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Combinatorial and algebro-geometric cohomology classes
on the moduli spaces of curves
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Introduction

Given a compact Riemann surface C, n points on it, and n positive real numbers
(n > max(0,2 — 2g)), Strebel’s theory of quadratic differentials [15] provides a canonical
way of dissecting C' into n poligons and assigning lengths to their sides. As Mumford first
noticed, this can be used to give a combinatorial description of the moduli space M, ,, of
n-pointed smooth curves of given genus g. If one looks at moduli spaces from this point
of view, one can construct combinatorial cycles in them (cf. [7], for instance). It is then
natural to ask how these may be related to the algebraic geometry of moduli space. It
was first conjectured by Witten that the combinatorial cycles can be expressed in terms
of Mumford-Morita-Miller classes. The first result in this direction is due to Penner [13];
we will comment on his work at the end of section 2. As we shall briefly explain now, and
more extensively in section 3, our approach to the question has its origin in the papers [16],
[17] and [7] by Witten and Kontsevich. The combinatorial cycles we are talking about will
be denoted by the symbols W, ., where m, = (mg, mi,mq,...) is an infinite sequence of
non-negative integers, almost all zero, and n a positive integer. On the moduli space M, ,,
live particular cohomology classes of degree two, denoted v;, i = 1,...,n; by definition,
1; is the Chern class of the line bundle whose fiber at the point [C;x1,...,z,] € M, is
the cotangent space to C' at ;. For the intersection numbers of the 1; along the W,  ,

one uses the notation
n
d;
(Tar o0 Y, = / TTv.
w,

M, =1

These numbers are best organized as coefficients of an infinite series

F(to,t1, ..., 50,81,---) = > (Tay -+ Ta, )m.tay - -ta, [ [ 57"

Kontsevich proves that exp F' is an asymptotic expansion, as A~! goes to zero, of the
integral

fHN exp (—\/—1 Z;io (—%)j s; %) exp (—3 tr(X2A)) dX
fHN exp (—3 tr(X2A)) dX 7

where H  is the space of N x N hermitian matrices, dX is a U(IV)-invariant measure, and
A is a positive definite diagonal N x N matrix, linked to the ¢ variables by the substitution
t; = —(2i — )M tr(A=271). Using this result, Di Francesco, Itzykson and Zuber [3] showed
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that the derivatives of exp F' with respect to the s variables, evaluated at s; =1, s;, =0
for ¢ # 1, can be expressed as linear combinations of derivatives with respect to the t
variables, evaluated at the same point. This had been previously conjectured, and proved
in a few special cases, by Witten [17]. Our idea is that it is precisely this result which, when
interpreted geometrically, should provide the sought-for link between combinatorial and
algebro-geometric classes. In fact, this should be the case even on the Deligne-Mumford
compactification ./\_/lgyn. Why we believe this is explained in detail in section 3. We can
show two things. First of all that our idea works in complex codimension 1 (and we are
pretty sure it also works in codimension two). This is the content of section 4. Secondly
that in all the cases when we have been able to make the Di Francesco, Itzykson and Zuber
correpondence explicit (the first 11 cases, according to weight, as defined in section 3), this
correspondence translates into identities of the type

| e /H X [T 0%

My, M

where the X, , are explicit polynomials in the algebro-geometric classes, for any choice
of di,...,d,. In other words, as linear functionals on a large subspace of the cohomology
group of complementary degree, the classes X,,, , behave as duals of the cycles W, ».
The codimension one case is settled precisely by showing that this subspace is as large as
it can possibly be, as soon as n > 1.

We are grateful to Edward Witten for useful conversations, and to Enrico Bombieri
and Giulia Galbiati for help with the computational aspects of the present work. Finally
we would like to thank the Institute for Advanced Study, and in particular Enrico Bombieri
and Phil Griffiths, for a very warm hospitality.

1. Mumford classes

As is customary, we denote by /Vg’n the moduli space of stable n-pointed genus g
algebraic curves and by M, ,, the moduli space of smooth ones. We shall consistently view
these moduli spaces as orbifolds; likewise, morphisms between moduli spaces will always
be morphism of orbifolds. We denote by ¥ the subspace of M, ,, consisting of all stable
curves with exactly k singular points and their specializations; the codimension of ¥, is k.
This gives a stratification of /Vg,n whose codimension one stratum 3; is nothing but the
boundary oM, ,, = ﬂg,n \ My . To describe the components of the ¥j it is convenient
to proceed as follows. Let C' be a stable n-pointed genus g curve. Denote by I' the dual
graph of C'. This is the directed graph whose vertices are the irreducible components of C
and whose edges are the nodes of (', equipped with two additional data. If we let V' = V¢
be the set of its vertices, the first is the map p = pr from V to the non-negative integers
assigning to each vertex v the genus p, = pr, of the normalization of the corresponding
component of C. The second is a partition of {1,...,n} indexed by V, that is, a map
P="P:V — P{l,...,n}) such that {1,...,n} is the disjoint union of the P(v), for
v € V. The partition in question is defined as follows: P(v) is the set of all indices
i € {1,...,n} such that the i-th marked point belongs to the component corresponding to
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v. We set h, = #P(v), and denote by [, the valency of v, that is, the cardinality of the
set L, of half-edges issuing from v. Clearly, the following hold

g=> po+h(I),

veV

nthv.

veV

(1.1)

Also, the stability of C translates into
(1.2) Wy — 2+ hy + Ly > 0

for every v € V. It is clear that any I satisfying (1.1) and (1.2) arises as the dual graph of
a stable n-pointed genus g curve. Now fix a I' as above, and in addition choose, for each
v € V, an ordering of L,. This determines a morphism

(1.3) & [ Mpy st = Mg,

veV

which is defined as follows. A point in the domain is the assignment of an (h, +1,)-pointed
curve (Cy; Ty 1,- -, Ty h,+1,) of genus p, for each v € V. The image point under &r is the
stable n-pointed curve of genus g that one obtains by identifying two marked points . p, 4
and x p, +; Whenever the i-th element of L, and the j-th element of L,, are the two halves
of an edge; the marked points of this curve are the images of the points z, ; for v € V' and
1 <1 < h,, with the ordering induced by P.

The morphism &r is a finite map onto an irreducible component of 3, where k is the
number of edges of I'. As the reader may easily verify, this component does not depend on
the choice of orderings of the L,. This is a partial justification for omitting mention of these
orderings in the notation for the map &pr. More importantly, our reason for introducing
the morphisms £ is to be able to describe (boundary) cohomology classes on Mg,n as
pushforwards of classes on [], . M, h,+1,, and it will turn out that the classes we shall
so obtain will always be independent of the choice of orderings of the L,.

Let us denote by Ar the image of &r. The degree of &, as a map to Ar, is precisely
# Aut(I"). This has to be taken with a grain of salt, i. e., is true only if one regards {1 as
a morphism of orbifolds. For example, given the graph I' in Figure 1a), the corresponding
map

§: mo,:a X Mo,?, — Ar C /Vz,o

is set-theoretically one-to-one, since both source and target consist of one point; on the
other hand, while the unique point of ﬂo’g X HOQ, has no automorphisms, the automor-
phism group of its image in Ar has order twelve, as the automorphism group of I'; thus
the degree of £ equals twelve in this case.

It is clear that the components of Y are precisely the Ap for which I' has k edges.
Moreover Ar and Ars are equal if and only if I and T are isomorphic. We shall write dr
to denote the fundamental class of Ar in the rational cohomology of Mg,n.

