A.. A reconstruc-
tion of the initial conditions of the universe by optimal mass transportation

417(6886), pp. 260-262. 20. 9




Transportation
.

Can we reconstruct the initial condition of the Universe?

Bruno Levy @BrunolevyO1 - 9h v
Replying to @Patapom?2

What it is doing is *inverting* the evolution, from current state to initial
condition. To test the method, I'm using simulations made by astrophys
friends, for which both are known.

The inverted eqgn corresponds to OT:

arxiv.org/abs/astro-ph/0...

Here we use more efficient numerics.

Q n L 25 o
@BrunoLevy01 - 18h N

Stuck at home, but tonight I'm flying far far away !

Early universe reeqnstruction with-aptimattrerspa
, USingo linear algebra) an'n
my V00 only has 16 Gb, did not fit in there; | shoUfd buy a bigger
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The Assignment Problem

Given a set S of m people, a set D of m tasks, and for each\i € S,j € D
cost ¢ associated with assigning person i to task j, the assignment problem
is to assign each person to one and only one task, so that all tasks are

covered and the overall cost of the assignment in minimized.




Assignment
]
Decision Variables

=

We introduc variables for pair (i,j) € S X D:
N/

if person i is assigned to task j.

— ——

Xjj = "
v 0 otherwise
-_—

Objective Function

ieS jeD

Lo i

The constraint that each person is assigned to one task

Y x=1, vies. Oﬁi
jeD )

The constraint that each task is covered by one person \l\
S =1 veb. N

ieS /h \)
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QUESTION: Which is the relation between the Hitchcock
Transportation problem and the Assignment Problem?

Except for the integrality constraint, the assignment problem is a
special case of the transportation problem.

The Hitchcock transportation problem is the| LP relaxationfof the

assignment problem:

£ o A ible solution of the assignment problem is a feasible
salution of the transportation.

° Any]LntegraI feasible solution to the LP relaxati/oa is a feasible
solution to the assignment problem. '

@ If we use the simplex algorithm to solve the LP relaxation, we

get an[integral solutiof| (but not if we use an interior point
e —— —_——— O ——————

algorithm) —
R b :} < \ / xe7Z = \
@ Remember:| zip < Z)p | Z]/P ¢ 2.0

\ =Y T
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The Shortest Path Problem

Given a network G = (N, A), the shortest path problem is to find the

shortes dteah ifrom one specific node (the source) to another node
(the destination). Indeed, we assume that is given the Iengthof every

arc in A.
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The Shortest Path Problem

Given a network G = (N, A), the shortest path problem is to find the
shortest directed path from one specific node (the source) to another node
(the destination). Indeed, we assume that is given the length ¢ of every
arc in A.

Since to determine the shortest path for a pair of nodes, we need to find
the shortest path o possible every node to the destination, the shortest
path problem is usually defined as:

The shortest path problem is the problem of finding the shortest
path from every node in N to a specific node r € N. The
destination node r is called the root node.




The Shortest Path Problem

The cost ¢;; is equal to the length of the arc (/, ). Z
< —

CONSEQUENCE: Any Network Flow algorithm can solve the shortest
path groblem. ‘ =

REMARK: The shortest path probleermits to develop more
———

efficient algorithms.

& J




Labeling Algorithms

Let us denote the distance from node i to the root r by the /abel v;.




Labeling Algorithms

Let us denote the distance from node /i to the root r by th¢ @,‘h
There exists two main type of algorithms: \ ==

Label-Correcting: the labels represent approximate distance to the
root and they are iteratively improved until they reached the

optimal distances.

K Label-Setting: the labels are set in systematically order in such a
way that at they they all represent the shortest distance to the root.

J




Labeling-Correcting Algorithm

For a labeling correcting algorithm, we need a system of equations that
characterize the optimal solution.




Labeling-Correcting Algorithm

For a labeling correcting algorithm, we need a system of equations that
characterize the optimal solution.

