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Overview Network Flow Problems: (1) Shortest Path, (2)
Maximum Flow, and (3) Minimum Cost Flow.
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Network Flows

Network Flow Problems

Given c € R", b € R™, A € R™" and x € R", we consider the LP

problem:
min cTx (1)
st. Ax=0b (2)
x>0, (3)

Depending on the structure of the coefficient matrix A, the r.h.s. vector
b, and the cost vector ¢, we can have different type of LP problems, which
can be solved by different types of algorithms.

Many LP problems can be viewed as a problem of minimizing the cost of
moving quantity of materials along a network, as street, train, electrical,
and communication networks.

Also other applications can be modeled as network flow problems: facility
locations, resource management, and financial planning.




)

A network is defined by
@ A set of nodes N

@ A set of arcs A which is a subset of all possible ordered pairs (i, )
with i,j € N, where / is the tail and j is the head:

AC{(i,j) | i,j€N,i#j}
The pair G = (N, A) is called a network (or sometime digraph or graph).
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Network Subnetwork

Given a network G = (N, A), a network H = (N’, A’) is a subnet-
work of G if N/ C N and A’ C A.
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Connected Disconnected

Connected Network

Given a network G = (N, A), an ordered list of nodes (ny,na, ..., ng),
with n; € N, is called a path if each adjacent pair of nodes in the list
is connected by an arc (i,j) € A. Here, we can have (n;, ni1) € A
or (niy1,n;) € A (we do not consider arc orientations), but a pair of
consecutive nodes {n;, n;11} can appear only once in the path.
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Connected Disconnected

Connected Network

Given a network G = (N, A), an ordered list of nodes (ny,na, ..., ng),
with n; € N, is called a path if each adjacent pair of nodes in the list
is connected by an arc (i,j) € A. Here, we can have (n;, ni1) € A
or (niy1,n;) € A (we do not consider arc orientations), but a pair of
consecutive nodes {n;, n;11} can appear only once in the path.

A network is called connected if there is a path connecting every pair of
nodes.

REMARK: In this course, we work with connected networks.
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Cyclic Acyclic

Cyclic and Acyclic Network

A cycle is a path in which the last node coincides with the first.
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Cyclic Acyclic

Cyclic and Acyclic Network

A cycle is a path in which the last node coincides with the first.

A network is said acyclic if does not contain any cycles.
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Tree = Connected + Acyclic Not Trees

Directed Trees

A network is a tree if it is connected and acyclic.
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Spanning Tree — A tree touching every node

(No need to recolor the nodes.)

Spanning Tree

Given G = (N, A), a subnetwork H = (N’, A") is called a spanning
tree if it is a tree and N = N'.
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Network Flow Problem

For each node i € N, let b; denote the amount of material being supplied
at node /i, with the convention that negative values are demands. A
Network Flow Problem asks to move materials from supply toward demand
nodes. We make the assumption

> bi=0.
ieN

For each arc (i,j) € A, we have a cost ¢; for shipping a unit of material
from i to j.
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Solve by pencil-and-paper
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Decision Variables

For each (i,j) € A, we have a non-negative variable x; > 0 that is the
amount of material moving from i to j along arc (i, ).
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Decision Variables

For each (i,j) € A, we have a non-negative variable x; > 0 that is the
amount of material moving from i to j along arc (i, ).

Objective Function

We want to minimize the total cost of moving material

min E CijXij

(ij)EA
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Decision Variables

For each (i,j) € A, we have a non-negative variable x; > 0 that is the
amount of material moving from i to j along arc (i, ).

Objective Function

7
\

We want to minimize the total cost of moving material

min E CijXij

(ij)EA

Constraints

We must guarantee that total flow entering an arc is equal to the total
flow leaving the node, i.e., we have flow balance constraints for each node

ZXj,‘*ZX,’jsz;, VIEN

U,ieA (ij)eA
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Network Flow Problems

The matrix A in this case is called the node-arc incidence matrix.




