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Modeling for Decision-Making Processes

In Operations Research, the main focus is the study of MODELS and
ALGORITHMS, which can support a decision-making process.

A decision-making process is divided into

1 Detection of the decision-making problem.

2 Fact analysis and data collection.

3 Model building as an abstraction of the real problem.

4 Computation of one or more solutions.

5 Analysis of the results obtained and their interpretation in relation
to the real case.

Model Abstraction

The model is “just” an abstraction permitting to describe in mathematical
terms the outstanding features of the problem we want to study and solve.
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Types of Decision-Making Models

1 Mathematical Programming Models: The problem is described
via mathematical or logical relations between decision variables.
Solving the problem implies finding those values of the variables
that satisfy the constraints and maximize or minimize the objective
function.

2 Game Theory Models: The behavior of individuals is directly
introduced into the model through the concept of “player”, each of
whom is assigned a fixed role he has to play according to a certain
strategy.

3 Simulation Models: The investigated problem is very complex and
the data of the problem are very uncertain variable. The idea is to
reproduce in the most accurate possible way the behavior of the
system we want to examine, and then to perform scenario analyses.



Introduction Classical Examples LP Modeling

Types of Decision-Making Models

1 Mathematical Programming Models: The problem is described
via mathematical or logical relations between decision variables.
Solving the problem implies finding those values of the variables
that satisfy the constraints and maximize or minimize the objective
function.

2 Game Theory Models: The behavior of individuals is directly
introduced into the model through the concept of “player”, each of
whom is assigned a fixed role he has to play according to a certain
strategy.

3 Simulation Models: The investigated problem is very complex and
the data of the problem are very uncertain variable. The idea is to
reproduce in the most accurate possible way the behavior of the
system we want to examine, and then to perform scenario analyses.



Introduction Classical Examples LP Modeling

Types of Decision-Making Models

1 Mathematical Programming Models: The problem is described
via mathematical or logical relations between decision variables.
Solving the problem implies finding those values of the variables
that satisfy the constraints and maximize or minimize the objective
function.

2 Game Theory Models: The behavior of individuals is directly
introduced into the model through the concept of “player”, each of
whom is assigned a fixed role he has to play according to a certain
strategy.

3 Simulation Models: The investigated problem is very complex and
the data of the problem are very uncertain variable. The idea is to
reproduce in the most accurate possible way the behavior of the
system we want to examine, and then to perform scenario analyses.



Introduction Classical Examples LP Modeling

The Key Components of a Model

1 Decision Variables: We need to determine the main decisions
pertaining to the examined problem.

2 Objective Function: The goal of the decision-making process must
be elicited and formalized into an objective function expressed as a
(linear) combination of the decision variables.

3 Constraints Definition: We have to express the “rules” defining
the decision-making problem, that are the constraints the
characterize feasible solutions.

Model Validation: When we interpret the results of models, we must
never forget that they are an abstraction of reality. It is strictly necessary
to consider with the utmost attention the soundness of the model: it will
have to represent with good accuracy the relevant features of the decision-
making problem.
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Optimization Problems

Given f , g : Rn × Zp → R, we are interested in solving the following
Non-convex Global Optimization problem:

min f (x, y) (1)
s.t. gi(x, y) ≤ 0 i = 1, . . . ,m. (2)

x ∈ Rn, y ∈ Zp. (3)

If m = 0 and p = 0 → Unconstrained Optimization

If p = 0 and gi are convex functions → Convex Optimization

If p = 0 and f , gi are linear functions → Linear Programming

If f , gi are linear functions → Integer Linear Programming

If n = 0, y ∈ {0, 1}p → Combinatorial Optimization
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Optimization Solvers

Non-convex Constrained Optimization: Baron, Couenne

Unconstrained Optimization: IPOPT, L-BFGS

Convex Optimization: Bonmin, CVX, Mosek

(Integer) Linear Programming
Commercial: CPLEX, GUROBI, FICO (Quadratic Pr.)
Open: GLPK, CBC, MIPCL

Combinatorial Optimization: Ad-hoc algorithms

Modeling Languages

Modeling languages permit to write easily optimization problems:

PYOMO, AMPL, GAMS, ...
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Diet Problem: Stigler, 1945, Journal of Farm Economics

Life: 1911 - 1981

1982: Nobel Memorial Price in Economic Sciences
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Model 1: Diet Problem

“The minimum cost of an adequate diet is obviously governed by the
nutritive values and costs of the foods eligible for inclusion.”