To exemplify, let’s look at the codimension 1 case. The possible dual graphs are
illustrated (with repetitions) in Figure 1b). The meaning of the labelling should be fairly
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clear; for instance, in the graph I'; ; the function p assigns the integers ¢ and g — ¢ to the
two vertices, as indicated, while the partition Pr_, is just {I,CI}.

e, O

gf]-a{]-y"'an} qv-[ 97Q7CI
Firr Fq,I
a) b)
Figure 1

To abbreviate, we shall write &, &g.15 dirr, dg,1, instead of &r,,., &r, ;, ad so on. In
addition, we set § = Y dp, where I" runs through all isomorphism classes of codimension 1
dual graphs. For each of the dual graphs illustrated in Figure 1b), the underlying directed
graph has an order two automorphism. This induces an automorphism of I';., and an
isomorphism between I'; ; and I';_, ¢; (which, incidentally, is an automorphism precisely
when ¢ = g/2 and n = 0). It follows that

(1.4) 6= %éim(l) + % > &r(1).

0<q<g
1c{1,..., n}

Notice that the pushforwards in this formula are well defined since Poincaré duality with
rational coefficients holds for all the moduli spaces involved. Next we look at the morphism
“forgetting the last marked point”

Tp+1 - Mg,n—l—l E— Mg,n ’

which we may also view as the universal curve Eg,n — Mg,n. We denote by o1,...,0,
the canonical sections of m,41, and by D, ..., D, the divisors in MWH they define. A
point of D; corresponds to a stable (n 4 1)-pointed genus g curve obtained by attaching
at one point a P! to a curve C of genus g, with the i-th and (n + 1)-th marked points
on the P!, and the remaining ones on C. More exactly, D; is just Ar, where I is the
graph with one edge and two vertices {v,w}, p, = 0, p, = ¢, P(v) = {i,n + 1}, and
Pw)={1,...,i—1,4,i+1,...,n}. Welet W, ., be the relative dualizing sheaf. We set

wi = 01(03 (wﬂn+1)) )

K = C1 (wﬁnﬂ (Z Dl)) 5

Ri = 7Tn+l*(Ki+1) .
Here, of course, Chern classes are taken to be in rational cohomology, and 7,41, is well
defined since, as we already observed, Poincaré duality holds for both the domain and

the target of m,41. We shall call the classes k; Mumford classes; in fact, for n = 0, their
analogues in the intersection ring were first introduced by Mumford in [12]. Notice that
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ko = 29 — 2+ n. Of course, a possible alternative generalization of Mumford’s ’s to the
case of n-pointed curves would be the classes

Ri = 7Tn_|_1*(01 (wﬂn+1)i+1) .

However, these are not as nicely behaved, from a functorial point of view, as the k’s, as
we shall presently see. At any rate, the two are related by

n
(1.5) Ko =Fa+ Y UL
i=1
The proof of this formula is based on the observation that, for any 7, taking residues along

Dj gives an isomorphism between the restriction of wr, (> D;) to D; and Op,. For
brevity we set m = m,41 and K = ¢;(wz). Then

Ky = W*((K—I— ZDi)a—H) Ka+1 _|_ ZZ <a+ 1)71'* Da Z—H)

=0 1=1
RIS )Y (a?l)“* (K, - R,
=0 =1
:W*(KCLH)—Fi(—l (a+1> iw
=0
= o+ > UL
=1

Some of the good properties enjoyed by the x; but not by the &, are

(1.6) k1 is ample,
(1.7) Tos (W7 3 e ) = P K,
(1'8) 51“ '%a Zpr /’fa 9

veV

where &p is as in (1.3) and pr, stands for the projection from Hvev./\_/lpmhﬁlv onto its
v-th factor. That (1.6) holds is fairly well known; a short proof can be found in [2]. In
view of (1.5), formula (1.7) can also be written in the form

e (L e apantly = o1 ;‘;";;%an+2¢ R s

As such, with the obvious changes in notation, it is part of formula (1) in [8]; incidentally,
the other part is the so-called string equation

(1.9) T (WP ) = Y T gt

{j:a; >0}
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The proof of formula (1) of [8] is essentially given by Witten in section 2b) of [16]. We
now come to (1.8). Consider the diagram

y

Con
77’1 7Tn+1J

H Mpv: ’U+l Mgn Y

veV

where

Y= H pu,h +1, X H Mpu,h 1o

veV ueV
uFv

and 7 is defined by glueing along sections in the manner prescribed by I'. We also let 7

and 7, be the restrictions of 7’ and 1 to Cp, n,+1, ¥ [T.20 M, h,+1,- The morphism

is endowed with h, + [, canonical sections Sy, ..., S, +1,. Now the point is that, by the

very definition of dualizing sheaf, 7 (K) = c1(wx (3 S;)). Property (1.8) follows.
Another useful property of the classes « is that, on Mg,n, one has

/
v
/
v

(1.10) o = 7 () + 02
To prove this, look at the diagram
Com —2Cyns
90n+1[ <Pnl

—_— 7T —_—

Mg,n —n>Mg,n—1 )
and denote by Dy,..., D, (resp., Di,..., D! _;) the canonical sections of ¢,,+1 (resp., ©,).
We claim that

(1.11) At (w% (Z DQ)) =, (; Di> .

In fact, there is a natural homomorphism from A\*(wy, (> Dj)) to wy, ., (> D;); we wish
to see that this is an isomorphism onto w,, (>, Di). The question is local in the
orbifold sense. It is therefore sufficient to prove (1.11) when universal curves over moduli
are replaced by Kuranishi families. To keep things simple we shall use the same notation in
this new setup. Therefore, from now on, ¢, = 7, : C — B will stand for a Kuranishi family

of stable (n — 1)-pointed curves, and D},..., D) _; for its canonical sections. A suitable
blow-up C’ of C x g C provides a Kuranishi family ¢, 11 : C" — C of stable n-pointed curves,
whose canonical sections we shall denote by D1,...,D,,. The diagram we shall look at is
C/ )\
90n+1[ Son[
c__™ .p.
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Observe that, in order to prove that the natural homomorphism from \*(w,, (3 D;)) to
Wy, 41 (2 Dj) is an isomorphism onto w,, (D, Di), it suffices to do so fiber by fiber.
Now a fiber of ,, is nothing but an (n — 1)-pointed curve (C;z1,...,2,-1). The inverse
image via A of this fiber, which we denote by X, can be described as follows. Set Y = CxC,
D! = C x {z;} for i < n, and let D!/ be the diagonal. Then X is the blow-up of Y at
the points where D! hits a node or one of the D!, for i < n. We denote the exceptional
curves arising from points of this second type by FE1,..., E,_1. We also observe that the

proper transform of each D! is just the intersection of D; with X. But then

)\*(W(Pn(ZD’E))|X = )‘*(Wson)(ZKnDi)’X(in) .

On the other hand it is easy to prove (cf. [16]) that A*(w,,) = wy,,,(=A), where A is
the divisor in C’ defined as follows. Look at fibers of ¢, 11 containing a smooth rational
component meeting the rest of the fiber at only one point; we will refer to such a component
as a “rational tail”. Then A is the divisor swept out by the rational tails containing only
two marked points, one of which is the n-th point. Notice that the divisor cut out by A
on X is Y E;. Coupled with the formula above, this implies that

A" (wgpn (ZD;))‘X = Wont (Zi<nDi)‘X ’

which is what we had to show. To prove (1.10) we now argue exactly as in the proof of
(1.5), but applying ¢n+1, to the (a + 1)-st selfintersection of both sides of (1.11) instead
of using the definition of x,.