The Transportation Problem

When we transport goods along a network to model shipment, we have
a Transshipment Problem. A special case is when the nodes in N are
partitioned into two sets S and D such that

N=SuUD, SND =,
that is, every arc in A has its tail in S and head in D, and we have:

bi
bi

0, Vies,

>
< 0, VieD.




The Transportation Problem

When we transport goods along a network to model shipment, we have
a Transshipment Problem. A special case is when the nodes in N are
partitioned into two sets S and D such that

N=SUD,

bi
bi

0,

>
< 0

network is called a Bipartite Graph.

SNnD =0,

that is, every arc in A has its tail in S and head in D, and we have:

ViesS,
Vi e D.

The nodes in S are the supply nodes, those in D the demands nodes. The




The Transportation Problem

When we transport goods along a network to model shipment, we have
a Transshipment Problem. A special case is when the nodes in N are
partitioned into two sets S and D such that

N=SuUD, SND =,
that is, every arc in A has its tail in S and head in D, and we have:

0, Vies,
0, VieD.
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bi
bi
The nodes in S are the supply nodes, those in D the demands nodes. The

network is called a Bipartite Graph.

A Network Flow Problem defined on a bipartite graph is called a Trans-
portation Problem.




The Hitchcock Transportation Problem

If every supply node is connected to every demand node, the problem is
called a Hitchcock Transportation Problem.
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The Hitchcock Transportation Problem

If every supply node is connected to every demand node, the problem is
called a Hitchcock Transportation Problem.

If denote by r; the supply node, and by s; the demand nodes, we can write
the problem as

u(X) viy) min Z Z CjjXij (4)
\ i€S jeD
2
s.t. ZXU = Til Vies (5)
jeD
> % =5, VjeD (6)
i€eS

In this formulation, we still have the requirement on the input data:

Diesti = ZjeDsj-




The Hitchcock Transportation Problem

If every supply node is connected to every demand node, the problem is
called a Hitchcock Transportation Problem.
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The Hitchcock nsportation Problem

If every supply node is connected to every demand node, the problem is
called a Hitchcock Transportation Problem.

If denote by r; the supply node, and by s; the demand nodes, we can write
the problem as

min Z Z Cij Xij (8)
i€S jeD

s.t. ZXU < ri, Vies (9)
jeD
> x>, VjeD (10)
ieS
xjj > 0. (11)

In this formulation, we can relax the requirement to >, s 1 > > . p S)-




Transportation

Tolstoj's Transportation Problem

1 Data:
: S @ /={1,...,n} set of sources
@ J={1,..., m} set of destinations

@ C € R™*" with ¢; distance in km
from source i to destination j

@ d € R™ demands in tons

@ s € R" supplies in tons

Decision Variables:

xjj > 0 quantity of material from i to j
Objective Function:
min Zijelx_/ Cij Xjj

Constraints:

D ey Xi=di Vi€l
ZIEIXU :Sj,vje J
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Can we reconstruct the initial condition of the Universe?
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Question: “Can one follow back in time to initial locations the
highly structured present distribution of mass in the Universe,
as mapped by redshift catalogues of galaxies?”
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Can we reconstruct the initial condition of the Universe?

12345
Distance
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Can we reconstruct the initial condition of the Universe?

12345
Distance

Considering that the initial mass distribution was quasi-uniform, about 14
billion years ago, the initial density field makes reconstruction a well-posed
instance of what is called the Optimal Mass Transportation Problem.

Frisch, U., Matarrese, S., Mohayaee, R. and Sobolevski, A., 2002. A reconstruc-
tion of the initial conditions of the universe by optimal mass transportation. Nature,
417(6886), pp. 260-262.
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Can we reconstruct the initial condition of the Universe?

Bruno Levy @BrunolevyO1 - 9h v
Replying to @Patapom?2

What it is doing is *inverting* the evolution, from current state to initial
condition. To test the method, I'm using simulations made by astrophys
friends, for which both are known.

The inverted eqn corresponds to OT:

arxiv.org/abs/astro-ph/0...