Daily allowances of nutrients for a moderately active man (weighing 154
pounds or 69.85 Kg). Source: National Research Council, Recommended
Dietary Allowances, Reprint and Circular Series No. 115, January, 1943.

Nutrient Allowance
Calories 3 000 calories
Protein 70 grams
Calcium 0.8 grams
Iron 12 milligrams
Vitamin A 5 000 International Units
Thiamine (B1) 1.8 milligrams
Riboflavin (B2 or G) 2.7 milligrams
Niacin (Nicotinic Acid) 18 milligrams
Ascorbic Acid (C) 75 milligrams
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Model 1: Diet Problem as Linear Programming

I = {1, . . . , n} is the index set of foods

J = {1, . . . ,m} is the index set of nutrients

A ∈ Rm×n is the food-to-nutrients matrix, where aij gives the
amount of the j-th nutrient contained in the i-th food:

A =

 a11 . . . a1n
...

...
am1 . . . amn


︸ ︷︷ ︸

foods

nutrients

b ∈ Rm is the vector of minimal allowance for each nutrient

c ∈ Rn is the vector of unitary costs for each food (as given in
Table A, previous slide)
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Model 1: Solving the Diet Problem with Linear Programming

min cᵀx
s.t. Ax ≥ b

x ≥ 0

QUESTION: Do you think this model is valid? Any pitfall?

At this point Anne got tired of
the whole game. Speaking firmly
so that I would know who was
boss, she said,
“I have been studying the various
menus the computer has been
generating. There are some good
ideas there that I can use. I’ll
put you on MY diet.”
She did and I lost 22 pounds.
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Model 1: Solving the Diet Problem with Linear Programming

min cᵀx
s.t. b ≤ Ax ≤ d

0 ≤ x ≤ u
where

d ∈ Rm is a vector of maximum allowance for each nutrient

u ∈ Rn is a vector of maximum quantity for each food

Online demo at:
https://neos-guide.org/content/diet-problem-solver

[1] G.B. Dantzig. The Diet Problem. Interface, vol. 20(4), pp. 43–47, 1990.
[2] G.J. Stigler. The Cost of Subsistence. Journal of Farm Econmics, vol.
27(2), pp. 303–314, 1945.

https://neos-guide.org/content/diet-problem-solver
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Tolstoj’s Transportation Problem
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Tolstoj’s Transportation Problem

Data:

I = {1, . . . , n} set of sources

J = {1, . . . ,m} set of destinations

C ∈ Rm×n with cij distance in km
from source i to destination j

d ∈ Rm demands in tons

s ∈ Rn supplies in tons

Decision Variables:
xij ≥ 0 quantity of material from i to j

Objective Function:
min

∑
ij∈I×J cijxij

Constraints:∑
j∈J xij = di , ∀i ∈ I∑
i∈I xij = sj , ∀j ∈ J



Introduction Classical Examples LP Modeling

Tolstoj’s Transportation Problem

Data:

I = {1, . . . , n} set of sources

J = {1, . . . ,m} set of destinations

C ∈ Rm×n with cij distance in km
from source i to destination j

d ∈ Rm demands in tons

s ∈ Rn supplies in tons

Decision Variables:
xij ≥ 0 quantity of material from i to j

Objective Function:
min

∑
ij∈I×J cijxij

Constraints:∑
j∈J xij = di , ∀i ∈ I∑
i∈I xij = sj , ∀j ∈ J



Introduction Classical Examples LP Modeling

Tolstoj’s Transportation Problem

Data:

I = {1, . . . , n} set of sources

J = {1, . . . ,m} set of destinations

C ∈ Rm×n with cij distance in km
from source i to destination j

d ∈ Rm demands in tons

s ∈ Rn supplies in tons

Decision Variables:
xij ≥ 0 quantity of material from i to j

Objective Function:
min

∑
ij∈I×J cijxij

Constraints:∑
j∈J xij = di , ∀i ∈ I∑
i∈I xij = sj , ∀j ∈ J



Introduction Classical Examples LP Modeling

Tolstoj’s Transportation Problem

Data:

I = {1, . . . , n} set of sources

J = {1, . . . ,m} set of destinations

C ∈ Rm×n with cij distance in km
from source i to destination j

d ∈ Rm demands in tons

s ∈ Rn supplies in tons

Decision Variables:
xij ≥ 0 quantity of material from i to j

Objective Function:
min

∑
ij∈I×J cijxij

Constraints:∑
j∈J xij = di , ∀i ∈ I∑
i∈I xij = sj , ∀j ∈ J



Introduction Classical Examples LP Modeling

Tolstoj’s Transportation Problem

Data:

I = {1, . . . , n} set of sources

J = {1, . . . ,m} set of destinations

C ∈ Rm×n with cij distance in km
from source i to destination j

d ∈ Rm demands in tons

s ∈ Rn supplies in tons

Decision Variables:
xij ≥ 0 quantity of material from i to j

Objective Function:
min

∑
ij∈I×J cijxij

Constraints:∑
j∈J xij = di , ∀i ∈ I∑
i∈I xij = sj , ∀j ∈ J



Introduction Classical Examples LP Modeling

Tolstoj’s Transportation Problem

Data:

I = {1, . . . , n} set of sources

J = {1, . . . ,m} set of destinations

C ∈ Rm×n with cij distance in km
from source i to destination j

d ∈ Rm demands in tons

s ∈ Rn supplies in tons

Decision Variables:
xij ≥ 0 quantity of material from i to j

Objective Function:
min

∑
ij∈I×J cijxij

Constraints:∑
j∈J xij = di , ∀i ∈ I∑
i∈I xij = sj , ∀j ∈ J



Introduction Classical Examples LP Modeling

Tolstoj’s Transportation Problem

Data:

I = {1, . . . , n} set of sources

J = {1, . . . ,m} set of destinations

C ∈ Rm×n with cij distance in km
from source i to destination j

d ∈ Rm demands in tons

s ∈ Rn supplies in tons

Decision Variables:
xij ≥ 0 quantity of material from i to j

Objective Function:
min

∑
ij∈I×J cijxij

Constraints:∑
j∈J xij = di , ∀i ∈ I∑
i∈I xij = sj , ∀j ∈ J



Introduction Classical Examples LP Modeling

Tolstoj’s Transportation Problem

Data:

I = {1, . . . , n} set of sources

J = {1, . . . ,m} set of destinations

C ∈ Rm×n with cij distance in km
from source i to destination j

d ∈ Rm demands in tons

s ∈ Rn supplies in tons

Decision Variables:
xij ≥ 0 quantity of material from i to j

Objective Function:
min

∑
ij∈I×J cijxij

Constraints:∑
j∈J xij = di , ∀i ∈ I∑
i∈I xij = sj , ∀j ∈ J



Introduction Classical Examples LP Modeling

Tolstoj’s Transportation Problem

Data:

I = {1, . . . , n} set of sources

J = {1, . . . ,m} set of destinations

C ∈ Rm×n with cij distance in km
from source i to destination j

d ∈ Rm demands in tons

s ∈ Rn supplies in tons

Decision Variables:
xij ≥ 0 quantity of material from i to j

Objective Function:
min

∑
ij∈I×J cijxij

Constraints:∑
j∈J xij = di , ∀i ∈ I∑
i∈I xij = sj , ∀j ∈ J



Introduction Classical Examples LP Modeling

Model 3: Multiperiod Planning of Electric Power Capacity

Problem Description:
A state wants to plan its electricity capacity for the next T years. The
state has a forecast of dt megawatts, presumed accurate, of the demand
for electricity during year t = 1, . . . ,T . The existing capacity, which is in
oil-fired plants, that will not be retired and will be available during year
t, is et . There are two alternatives for expanding electric capacity: coal
fired or nuclear power plants. There is a capital cost of ct per megawatt
of coal-fired capacity that becomes operational at the beginning of year t.
The corresponding capital cost for nuclear power plants is nt . For various
political and safety reasons, it has been decided that no more than 20%
of the total capacity should ever be nuclear. Coal plants last for 20 years,
while nuclear plants last for 15 years.
A least cost capacity expansion plan is desired.
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Data