Using (1.10) and the push-pull formula, we can apply formula (1.7) repeatedly to
obtain

(Tmama)e (U500 T ) = s (U )
= T, (U1 U (Tt (R, ) + )

_ al An—2
- 1 - /l/}n—Q (Iianflﬁan + K;anfl"_an) ’

n— n—2+1 an_1+1 1 ne
(Tn—2mp—175 ) (P77 - . '7/)72733 3722 1/173711 ¢gn+ )= (Y1 .. .1/1;‘;733)><
X (,{an—Zﬁjan—lﬁ;an + Kan—QK;an—l'f'an + Han—lﬁan—2+an + ,{/an Ran—2+an—1 + 2K/an—2+an—l+an) Y

and so on. In general, one finds formulas

+1
(1.12) (Thg1 -+ T ) (V] .. .@D,‘i’“@biiﬁl .. .@bg"“) =Y YFRay . an s
where Rq, . .. .q, is a polynomial in the Mumford classes. A compact expression for Ry, . 4,,

which we learned from Carel Faber, is

(1.13) Ry, ..o, = Zﬁa,

gES;

where k, is defined as follows. Write the permutation o as a product of v(o) disjoint
cycles, including 1-cycles: 0 = a1 ..., (), where we think of §; as acting on the [-tuple
(b1,...,b;). Denote by |a| the sum of the elements of a cycle a. Then

Roe = I<&|a1|/€|a2‘ ~~-’<5|04,,<,,)| .
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Formula (1.12), together with the string equation, expresses the remarkable fact that the
intersection theory of the classes v; and r; on a fixed M, ,, is completely determined by
the intersection theory of the 1; alone on all the M, , with v > n, and conversely. A
spemal case of this is Witten’s remark [16] that knowing the intersection numbers of the
K’s on /\/lg o is equivalent to knowing the intersection numbers of the 1’s on all the M g,n-
Using the “correct” classes x; makes all of this particularly transparent.

A final remark has to do with Wolpert’s formula [18] stating that, on M, o,

1

272 Wrl,

k1 =
where W P is the Weil-Petersson Kéhler form. It may be observed that this carries over
with no formal changes to Mg’n, for any n. To prove the formula (including the case
considered by Wolpert), one may proceed as follows. The “restriction phenomenon” (page
502 of Wolpert’s paper) amounts to the statement that the analogue of (1.8) above holds
for the class of the Weil-Petersson Kéhler form. Arguing by induction on the genus and
the number of marked points, we may then assume that the difference between x; and
525 [W P] restricts to zero on any component of the boundary of M, ,,. One then proves a
general lemma to the effect that a degree two cohomology class with this property actually
vanishes on /\/lg n, €xcept in the cases when ./\/lg n is one-dimensional; these are the initial
cases of the induction and are dealt with by direct computation. The general lemma is
proved, although not formally stated, in [1], for n = 0; similar ideas can be used to deal
with the case when n > 0.

2. Combinatorial classes

Following Kontsevich [7], whose notation we shall adhere to throughout this section,
we consider connected ribbon graphs with metric and with valency of each vertex greater
than or equal to three such that the corresponding noncompact surface has genus g and n
punctures, numbered by {1,...,n}. We let Mgomb be the space of equivalence classes of
such graphs, endowed with 1ts natural orbifold structure. Recall that the map

n comb
Mg’n X R+ — Mg7n

which associates to a smooth n-punctured curve and an n-tuple of positive real numbers
the critical graph of the corresponding canonical Strebel quadratic differential is a homeo-
morphism or orbifolds. As Kontsevich has indicated, the above map extends to a map of

“orbispaces”
comb

_ n R
Mg’n XR+ _>Mg’n 9

where /\/l is a suitable partial compactification of Mcomb. This map, however, is no
longer one to one, as a certain amount of contraction takes place at the boundary. More

n X R, where M., . equals My, modulo the

b
specifically, Mg?: is isomorphic to Mg

g,n
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closure of the following equivalence relation. Two stable n-pointed curves are considered
equivalent if there is a homeomorphism of pointed curves between them which is complex
analytic on all components containing at least one marked point. We let

JE— —
a: Mg, —M,,

be the natural projection.

Now fix a sequence m, = (mg,mq,...) of non-negative integers almost all of which
are zero. We denote by M,,, , the space of equivalence classes of connected numbered
ribbon graphs with metric having n boundary components, m; vertices of valency 2¢ + 1
for each 4, and no vertices of even valency. The dimension of M,,_ , is nothing but the
number of edges of such a graph, and hence

. 1 )
dimgp My, 5 = 3 Zmz-(% +1).
K3

When mg = 0, the space M,,, , naturally lies inside Mg?,Tb, where ¢ is given by the
formula

1
2g—2—f—n:§Zmi(2i—1).

More generally, the Strebel construction always gives a map from M,,, ,, to Mgy, x R,
even for mgy # 0, so that in particular the classes v; can be pulled back to M,,_ ,. In all
cases we have

dimp My, =69 — 6+ 20— > m;(i — 1) = dimg Mg, — > m;(i —1).

On each component of M,,, , one can put a natural orientation, as explained on page 11
of [7]. When mo = 0 it can be seen that, with this orientation, M,,, , is a cycle with

. ——comb .
non-compact support in M. As such, it defines a class
_ ——comb
(Mon, ] € Hy 250 (M, Q) 4
where d = 6g — 6+ 2n and k = >, m;(i — 1), hence an element of the dual of

——comb

HI =22 (A0 Q) = HER (M, Q).

This can be also viewed as an element W, ,, € Hd,gk(/\_/l;,n, Q)

It has been conjectured by Kontsevich [7] (and previously, in a somewhat more re-
stricted form, by Witten) that the classes W,,, , “can be expressed in terms of the
Mumford-Miller classes”. We next give a possible interpretation of this sentence and a
more precise form of the conjecture. The statement is made a bit clumsy by the fact that

it is not a priori clear whether the classes W,,, , lift to classes in H,(M,,,Q), as would
happen, for instance, if Poincaré duality held on ﬂ;}n. What is certainly true is that,

given a cohomology class x € H* (M, Q),

o / zUa*(p)
My
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defines a linear functional on H~2%(M g n,Q) What may be conjectured is that this
functional equals W,,, , for an x of the form

xr = Pm*,n(/ila"an e ) +ﬁm*,n7

where P, , is a weighted-homogeneous polynomial in the Mumford classes and 3,,, , is
supported on the boundary of moduli. In what follows we shall often take the liberty of
writing Wy,, ,, = x to express this, when no confusion seems likely. One may be more
precise about P, ,, and (3,,, ». Define the level of a monomial [], >1 /<; in the Mumford
classes to be ) _hq. Then P,,_ , should be of the form

2(2i — 1 mnm
(2.1) H (22 H ki, + a linear combination of monomials of lower level.
i=2 i>2

As for f3,,, » it should be a linear combination of classes of the form &ér, (y), where y is a
monomial in the Mumford classes and in the pr;(v;), for ¢ > h,, where of course we have
freely used the notation established in section 1. As a special case, one should have

(2.2) W0,m1,0,....0m;=1,0,... ) yn = 27(25 — 1)!lk;_1 + boundary terms.

In the next section we shall give evidence for these conjectures. In section 4 we shall prove
(2.2) in the codimension 1 case for n > 1; more exactly, we shall show that

(23) W(O,ml,l,...),n = 12k1 — 67

where ¢ is the usual class of the boundary. We shall also see that, for n > 1, this formula
includes as a special case the main result of Penner [13], with the following caveat. In
our notation, what Penner claims is that W p,, 1,...),» = 6f1 on the open moduli space
Mg n, while the correct formula is Wg m, 1,...),n = 12r1. It should be said that Penner’s
argument, which, by the way, is entirely different from ours, is completely correct, except
for two minor mistakes in the interpretation of what has been proved. The first mistake
is that, as we have noticed in section 1, the class of the Weil-Petersson Kéahler form is x
and not K1. The second mistake actually occurs in Theorem A.2 of [14], where the explicit
expression of the Weil-Petersson Kahler form should be divided by two. In fact, if one looks
at how this is gotten, one sees that it is computed as the pull-back of the Weil-Petersson
Kahler form on Myg4y,—1,0 via the doubling map which associates to a genus g smooth
n-pointed curve C the curve obtained by attaching at the punctures two identical copies
of C'. But now, since one is doubling, one must also divide by two, as the resulting curve
carries the extra automorphism which exchanges the two components. An advantage of
our method over Penner’s is perhaps that, in addition to giving a certain amount of control
over the boundary, it is not special to the codimension one case but provides, at least in
principle, a mechanism for dealing with classes of higher codimension.
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3. Geometrical consequences of a result of Di Francesco, Itzykson and Zuber