First, clearly v, = 0.




Labeling-Correcting Algorithm

For a labeling correcting algorithm, we need a system of equations that
characterize the optimal solution.

First, clearly v, = 0.

From a node i, we should select an arc (i, /) that minimizes the distance
to r, that is e QM
[ 0Z—n0s,

(i,j) € A}, Vie N\ {r}. S o),

This is aJBellman’s equation|and the Iabels@ plays the role of value
functions. The argument used to derive this formula is called princigle of
dynamic programming.

—

A’

<

(O

|
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Labeling-Correcting Algorithm

For a labeling correcting algorithm, we need a system of equations that
characterize the optimal solution.

First, clearly v, = 0.

From a node /i, we should select an arc (i,;) that minimizes the distance
to r, that is

@: min{c; +v; | (i,j) € A}, Vie N\ {r}.

This is a Bellman's equation and the labels v; plays the role of value
functions. The argument used to derive this formula is called principle of
dynamic programming.

From Bellman's equation, we can identify the arcs on a shortest path to

the root:
(7= eAly=c+ v

QUESTION: Is this set a tree?
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Method of Successive Approximation
Initialize the labels: l/ @
0 i=r, (
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Method of Successive Approximation

Initialize the labels:
NON 0 i=r,
T i r.
Apply the Bellman’s equation at iteration k:

k+1):{0 i:ra

(
Vi min{c; + vj(k) | (i,j) € A} i #r.

I

—
Algorithm 2: Labeling}Correctiné Algorithm
Data: Network G = (N, A), cost vector c, root r

T -
Result: v; optimal labels (function value) O—— J
0 T /J\ a

; fREVIIS IR ¢ o \,&

3 foriEN{r}do@
m:—b \/[’(I'\\E,AV @

4 Vi <— 00,
v, = C('\ +V\]'




The Labeling-Correcting algorithm is guaranteed to stop in no more than
(m)iterations (once per node).




The Labeling-Correcting algorithm is guaranteed to stop in no more than
m iterations (once per node).

Note that v,-(k) it is the length of the shortest path from i to r that has k
or fewer arcs in the path.




The Labeling-Correcting algorithm is guaranteed to stop in no more than
m iterations (once per node).

Note that v,-(k) it is the length of the shortest path from /i to r that has k
or fewer arcs in the path.

Hence, the algorithm cannot take more than m iterations, since every
shortest path can visit every node at most once. Vi (™




The Labeling-Correcting algorithm is guaranteed to stop in no more than
m iterations (once per node).

Note that v,-(k) it is the length of the shortest path from /i to r that has k
or fewer arcs in the path.

Hence, the algorithm cannot take more tha since every
shortest path can visit every node at most once.

At each iteration we have to visit every arc, than the worst-case complexity
of the algorithm is O(mn).




Shortest Path
°

Algorithm 3: Modified Labeling-Correcting Algorithm
Data: Network G = (N, A), cost vector ¢, root r

Result: v; optimal labels (function value)

1 v, +0;

2 p 41

3 LIST :={r};
4

5

for ie N\ {r} do

1
6 whildo ~
7 = ,@M
; (1)) € Adoy=
9 if v > cj T vj then
10 Vi < cj + vj;
11 pj i
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Labeling-Setting Algorithm

-
An example of label-setting algorithm is th§ Dijkstra's algorithm.
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Labeling-Setting Algorithm

An example of label-setting algorithm is the Dijkstra's algorithm.

The algorithm use a data structur of finished nodes, which at the
begging is empty. Later, the algorithm add once at the time the node to
JF: it sets the correct label v; one at the time.
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Labeling-Setting Algorithm

An example of label-setting algorithm_is the Dijkstra's algorithm.

The algorithm use a data structu f finished nodes, which at the
begging is empty. Later, the algorithm add once at the time the node to
JF: it sets the correct label v; one at the time.