T number of years on the planning horizon
dt forecast of demand capacity at begging of period t
et current available capacity at begging of period t
ct expansion of coal capacity at begging of period t
nt expansion of nuclear capacity at begging of period t
r max ratio (percentage) of nuclear capacity over total capacity

Tc ,Tn duration in years of coal and nuclear plants

Decision Variables: Expansion Production Plan

xt amount of coal capacity started at begging of period t
yt amount of nuclear capacity started at begging of period t

Objective Function: Minimize cost of the expansion plan

min
T∑
t=1

(ctxt + ntyt)
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Constraints

Total capacity of each year, given the expansion plan:

wt =
t∑

s=max{1,t−Tc}

xs , t = 1, . . . ,T (4)

zt =
t∑

s=max{1,t−Tn}

ys , t = 1, . . . ,T (5)

Demand forecast in megawatts:

wt + zt + et ≥ dt , t = 1, . . . ,T (6)

Max yearly percentage of nuclear capacity:

zt
wt + zt + et

≤ r = 0.2 ⇒ 0.8zt − 0.2wt ≤ 0.2et , t = 1, . . . ,T
(7)
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(7)
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Model 3: Full Linear Programming Model (Multiperiod Planning)

min
T∑
t=1

(ctxt + ntyt) (8)

s.t. wt =
t∑

s=max{1,t−Tc}

xs , t = 1, . . . ,T (9)

zt =
t∑

s=max{1,t−Tn}

ys , t = 1, . . . ,T (10)

wt + zt + et ≥ dt , t = 1, . . . ,T (11)
0.8zt − 0.2wt ≤ 0.2et , t = 1, . . . ,T (12)
xt , yt ≥ 0, t = 1, . . . ,T . (13)
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Model 4: A Scheduling Problem

Problem Description:
A hospital wants to make a weekly night shift (12pm-8am) schedule for
its nurses. The demand for nurses for the night shift on day j is an integer
dj , j = 1, . . . , 7. Every nurse works 5 days in a row on the night shift.
The problem is to find the minimal number of nurses the hospital needs
to hire.

QUESTION: What do you think is a good choice as
decision variables for this problem?
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Data

7 days of scheduling
5 consecutive days of work for each nurse
dj demand of nurses for j-th day

Decision Variables: Nurses starting at day j

xj , j = 1, . . . , 7: number of nurses that start their duty at the j-th day.
If a nurse starts working at day 5, then she works
on days (5, 6, 7, 1, 2).

Objective Function: Minimize the number of nurses

min
7∑

j=1
xj
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Constraints

The constraints are better explained in expanded form:

x1 + x4 + x5 + x6 + x7 ≥ d1 (14)
x1 + x2 + x5 + x6 + x7 ≥ d2 (15)
x1 + x2 + x3 + x6 + x7 ≥ d3 (16)
x1 + x2 + x3 + x4 + x7 ≥ d4 (17)
x1 + x2 + x3 + x4 + x5 ≥ d5 (18)

+x2 + x3 + x4 + x5 + x6 ≥ d6 (19)
+x3 + x4 + x5 + x6 + x7 ≥ d7 (20)

In this formulation, every column represents the consecutive working days
of the nurses.
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Model 4: Staff Scheduling

min x1 + x2 + x3 + x4 + x5 + x6 + x7 (21)
s.t. x1 + x4 + x5 + x6 + x7 ≥ d1 (22)

x1 + x2 + x5 + x6 + x7 ≥ d2 (23)
x1 + x2 + x3 + x6 + x7 ≥ d3 (24)
x1 + x2 + x3 + x4 + x7 ≥ d4 (25)
x1 + x2 + x3 + x4 + x5 ≥ d5 (26)

+ x2 + x3 + x4 + x5 + x6 ≥ d6 (27)
+ x3 + x4 + x5 + x6 + x7 ≥ d7 (28)

xj ≥ 0,

xj ∈ Z

(29)

QUESTION: Are we missing anything?
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Objective Function

Definition 1

A function f : Rn → R is called convex if for every x, y ∈ Rn, and
every λ ∈ [0, 1], we have

f (λx + (1− λ)y) ≤ λf (x) + (1− λ)f (y).