Following Witten [16] and Kontsevich [7], given a sequence of non-negative integers
d=(dy,...,d,) and an infinite sequence m, = (mg, m1, ma,...) of non-negative integers,
almost all zero, we set

S S :/ TTvs x [,

My ,n g=1

where [R’} ] stands for the fundamental class with compact support of R”. This integral is
zero unless . d; = %dimj\/lm*m = izl m;(2i + 1). Notice that, when my = 0, one can

also write .
(). = [ s
ahm. = | 11

my,m j—1

and again this is zero unless
dizldime*ynzi’)g—i’)—kn— (1 —1)m;,
, 2 ,
3 K3

where 29 — 24+ n = (1/2) >, m;(2i — 1). We also set

<Tg>g,n=/m ﬁlﬁfl

g, g=1

It is clear that (74)¢.n = (Td)m, for m, = (0,49 —4 +2n,0,0,...). The symbol (74), with
no subscripts, stands for (74)4, when the number g defined by 3g —3 +n = ) d; is a

non-negative integer, and is set to zero otherwise. Sometimes the abbreviated notation

nog N1 __N2 : :
To’T1 ' Ty 2 ... is used in place of

-.---7071---T17T2...7T2 ...
N e N e e

ng times mjp times no times

One then considers the formal power series

M«

Fltos) = S (rahm, 2o

a, * ' *
Ty

bl

T, Mse

Z(ty, s+) = exp(F(t«, s4)),
where the following notational conventions are adopted. First of all
te = (to,t1,ta,...), S« = (80,81,82,---),
are infinite sequences of indeterminates, and
my = (mg,m1,ma,...), ne = (no,n1,n2,...),
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are infinite sequences of non-negative integers, almost all zero. We have also set

o o0

My n;

n*':”nz', t* —||ti1,
i=0 1=0

and similarly for s*+. Finally, if n = ), n;, the sequence of non-negative integers d =
(di,...,dy) is determined (up to their order, which is irrelevant) by the requirement that
n; equal the number of j’s such that ¢ = d;; in other words, one could also have written
(IT;2o 71" Ym. instead of (7q)m, .

Now let Hy be the space of N x N hermitian matrices, and consider on it the U(NV)-
invariant measure

1<i<N 1<i<j<N

For any positive definite N x N diagonal matrix A we also consider the measure
1 2
dup = ca N €xp ~3 tr(X=A) | dX,

where cp n is the constant such that f dpp = 1. It has been shown by Kontsevich that,
for any fixed s,, and with the substitution

ti = —(20i — D!tr(A™271),

the series Z(t,, s.) is an asymptotic expansion of the integral

201\ tr(X2L
(3.1) / exp | —v—1 (——) §;——— | dua
Hu ; 2) 7 2j+1

as A™1 goes to zero (notice the minus sign in front of the argument of the exponential,
which is missing in the formula given in [7]). To simplify notations, we set

<f>/\:/7—l fd#/\7

Whim= [ Fexp (@) dn.

HN

Let us now fix non-negative integers ms, ms, ..., almost all equal to zero, and set 5, =
(0,1,0,0,0...). It follows from the definitions that

(32) H mz' (8_81> F(t*,S*) su=8, Z <Ti>(0,m1,m2,m3,...)n_*!'

1>2 Mx, M1

In other words, the coefficients of the above derivative of F' are just the intersection numbers

(3.3) / d e
w,

My, M
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where we have written m, for (0,m1, ma, ms,...). If the conjecture formulated in section
2 holds true, it should be possible to write these intersection numbers under the form

(34) /_ (Pm*,n</(‘:17'%27"')+ﬁm*,n) ill Z"a
Mg,n

where P, , and 3, , are as in that section. We contend that this result should be
implicitly contained in a theorem, conjectured by Witten, and proved by Di Francesco,
Itzykson, and Zuber [3]. To explain this, the first step is to observe that, by differentiating
(3.1), we obtain asymptotic expansions

<<H (—\/—_1 (;)l %) Vi>>A ~ 1] <azi>in(t*,s*) Su=ha’

7 i

for any sequence v, = (vg,vy,...) of non-negative integers such that v; = 0 for large
enough i. Now the theorem of Di Francesco, Itzykson, and Zuber (henceforth referred to
as the DFIZ theorem) states that, given any polynomial @ in the odd traces of X, there

exists a differential polynomial Rg = Rg (8%0, 8871, .. ) such that

((@)a = RqZ(ts),

where Z(t.) stands for Z(t.,5.). Putting this together with the previous remark shows

that )\ o
H(@Si) Z(t; 84) |, s, = U (3_15070_151’”') Z(ts),

7

where U, is a polynomial. In terms of F', this amounts to saying that

a\" ~
F *y Ok _a = Vg
H (681) (o) s o, = U

%

where [7,,* is a polynomial in the partial derivatives of F'(t.,s.) with respect to the t
variables, evaluated at s. = 3. The expression that Di Francesco, Itzykson, and Zuber
give for U, , and hence implicitly for U, _, is quite complicated. However, if we define the

weight of a partial derivative
o\
a, F t*7 *
[T (57 ) #ts

to be > (2i 4+ 1)v;, and the weight of a product of partial derivatives to be the sum of the
weights of its factors, then what can be said is that

o\
11 (6&-) Fite sa) |, s, =

(3.5) ‘

H (27;(% - 1)!!%) F(t.«) + terms of lower weight ,

. (2
(2
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where F(t.) is defined to be equal to F'(t4,$,). In addition, only terms whose weight is
congruent to Y (2i + 1)r; modulo 3 appear in (3.5).

In the case when v, = (0,0, mg, ms,...) we have already explained how the left-hand
side of (3.5) is linked to the intersection theory of products of classes v; with the W, »;
it remains to explain the geometric significance of the right-hand side. Consider the series

o M A
1 (ﬁ) Pt = 2 oy

Then it is easy to show that
aq = <H T,L-’”Ti> :

In a certain sense one can say that differentiating F'(¢.) with respect to the t; variable p;
times, for ¢ = 0,1,..., corresponds to the insertion of [[7/* in the coefficients of F(t.).
Now fix a positive integer n, d = (di,...,d,), and m, = (0,my,ma,...). Then W,,_ ,
is a cycle in M;}n, for a well-determined g. Setting v, = (0,0, msy, mg3,...) and equating
coefficients in (3.5) one finds that (74),,, is a linear combination, with rational coefficients,

of terms of the form
Ad, Ai,
<HT@. 17411>"'<HT1' kTi1k> ,
i i

where {I1,..., I} is a partition of {1,...,n} and, for any subset I of {1,...,n}, we set
(1a,) = (Ilics 7a;)- Moreover, if we set p; = > _; A; j, then 3 (2 + 1)p; is not greater than
> i>9(2i + 1)m;, and congruent to it modulo 3. For instance, the term coming from the
highest weight part of the right-hand side of (3.5) is simply

H(2i(2i — 1)inHm <H Timi@>g,n+z .

i>2

H(2i(2@'—1)!!)”ﬂ/_ [T s+ | T

i>2 Mg \ a>1

where we have used the formulas for the pushforwards of products of classes 1; given in
section 1. The lower weight terms are considerably more messy. In particular there is, a
priori, no reason why it should be possible to write each one of them under the form

d;
Jo eTlv
Myg.n

where « is a suitable cohomology class. That this indeed happens, at least in all the cases
we have been able to compute, depends on some remarkable cancellations, as we shall
presently see. At any rate, we have that

1 .
d1 d (0 m; dy d
e = [ 26(2 — 1)k )™ T T
/ 1 wn /_ m.|( (Z )ﬁ 1) 1 wn +

My, M Mg,n 1>2 v
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which can be viewed as a first step in writing the intersection number (3.3) in the form
(3.4).