Here we use more efficient numerics.

Q n [

Bruno Levy @BrunolevyO1 - 18h v
Stuck at home, but tonight I'm flying far far away !

Early universe reconstruction with optimal transport,

16M points in Th15min, using a V100 for linear algebra, and 86M points in
7h20min (my V100 only has 16 Gb, did not fit in there, | should buy a bigger
one).

>
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The Assignment Problem

Given a set S of m people, a set D of m tasks, and for each i € S,j € D
a cost cjj associated with assigning person / to task j, the assighment
problem is to assign each person to one and only one task, so that all
tasks are covered and the overall cost of the assignment in minimized.
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Solve by pencil-and-paper




Decision Variables

We introduce 0-1 variables for pair (i,j) € S x D:

1 if person i is assigned to task j.
X,'j = .
0 otherwise

Objective Function

J

min E E Cij Xij -

ieS jeD

Constraints

The constraint that each person is assigned to one task

D xj=1, Vies.

Jj€D

The constraint that each task is covered by one person

E:W:L VjeD

ies
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Totally Unimodular Matrices

Notes on iPad.
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QUESTION: Which is the relation between the Hitchcock
Transportation problem and the Assignment Problem?

Except for the integrality constraint, the assignment problem is a
special case of the transportation problem.

The Hitchcock transportation problem is the LP relaxation of the
assignment problem:

@ Any feasible solution of the assignment problem is a feasible
solution of the transportation.

@ Any integral feasible solution to the LP relaxation is a feasible
solution to the assignment problem.

@ If we use the simplex algorithm to solve the LP relaxation, we
get an integral solution (but not if we use an interior point
algorithm)

@ Remember: z,p < zp
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The Shortest Path Problem

Given a network G = (N, A), the shortest path problem is to find the
shortest directed path from one specific node (the source) to another node
(the destination). Indeed, we assume that is given the length ¢; of every
arc in A.

We denote by n = |N| and m = |A|.




The Shortest Path Problem

Given a network G = (N, A), the shortest path problem is to find the
shortest directed path from one specific node (the source) to another node
(the destination). Indeed, we assume that is given the length ¢; of every
arc in A.

We denote by n = |[N| and m = |A|.

Since to determine the shortest path for a pair of nodes, we need to find
the shortest path of every possible node to the destination, the shortest
path problem is usually defined as:

The shortest path problem is the problem of finding the shortest
path from every node in N to a specific node r € N. The
destination node r is called the root node.
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Solve by pencil-and-paper



The Shortest Path Problem

Set a unit of supply to every node i € N except the root node r, which
has a demand equal to n — 1:

by — el if i #r,
" —n+1 ifi=r.

The cost ¢;; is equal to the length of the arc (/, ).




Shortest Path

Shortest path as a Network Flow Problems

Given c € R™, b € R", A€ R"™™ and x € R™, we consider the LP problem:

min  ¢Tx (12)
st. Ax=b (13)
x>0, (14)

Depending on the structure of the coefficient matrix A, the r.h.s. vector b, and the cost
vector ¢, we can have different type of LP problems, which can be solved by different
types of algorithms.

CONSEQUENCE: Any Network Flow algorithm can solve the shortest path problem.

REMARK: The shortest path problem structure permits to develop more efficient algo-
rithms.

WARNING: Pay attention to the meaning of m and n: herein, given the graph
G = (N, A), m=|A]| is the number of arcs and n = |N| the number of nodes
(inverted with number of rows m and of columns n in the simplex slides)




Labeling Algorithms

Let us denote the distance from node i to the root r by the /abel v;.




Labeling Algorithms

Let us denote the distance from node i to the root r by the /abel v;.
There exists two main type of algorithms:

Label-Correcting: the labels represent approximate distance to the
root and they are iteratively improved until they reach the optimal
distances.

K Label-Setting: the labels are set in systematically order in such a
way that at they they all represent the shortest distance to the root.