A function f : Rn → R is called concave if for every x, y ∈ Rn, and
every λ ∈ [0, 1], we have

f (λx + (1− λ)y) ≥ λf (x) + (1− λ)f (y).

A function f of the form

f (x) = a0 +
n∑

i=1
aixi

with ai ∈ R, is an affine function, and is both convex and concave.
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Piecewise Linear Convex Functions
Let c1, . . . , cm ∈ Rn, d1, . . . , dm ∈ R, and f : Rn → R defined by

f (x) = max
i=1,...,m

(cᵀ
i x + di )

This function is convex, as a consequence of the following theorem.

Theorem 2
Let f1, . . . , fm : Rn → R be convex functions. Then, the function f defined by
f (x) = maxi=1,...,m fi (x) is also convex.

Proof.

Let x, y ∈ Rn and let λ ∈ [0, 1]. We have

f (λx + (1− λ)y) = max
i=1,...,m

fi (λx + (1− λ)y) (30)

≤ max
i=1,...,m

(λfi (x) + (1− λ)fi (y)) (31)

≤ max
i=1,...,m

λfi (x) + max
i=1,...,m

(1− λ)fi (y) (32)

= λf(x) + (1− λ)f(y) (33)
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Piecewise Linear Convex Problem

A function of the form

f (x) = max
i=1,...,m

(cᵀ
i x + di)

is called a piecewise linear convex function.

We can hence consider the following generalization of LP:

min max (cᵀ
i x + di)

s.t. Ax ≥ b

which can be rewritten as

min z
s.t. z ≥ cᵀ

i x + di , i = 1, . . . ,m
Ax ≥ b
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Problems with Absolute Values 1/2

Consider a problem of the form

min
n∑

i=1
ci | xi |

s.t. Ax ≥ b

where the cost coefficients are assumed to be non negative.

Approach 1: Since that | x |= max{x ,−x}, we can rewrite

min
n∑

i=1
cizi

s.t. Ax ≥ b
+ xi ≤ zi i = 1, . . . , n
− xi ≤ zi i = 1, . . . , n
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Problems with Absolute Values 2/2

Consider a problem of the form

min
n∑

i=1
ci | xi |

s.t. Ax ≥ b

where the cost coefficients are assumed to be non negative.

Approach 2: we introduce new variables x+
i , x

−
i ≥ 0, and we set

xi = x+
i − x−i . Then, we replace every occurrence of | xi | with x+

i + x−i .

min
n∑

i=1
ci(x+

i + x−i )

s.t. Ax ≥ b
x+
i , x

−
i ≥ 0
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Model 5: Data Fitting

Given m data points (ai , bi) with i = 1, . . . ,m, where ai ∈ Rn and bi ∈ R,
we want to find a model that predicts b given the vector a

b = fx(a) (34)

where x is a parameter vector.

The prediction error or residual at the i-th data point is

| bi − fx(a) | (35)

Given a choice between different models fx(a), we should choose a model
that “explains” the available data as best as possible, that is, that mini-
mizes the residuals.
A Linear Model is of the form

b = fx(a) = aᵀx (36)
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Model 5: Data Fitting ⇒ HOMEWORK

Given a Linear Model of the form

b = fx(a) = aᵀx (37)

We have two options to minimize the residuals:

1 To minimize the largest residual:

max
i=1,...,m

| bi − aᵀx | (38)

2 To minimize the average residual:∑
i=1,...,m

| bi − aᵀx | (39)

HOMEWORK: Can you formulate the Data Fitting problem that
minimizes these two functions using Linear Programming?
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