To illustrate the procedure we just described we shall work out three examples. The
first one deals with the cycle W(g m,,1,0,0,0...),n- This is the only codimension one cycle
among the W, ,, and corresponds to ribbon graphs having at least one five-valent vertex.
In this case (3.2) reads

0

£
832F( s = Z Td) (0,m1,1,0,0,.. I
Mgy
On the other hand the DFIZ theorem tells us, in this case, that
0 0 1 9?
3.6 —Z(t« L =12 — —— | Z(t.
(36) PRAGIL N ( ats 2atg) (t)
As Z = exp F, we then get, upon dividing by Z,

0 OF 19°F 1 (0F,
a?F(th*) |s*:§ 123_752( «) — 58_%(t*)_§(8_m(t*)) -

*

Comparing coefficients, this amounts to

1
<TQ>(O7m1,1,O,O,...) = 12<7-27—i>g,n+1 - §<To7'07'g>g—1,n+2

1
N 5 Z <7—07—41>P’h+1<TOTQCI>g—p7n_h+1 s

I1c{1,...,n}
where
Td, = HTdi ’
el

g is given by

= 1

Z dl = Sg -3 +n— 5 COdim(W(07m171’0707...)’n) = 39 -3 +n — 1 s

i=1
miq by

my =49 — 7+ 2n,
and h and p by
h=#I, 3p-3+h+1=> d;.
icl

Using (1.7), this can be rewritten as

1
d dn __ d dn /2 d dn
/ 11"‘¢n _12/ 11“'¢nwn+1__/ é_;rr( 11“'1/}71)
W(0,m1,1,0,0,...) Mg nt1 Mg_1,nt2

d d
5> L USRS
0<p<g Mo 41X Mg_p n—ht1

[\)

, M

Icq{1,..., n}
1
d d
:12/_ mwll...wgn—é/_ Eirr (V)Y L apin
MQ" Mg,n
3 X fo e
0<p<g
Icq{1,..., n}
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or, in view of formula (1.4),

(3.7) / G apdn :/_ (12k1 — O)pr .. qpln
W(0,mq,1,0,0,...), M

n g,n

Now let’s turn to the codimension 2 case. Among the W, , there are two codimension

2 classes, corresponding to m, = (0,m1,0,1,0,...) and to m, = (0,m1,2,0,...).

first one corresponds to ribbon graphs with at least one 7-valent vertex, the second one
to ribbon graphs with at least two 5-valent vertices. To make notations lighter, from now
on we shall adopt the following convention. Whenever identities between derivatives of Z
or F will be given, these will always be meant to hold for s, = §, = (0,1,0,...), unless

otherwise specified. With this notation, the DFIZ theorem gives

oz oz 027 507
3.8 — =120— - 6——-—+ ——
( ) 683 8153 8t08t1 * 4 81&0 ’
0*Z 0?7 oz 037 0*Z 10*Z 0z
3.9 — = 144— — 840— — 12—— + 24 - —-3—.
(3:9) 852 otz Dty 0120, | 0todt; 400 ot
In terms of derivatives of F' these translate into
oF oF 0’F OF OF 50F
3.10 —=120— -6——-r——6—— + ——
( ) 633 8t3 atoatl ato 6t1 + 4 8t0
O*F  [(0F\’ O°F OF\? OF OPF
— — ) =144— + 144 — | —840— —12——
B2 (aSQ) oz <8t2> Dts 01201,

02F OF OF 9°F OF\? OF O°F
D Rt ¥ et [ il B ¥ il

02 Otz * o Otodta <8t0> 0t otoon
OF OF 10*F O3FOF 30°F (8F>2

+24———+ -0+ 3t o | A
Oty Oty 4 0ty ot Oty 2 Ot \ iy

L (OF\' 3 (O°F C_LOF
4 \ Oty 4 \ Ot} dto
Taking into account (3.6), the second of these yields

O2F QRF  9F __ OF _ OF O°F O°F
A DY LA VT el D A ) b I ¥ ke
052 o2~ on T Yeean ~ Mo aton T oron
OF OF 19*F O3FOF O*F (0F\® 1 [(82F\’
+ sl Y Lo (LD
dto 2 \ ot}

(3.11)

Dty 0ty 408 T 8 oty | o2

_g9F
Jdto

As the reader may notice, the right-hand sides of (3.8) and (3.9) contain considerably
fewer terms than one would a priori expect, based on the general statement of the DFIZ
theorem in the form given by (3.5). In fact, 9*Z/0t3 is missing from (3.8), while 97 Z/0t],
037 0to0t? and 9°Z/0ti0t, are not present in (3.9). In addition to this phenomenon,
further unexpected cancellations occur when passing from derivatives of Z to derivatives
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of F. For instance, (0F/dty)* and (OF/0t3)? do not appear in (3.11). We shall see
in a moment that these remarkable phenomena have geometrical significance. Indeed,
in equating coefficients in the two sides of (3.10) and (3.11), it is precisely these facts
that make it possible to interpret the resulting identities as relations between intersection
numbers on a specific moduli space /Vg’n, rather than relations involving intersection
numbers on different moduli spaces.

Term by term, (3.10) translates into

(Td) (0,m1,0,1,0,...) = 120(737d) g 41 — 6{T0T1Td) g—1,n+2
5
—6 Z (1174, ) p.h1(T0Tdy ) g—pn—h+1 + Z<7'07'i>9—1,n+1
Ic{1,...,n}
= 120(737g) g,n — 6(T0T17a) g—1,n+2

—6 > (T )prt1 (0Tde, ) g—pn—ht1 + 30(T)(T0Ta)g—1,m41 5
I1c{1,...,n}

where 3g —3+n—2=> d;, mi =49 —-9+2n, h=#I,3p—-3+h+1=>,.,d; and
we have used the fact that (r1) = 1/24. Proceeding exactly as in the derivation of (3.7),
we conclude that

(3.12) / o qpdn :/_ (12062 + B)ef .. gpam
W(0,m1,0,1,0,...),n Mg n
where
=6 (Ynt1) =6 D Epr (g1 x 1)
(3'13) ICO{Sll,)HSA?n}

-+ 30517@*(w1 X 1) .
The reader should be warned that 3 is not unambiguously defined, or, more exactly, that

(3.12) holds also for a different choice of boundary term (. To see this notice that, using
(1.7), we can write

(ToT1Td)g—1,n+2 = (2(9 — 1) = 2+ n + 1)(T07a) g—1,n+1 = 24(29 + 1 — 3)(T1)(T0Td) g—1,n+1 -

Since kg =29 +n — 3 on Mg_lmﬂ, this means that we could have chosen 3 to be given
by

B =—144& p (Y1 X ko) — 6 Z §p1(Vnyr x 1)
(3.13") 5r=

Ic{1,..., n}
+ 30819, (Y1 x 1).

This kind of ambiguity will be present in all the formulas for combinatorial classes that we
shall give; however, it will be confined to some of the boundary terms.
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Let’s turn to formula (3.11). This gives

2(74) (0,m1,2,0,0,...) = 144(75 74) — 840(7374) — 12(737274)

—24 Z (Tng,>(ToTzng>+24<7071@)
TuJ={1,...,n}

1
+24 Z (T07a,)(T17a,) + Z<T617'd>
IUJ={1,....,n}

(3.14) + Y (mo7a,){m07a,)

IuJ={1,...,n}
+ Y. (7574, )(707a, ) (T07a,.)
IUJUK={1,....n}

1
+3 > (7374, ) (737a,) — 3(707a) -
uJ={1,...,n}

We wish to see that this can be interpreted as an identity among intersection numbers on

M, n, where g, mq and the d; are related by Y d; = 39 — 5+ n and m; = 4¢g — 10 + 2n.
The left-hand side of (3.14) is twice the integral of @Dfl ... over W0,m1,2,00,...)n- AS
for the right-hand side, it is convenient to examine each summand separately. The first
two terms cause no trouble for, using (1.12), they can be written as

144(7—27—27-i>9:n+2 — 840(7‘37@)%”4_1 = 144/ (KJ% + KQ) ill .. 1/)2"

Mg.n

— 840 /_ Koaht .. qpdn

Mg n

:/ (144K2 — 696k0)p% . . apdn .