Algorithm 6: Labeling-Setting: Dijkstra's Algorithm \ \

Data: Network G = (N, A), cost vector ¢, root r  «
Re It:@optimal labels (function value)

2 v, < 0;

3 whlle’@;ﬁ@do
!J<—argm|n D
F <7
for (i, j eAand:%]-'do
if v; >7cjj + v; then
L)(v,w—c,-j—i-vj;
A P

IS

© o N o o«




Assignment

DNA Sequence Alignment

The DNA can be viewed as a string based on the alphabet ¥ =
{A,C,G, T}. Given two sequences of DNA denoted by B = b1by... b,
and D = did, ... dg, we are interested in measuring their similarity.
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DNA Sequence Alignment

The DNA can be viewed as a string based on the alphabet ¥ =
{A,C,G, T}. Given two sequences of DNA denoted by B = b1by... b,
and D = did, ... dg, we are interested in measuring their similarity.

A way to measure the (dis-)similarity is to determine the minimum cost
required to transform the sequence B into D.
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DNA Sequence Alignment

The DNA can be viewed as a string based on the alphabet ¥ =
{A,C,G, T}. Given two sequences of DNA denoted by B = b1by... b,
and D = did, ... dg, we are interested in measuring their similarity.

A way to measure the (dis-)similarity is to determine the minimum cost
required to transform the sequence B into D.

To transform B into D we can
Insert an element in B at a cost of « units.
HF Delete an element from B at a cost of § units.
Mutate an element b; into an element d; at a cost g(b;, d;).

There many ways to transform B into D and it is not trivial to identify
the minimum cost transformation. However, we can applied dynamic pro-
gramming and formulated this problem as a shortest path problem on an
appropriately defined network.
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Example of DNA Alignment

Consider B= AGTT and D = CTAGC. One possible way to transform B
into D is to delete one T from B, and adding two elements at the begging,
giving the sequence:

B=AGTT = B =@®AGT

We then align B’ with D and mutate the element T into C, so that the
two sequence become identical.

B = ®®AGT C(CTAGC
D= (CTAGC CTAGC

The overall cost is
B+2a+g(T,C)
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DNA Alignment: Dynamic Programming

Let f(/,j) denote the minimum cost of transforming the sub-sequence
biby ... bj into the sub-sequence did> ... d;.
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DNA Alignment: Dynamic Programming

Let f(/,j) denote the minimum cost of transforming the sub-sequence
biby ... bj into the sub-sequence did> ... d;.

The value f(p,q) is the minimum cost of transforming B into D, and
it is computed by first computing 7(i,j) for all i = 0,1,...,p and forall
ji=01,...,q.




DNA Alignment

DNA Alignment: Dynamic Programming

Let f(/,j) denote the minimum cost of transforming the sub-sequence
biby ... bj into the sub-sequence did> ... d;.
The value f(p,q) is the minimum cost of transforming B into D, and
it is computed by first computing 7(i,j) for all i = 0,1,...,p and forall
ji=01,...,q.
The intermediate f(/, /) are computed as:
o f(i,0)=pi foralli
e f(0,j)=aj forallj
o f(i,j)=
f(i—1,j—1)+g(bi,d;) case: b;,d; aligned
mins f(i,j—1)+a case: b; is not aligned with d;
f(i—1,j)+p case: B’ do not contain b;.

The shortest-path formulation is given in the next slide.




DNA Alignment: Shortest Path

@

o

Gv
a
G)'

o

insertion

\ 8 \
f(0,3) (1,3)
N\

Let f(i,j) denote the minimum cost of transforming the sub-sequence
biby ... bj into the sub-sequence did ... d;.
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References for Mathematical Modeling

@ Chap. 14.1 and 15 in Vanderbei, R.J., 2015. Linear programming.
Heidelberg: Springer.

@ Chap. 4, 5, 19.4 in Ahuja, R.K., Magnanti, T.L. and Orlin, J.B.,
1988. Network flows.
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