Labeling-Correcting Algorithm

For a labeling correcting algorithm, we need a system of equations that
characterize the optimal solution.




Labeling-Correcting Algorithm

For a labeling correcting algorithm, we need a system of equations that
characterize the optimal solution.

First, clearly v, = 0.




Labeling-Correcting Algorithm

For a labeling correcting algorithm, we need a system of equations that
characterize the optimal solution.

First, clearly v, = 0.

From a node /i, we should select an arc (7,;) that minimizes the distance
to r, that is

vi=min{c; +v; | (i,j) € A}, Vie N\{r}.

This is a Bellman's equation and the labels v; plays the role of value
functions. The argument used to derive this formula is called principle of
Dynamic Programming.




Labeling-Correcting Algorithm

For a labeling correcting algorithm, we need a system of equations that
characterize the optimal solution.

First, clearly v, = 0.

From a node /i, we should select an arc (7,;) that minimizes the distance
to r, that is

vi=min{c; +v; | (i,j) € A}, Vie N\{r}.

This is a Bellman's equation and the labels v; plays the role of value
functions. The argument used to derive this formula is called principle of
Dynamic Programming.

From Bellman's equation, we can identify the arcs on a shortest path to
the root:
T=A{0,j) € Al vi=cj+ v}

QUESTION: Is this set a tree?




Method of Successive Approximation

Initialize the labels:
NON 0 i=r,
T i #r.
Apply the Bellman’s equation at iteration k:

k+1):{0 i=r,

(
Vi min{c; + vj(k) | (i,j) € A} i #r.

I
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Method of Successive Approximation

Initialize the labels:
NON 0 i=r,
T i #r.
Apply the Bellman’s equation at iteration k:

k+1):{0 i:rv

(
Vi min{c; + vj(k) | (i,j) € A} i #r.

I

Algorithm 2: Labeling-Correcting Algorithm

Data: Network G = (N, A), cost vector ¢, root r
Result: v; optimal labels (function value)
v, < 0;
pr < r;
foric N\ {r} do
L Vi +— 00;

AW N =

2]

while 3(i,j) € A| vi > ¢jj + v; do
Vi < Cjj + v,
pj <1

o




The Labeling-Correcting algorithm is guaranteed to stop in no more than
n iterations (once per node).




The Labeling-Correcting algorithm is guaranteed to stop in no more than
n iterations (once per node).

Note that v,-(k) it is the length of the shortest path from /i to r that has k
or fewer arcs in the path.




The Labeling-Correcting algorithm is guaranteed to stop in no more than
n iterations (once per node).

Note that v,-(k) it is the length of the shortest path from /i to r that has k
or fewer arcs in the path.

Hence, the algorithm cannot take more than n iterations, since every short-
est path can visit every node at most once.




The Labeling-Correcting algorithm is guaranteed to stop in no more than
n iterations (once per node).

Note that v,-(k) it is the length of the shortest path from /i to r that has k
or fewer arcs in the path.

Hence, the algorithm cannot take more than n iterations, since every short-
est path can visit every node at most once.

At each iteration we have to visit every arc (they are m), than the worst-
case complexity of the algorithm is O(mn).
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Algorithm 3: Modified Labeling-Correcting Algorithm
Data: Network G = (N, A), cost vector ¢, root r

Result: v; optimal labels (function value)

v, + 0;
pr < r,
LIST :={r} (list of nodes with possible distance violations...),
for ie N\ {r} do

L Vi < 0Q;
while LIST # () do
remove an element / from LIST;
for (i,j) € Ado

if v > Cjj + vj then

10 Vi < Cij T Vvj;
11 pj < 1
12 if i ¢ LIST then add i to LIST;

B W =

© 0 N ©
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References for Mathematical Modeling

@ Chap. 14.1 and 15 in Vanderbei, R.J., 2015. Linear programming.
Heidelberg: Springer.

@ Chap. 4, 5, 19.4 in Ahuja, R.K., Magnanti, T.L. and Orlin, J.B.,
1988. Network flows.
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