Mg n

Now look at the remaining terms.

- Term 3.

allot = [ oo [Tu
=1

g,n

(16 ma7a) = (T6TaTd)g—1n43 = /_
Mg_1,n42

- Term 4. Disregarding the coefficient, this is

Z (T07d, ) q,n+1(T0T2Td, )r.ot2 »

where

h=#I, k=#J, Y di=3q—3+h+1, Y dj=3r—3+k+2.
il jeJ
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Since h 4+ k = n and, as we observed above, > d; = 3g — 5+ n, this gives ¢+ r = g. Hence

S (rora, Yromara,) = Z / T / o T

IUJ:{].,...,’I’L} IuJ= {]_ ‘1 h+1 41 M, Jk41 jeJ

_ d;
= Y / gq’ (1 x ’ﬁ)H%

0<q¢<g i=1

1c{1, . .n}
- Term 5.

n
d;
<TOT1TQ> - <7-07-17—i>9*1’n+2 = /_ girr*(¢n+2) le

Mg.n i=1

This is an expression which appeared also in the formula for W, 0,1,0,...),n- As in that
case, it could have been interpreted, alternatively, as

n

24 /ﬂ v, (n x o) [ v

g,n 1=1
- Term 6. The relevant part is

Z <TOTc_lI>q,h+1 <7—17—QJ>7’,I<:—|—1 ’
IuJ={1,...,n}

where ¢ + r = g, and thus it can be rewritten as

O; / £q1 1><¢k+1)H¢

Ic{1,..., n}

- Term 7. We have

(rd72) = (7874} g—2mra = /_ ea () [T v

Myg,n i=1

where the graph A is depicted in Figure 2.

- Term &. This is

> (814, Yan+(T0Ta, Ykt
uJ={1,...,n}

with ¢ +r = g — 1. Clearly it can also be written as

Z/_ f(B,p,P)*(l)szdia
p,P / Man i=1
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where the directed graph B is illustrated in Figure 2, and p (resp., P) runs through all
possible assignments of genera to the vertices of B subject to the condition that their sum
be equal to g — 1 (resp., all partitions of {1,...,n} indexed by the vertices of B).

O OR,

Figure 2
- Term 9. This is
2
> (7a,)ant2(T07d, ) ki1 (ToTa, Vst s
TUJUK={1,....,n}

where ¢, r and s add to g. As in the preceding case, then, this term can also be written

Z/_ e romel | K
p,P Myg.n 1

1=

where the directed graph C is illustrated in Figure 2, and p (resp., P) runs through all
possible assignments of genera to the vertices of C' subject to the condition that their sum
be equal to g (resp., all partitions of {1,...,n} indexed by the vertices of C').

- Term 10. This is handled similarly to the two preceding ones. Consider the directed
graph D in Figure 2. Then

> ) =3 [ a6
p,P /Mg i=1

IuJg={1,...,n}

where p runs through all assignments of genera to the vertices of D adding to g — 1 and P
through all partitions of {1,...,n} indexed by the vertices of D.

- Term 11. The expression (7974) already appears in in the formula for W m,,0,1,0,...),n>
and we have seen that it equals

24 /_ Erg, (o x 1) [0

My, i=1
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What all the above computation suggests is that a reasonable candidate for an expression
of W(0,m,,2,0,...),n in terms of the standard algebro-geometric classes might be

7267 — 348k — 6&ipp (K1) — 12 > &or, (1 X K1) + 128500, (Vng2)

0<g<g
Icq{1,..., n}
(3.15) +12 ) &or, (1 X Yryn) + 5A* Z&B,p,m
ICO{<1?<£,]n}
+ Z&c,p,m Z&D,p,p) ) — 3619, (1 x 1),

up to the ambiguity noticed in the analysis of term 5.

As we remarked after formula (3.11), due to a number of remarkable cancellations, in
the expressions of the derivatives of F' with respect to the s variables in terms of derivatives
with respect to the t variables many derivatives of F' that would a priori be allowed by the
DFIZ theorem are not present. For example, in codimension 2 the terms

aF\* OF\?
oty ) oty )
among many others, are missing. This is wonderful, for otherwise our formulas would

have been ruined. In fact, when studying codimension 2 classes in genus g, we would have
gotten terms of the sort

(T07d, )ar.h+1(707d, )as.ho+1(T07d, Vs ha+1(T07d, Dashat1

<7—27-é11>7"1,h1+1< 2 5112>7’2,h2+17

respectively. Now it is easy to see that we must have ¢ + ¢ +qs+q@u =g+ 1 =1r1 + ro.
Thus it would have been impossible to write these terms as intersection numbers on Mg,n.

In the same vein, but with considerably more effort, we could have given similar
formulas for some classes W,,, , of higher codimension, including in particular all those
of codimension 3. In the Appendix we have listed the expressions of the derivatives of F’
with respect to the s variables in terms of those with respect to the t variables that are
needed to carry out these computations, which are otherwise left to the reader.

The resulting identities are of the form

| vt [ R

'm* n

where g is given by 4g—4+2n = > m,;(2i— 1) and X,,, ,, is a polynomial in the Mumford
classes and the boundary classes. The reader is invited to check that this is indeed true,
using the methods employed in this section. Of course, the point is to verify that all the
terms that one gets can be interpreted as intersection numbers on Mg,n, and not in higher
genus. The formulas one finds, arranged by increasing codimension, look as follows

- Codimension 1
X(0,m1,1,0,... )0 = 12K1 + - -
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- Codimension 2
X(07m1,0,1,0,... ),n — 120Kk + - - -

X(0,m1,2,0,...)n = 72/-@ — 348Kko + - - -
- Codimension 3
X(0,m1,0,0,1,0,...),n = 1680k3 + -
X(0mr 110, = 14401 kg — 136803 + - -
X(0mi 3.0, = 288K7 — 4176k 1Ko + 20736k + - - -

- Codimension 4

X(0,m1,0,0,0,1,0,...),n = 30240K4 + - - -
X(0>m1,1,0,170... Y,n = 20160%1%3 — 31248054 4+ .-
X(0,m1,0,2,0... )0 = 7200K3 — 15912064 + - - -

- Codimension 5
X(0,m1,0,0,0,0,1,0,...),n = 665280K5 + - - -

- Codimension 6
X(0,m1,0,0,0,0,0,1,0,... ),n = 17297280k¢6 + - - -

The dots stand for boundary classes, which are well determined up to ambiguities of the
kinds previously described. This list is complete up to codimension 3 included.

The same remarkable cancellations that we observed for codimension two classes occur,
to an even greater extent, in higher codimension. For instance, the expression for 9% F/s3
given in the appendix involves 41 terms while, a priori, up to 585 might have been expected
from the statement of the DFIZ theorem.

4. The codimension one case

Our main goal in this section is to complete the study of the codimension one class
W(0,m1,1,0,...),n- For simplicity, this will be denoted simply by W throughout the section.
We shall prove the following

ProrosiTioN 1. When n > 2, for any class v € H69—6+2”_2(ﬂlg7n, Q) one has

/ / Y1261 — 5),

where « is the natural map from M, to /\/l

In section 3 we have shown that the propos1t10n holds when ~ is a product of classes ;.
Notice that both W and 12k — J are invariant under the natural action of the symmetric
group S, on /ngn. Moreover, it is reasonable to expect that W can be “lifted”, non-
uniquely, to a homology class on Mg,n- Proving this, however, requires a little argument
that will be given later. Granting this, the proposition is then a direct consequence of the
following lemma.
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LEMMA 2. Let z € H*(M,,,,Q) be an S,, invariant class, with n > 2. Suppose that

n
/_ x U H Ph =0
Mg,n i=1

for all choices of dy,...,d,. Then x is a linear combination of classes 0, .

Incidentally, it is obvious that the converse of the statement of the lemma is true.
Moreover, the d, g are precisely the classes of those components of the boundary that are
partially contracted by . We now prove the lemma.

It follows from a well-known theorem of Harer [4] that the second cohomology group
of ./\_/lg,n is generated by the classes k1,1, ...,1%, and by the boundary classes dr, where
I’ runs through all isomorphisms classes of dual graphs having only one edge. We set
P = 2?21 ;. Given integers p and h, with 0 < p < g and 0 < h < n, we denote by
dp,p the sum > op, where I' runs through all isomorphism classes of dual graphs of curves
with exactly two components meeting at one point, one of which has genus p and carries
h marked points. In terms of these, one may write the class of the boundary as

= > Spn-

0<p<g/2
0<h<n
h<n/2 if p=g/2

Clearly, any invariant class in the second cohomology group of Mgm is a linear combination
of k1, ¥, dirr, and the 0, 5. If g = 2 (resp., g = 1, resp., g = 0) one can do without x;
(resp., k1 and ¥, resp., k1, ¥ and ;). We then write

r=ak, + b+ cdipr + Z Cp.hOp.h -

We will first show that a =b=¢ = 0. Set
n—2
as = [ iy,
i=1

where d = 3g—s—2, and notice that, if s # 2 mod 3, then [ 6, pa, = 0. In fact, [ d, pa is
a linear combination of terms of the form (ro7) (107 7s74) or of the form (To7¢7s) (70T 74).
But since a — (a+1) and a + s — (a + 2) are not divisible by 3 (s # 2 mod 3), both (7o7{")
and (1o7{'7s) vanish. We now wish to compute [ rias, [Yas, and [ &;ra5. For this we
are going to use the following well-known formulae [16].

(ToTdy - -Td,) = Z (Tdy - Tdy—1---Td,)
(41) d;>0

(T1Tdy - -Ta,) = (29 —2+n){7q, ... Ta,),

where 3g — 3 +n = > d;. The first formula is just the string equation (1.9), while the
second is a special case of (1.7). Setting r = 2g — 2 we then have

_ r—+mn)!
/mas = (1ot 2TsTd> = ﬁ(m%m)g,g,
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/Ws = (n = 2)(7omy" 7 1sma) + (T T Tesama) + (1] T TeTag)

r+n—1)! r+n—1)

= ( (T_+>2)') (n — 2)(TaTsTa) g3 +_£_Z;T;?i372_<73+17d>92
(r+mn-—1)!
W<TsTd+1>g,2 :
n— r+mn—1)!

2/5ma5 = (137 2TsTa) = ren—1 CE] ) (T8 TsTa)
r+n—1)!
::( (T_+_1)') (<Ts—27d>g—12 +‘2<73—17d—1>g_13 +.<737d_2>g_12).

To simplify these expressions we shall use the fundamental fact [7] that the function Z(t.) =
exp F(t.) satisfies the KdV equation. It is convenient to set

T3g—2 if Z 1 )
p(g) = { < > ’

(r5) =1 if g=0,
_ (TsTa)g2
T ==00)
U(S,T) _ <7_27_s7—d>g,3

©(9)

Writing the KdV equation in Lax form (also referred to as Gel’fand-Dikii form), one gets
in particular (cf. [16], page 251) that

1 1

©(g) = %w(g —1)= m@(g —1).

It follows that

( /,ﬂas = %@(g)(r +n)U(s,7),

[ o= 0 (=20
+(r+2)T(s+1,7)+ (r+2)T(s,7)] ,
/5 _(r+n-1) 9
irrQs = WSO(Q)EW’ + 2) [T(S - 27 r—= 2)
L +2T(s — 1,7 —=2)+T(s,7 —2)] .

(4.2)

To calculate T'(s,r) and U (s, ) we use again the fact that Z satisfies the KdV equation, but
expressing this by saying that Z is annihilated by the Virasoro operators Ly, for k > —1.
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The equations L_1Z = LyZ = 0 are equivalent to the (4.1). The Virasoro operator Ly is
given, for k > 0, by

(2k+3)11 9 1 — , o)
Ly = — SN2k +2i+1)(2k+2i — 1 2 + 1)t; ——
k R 22 k420 +1)(2k+2i—1)...(2 + 1)t T
1 0?
_ 1
+ 3 > @r+1N(2s+ 1) 5L

r+s+1==k

Recalling that

F(t*) == Z<Td1 .. -Tdn>td1 .. -tdn y

to say that LiyZ = 0 translates into

" (2k 4 2d; + 1)
2035

<Tk—|—17@> le"'de+k"'Tdn>

Qk + 3)! (2d; — 1)!!
Jj=1
1
+ 3 . Ek_l(Zr + DN(2s + 1)I77574)

+% D@+ D@+ D! D (77, ) (TeTa,,)

r4+s=k—1 Ic{1,...,n}
for any d = (dy,...,d,). It follows that, provided s Z 2 mod 3,

15 [(2s+3)(2s+ 1)T(s+ 1,r) + (3r —2s +5)(3r — 25+ 3)T(s, 1)

+6(r +2)(T(s —2,r—=2)+2T(s—1,r —2)+T(s,r —2))] .

U(s,r) =

OJ

Furthermore we have

T(s, ):0 if s <0,

7(0,r) =
T(1,r) =
T(2,r) = == [(Br+ 3)(3r +1) +6(7+2)]
T(3,r)= 3 ;) = l(Br +3)Br+1)B3r—1)+3-12r(r+2)+ g(r + 2)} ,
T(4r) = ﬁ [(37“ +3)3r+ 1)(3r — 1)(3r — 3)
+12(r + 2) (3-5+ §r+g> T(l,r—2)+3-5~12(r+2)T(2,r—2)} ,
T(5,r) = m [(37“ +3)(3r 4 1)(3r — 1)(3r — 3)(3r — 5)

+12(7’+2)((3-5-7+3-3-5-r+38%5)T(2,r—2)+3-5-7-T(3,r—2))} .
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Now consider the system of three linear equations in the unknowns a, b and ¢ given by

(r+2)! /
s =0, =0,1,3.
o@r+n—11 )" °

The coefficients are implicitly given by (4.2), an can be calculated using the formulas for
U(s,r) and T'(s,r) we have just given. An algebraic calculation (best done by computer)
shows that the determinant of this system equals

Eqs)

30 92+ 25 (n ) (4 + 17)

875
Recall that n is an integer greater or equal to 2, and that r is an integer greater or equal to
—2; thus our determinant vanishes only for r = —2,0, 2, that is, for ¢ = 0,1, 2. This shows
that a =b=c =0 for g > 3. If g = 2, the class k; is linearly dependent on the others, so
that we may set a = 0 and view Eqg and Eq; as a linear system in the unknowns b and c.
The determinant of this system equals (1536/5)(n + 2), which is non-zero in our situation.
If g = 1 one may set a = b = 0, and the coefficient of ¢ in Eqq is 24. If g = 0 the classes
k1, ¥ and ;. (= 0) are linear combinations of the 4y, .

We have thus shown that, for any value of the genus g, the class x is a linear combi-

nation
xr = E Cp’hé -

We wish to show that ¢, ; vanishes unless h = 0 or h = n. Set

j—1
507j:¢1_jH¢h7 3239_2+n,
h=2

j+1
Boj = iﬂwgqilnlbh, s=3(g—q) —2+n if¢g>0.
h=3

In what follows we shall always assume, as we may, that p < ¢g/2. The intersection number
J 6p.n00,; is, a priori, a linear combinations of terms of the form

(5 ) bt (10 T T 39— 24— g—pn—ht1

or
<Tg+17'16739—2+n—j>p,h+1 <T(l))+17'1d>g—p,n—h+1 .

However, since <7'(l))+1’7'1d>g,p7n,h+1 is non-zero only if b = 2, in which case g — p = 0, there

are no terms of the second kind. As for those of the first kind, they may be non-zero only
ifa=2,p=0,h=a+c,c+d=7—2,s0that h <a+j—2=j. In conclusion

(4.3) /5p,h50,j20 ifp>0o0rp=0,h>7;
moreover
(44) /50’]'50,]' #0 ifl<j<n,
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since this number is a multiple, with positive coefficient, of (37) ™ *) (70" /3, 94n_;) # 0.
Let us now compute the intersection number

/5 ,hﬁq,j

when ¢ > 0 and, as usual, p < g/2. This is, a priori, a linear combination of terms of the
form

(T 39— 1) pont 1 (70 T T T ) g—pin—ht1

or

<Tg+1TlcTs—j>p,h+1 <7'(§)+17'1d7'3q—1>g—p7n—h+1 )
or else

<7'(()1+171¢>p,h+1 <T(l))+17fi7'3qfl7'sfj>g*p,n—h+1 )
or, finally,

(T T T3 17— ) p, a1 (T T ) g—pin—hit1 -
We already saw that a term of this last type is not equal to zero only if g — p = 0,
which is impossible. Terms of the third type are different from zero only if p = 0, a = 2,
h=c+2 < j+ 1. Let us analyze terms of the first type. These are non-zero only if
3p—3+h+1=3¢g—1—c. On the other hand h = a + ¢+ 1, so that 3¢ = 3p + «a.
Furthermore c+d = j — 1, so that h < j +a. The same argument shows that there are no
non-zero terms of the second type. We conclude that

(4.5) /5p’hﬁq7j:0 ifp>qorp<q,h>j+3(q—p);
moreover
(4.6) /6p,h/8p,h #0 if0<h<n,

since this number is a positive multiple of <7'071h_17'3p_1>(Tg_h73(g,p),3+n,h+1> # 0. Ar-
guing by double induction on p and h, it follows from (4.3), (4.4), (4.5), and (4.6) that
cp,n = 0 for all p and all & different from 0 and n. This proves the lemma.

As we announced, to complete the proof of Proposition 1 it remains to compare the

(co)homology of M;, with that of M, ,. Rational coefficients will be used throughout.
We shall show that

n

LEMMA 3. There is an exact sequence

—_

0 — H6976+2n72(M O‘_*) H6976+2n72(mg’n) S A 0,

gn)

where « : Hgm — ﬂ;’n is the natural map and A is the vector space freely generated by
the boundary classes 6, 9, with1 <p<g(or1<p<g—1forn=1).
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A consequence of this lemma is that the functional defined by integration on W lifts
to an element W of H®9=6+2n=2(M_ )V = Hg, g12,—2(M,.), which we may choose to
be S,-invariant, since W is. Proposition 1 follows by applying Lemma 2 to the difference
between 12x; — d and the Poincaré dual of W.

We now prove the lemma. Look at the commutative diagram

TN

HIP2(M\ YD) e—— HI2(M\ D) ——— H2 (M)

| | l

Hy(M'\ %) Hy(M\ 2) —Z— Hy(M) ,

where we have set d = 6g — 6 + 2n, M = M, ,, M =M,  and % (resp., ¥') stands for

the union of the components of OM of the form A, ¢ (resp., the image of ¥ in Ml). The
three vertical arrows are isomorphisms by Poincaré duality. The map p is a piece of the
exact sequence of cohomology with compact support

g,n’

Co HITEY) 5 HE2MO\ S L HO (M) - HP72(Y) — - -

On the other hand H?3(%’) and H?2(¥’) vanish since the dimension of ¥’ is strictly
smaller than d — 3, so p is an isomorphism. It follows in particular that o* is injective if
and only if ¢ is, and that its cokernel can be identified with the one of . Passing to duals,
we have to look at 0¥ : H2(M) — H?(M \ X), which fits into the exact sequence

S HX(M M\ B) — H2(M) 25 H2(M\ 2) — H3(M; M\ %) —

Now the Thom isomorphism implies that E’@ ; M\ X) vanishes, since H'(M,, ;) does,
for any p and h, and that, moreover, H?(M; M \ X) is freely generated by the classes of
the components of . Since the images of these are independent in H2(M), the conclusion
follows.

5. Examples and comments

It is instructive to work out a couple of simple examples. It should be clear from them
how intricate a direct attack on the problem would be. We begin by checking formula (2.3)
on M and on My 4. One thing that simplifies matters in these cases is that, for these

values of g and n, one has M/g,n = ﬂg,n. We shall write M for M m, 1,0,...),n and W
for W(0,m,,1,0,...),n- In general, if v and [ stand for the numbers of vertices and edges of a
ribbon graph of genus g with n boundary components all of whose vertices are trivalent
save for a pentavalent one, one has

v=2n+4g —6, [ =3n+6g—8.
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In the case of My ; this yields v = 0; thus, W = 0. To check (2.3) in this case we must
then show that 12x; = 0. But now one knows that &7 = 12\ — § vanishes on ./\_/11,1 (cf. [6],
for instance). On the other hand ¢ = A. Thus 12k, = 12¢) = 12X = §, as desired.

The case of Mg 4 is more entertaining. The formulas above give v = 2, [ = 4; in
particular, M is 4-dimensional and hence W zero-dimensional. The possible graphs in M
are those of type a), b), and ¢) in Figure 3; their degenerations are illustrated in d), e), f),
and g). Among these, the first two are internal to moduli, while the last two correspond
to points in the boundary.

a) b) c)
d) e) f) g)
Figure 3

which associates to any numbered ribbon graph with metric the quadruple of positive
real numbers given by the lengths of its four boundary components. Clearly, a cycle Z
in MOA representing W can be obtained by cutting M with a section n = (Py,..., Py),
where the P; are positive constants. We choose Py, ..., P4 in such a way that P;; > 10F5;,
for i = 1,2,3. Since for graphs f) and g) two of the perimeters necessarily coincide, Z is
entirely contained in the interior of moduli. We now show that graphs of types c), d), and
e) cannot occur in Z. In fact, for graphs of type d) one of the perimeters equals the sum of
the remaining three, and this is forbidden by our choice of P’s. In e) one of the perimeters,
which we may assume to be the longest, equals the sum of two of the other perimeters
minus the remaining one. This too is incompatible with our choices. Let us now look at
graph c), where the edges have been labelled with their respective lengths ly,...,l4. Up
to the numbering of the boundary components the perimeters are

pr=b+l, p=l+tls, ps=1I3, pr=lh+la+ls.
We also have the obvious inequalities

Pa<p1+p2+p3, p3<ps, P1<p2+ps, P2<p1+ps.
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These inequalities imply, in order, that neither p4, nor ps, nor ps or p; can equal Pj.
This excludes case c¢). We next examine case a). It is clear that the longest perimeter is
the “external” one and that, except for this restriction, the perimeters can be arbitrarily
assigned. Therefore this case accounts for 6 = 3! points of Z, one for each choice of labelling
of the three “internal” boundary components by {1, 2, 3}.

We now examine graph b). Up to the numbering of the boundary components the
perimeters are

pr=Ub, pa=lo, ps=lz+li, pa=la+Il3+2l.

The following inequalities hold

P1<p3, p2<ps, P3<p1+ps, P1+pP2<p3+ps.

From the first three inequalities we get in particular that we must have py = P4. The only
possibilities for (pi,ps, p3, ps) are

(P17P27P37P4)7 (P17P37P27P4>7 (P27P17P37P4)'

In conclusion, the support of Z consists of 9 points. We claim that Z is the sum of these
points, taken with the positive sign. This follows immediately from Kontsevich’s recipe
(cf. [7], page 11) for the orientation of Z. In his notation, this is given by Q¢, where d is
the dimension of Z, i.e., by the constant 1. It follows that W is 9 times the fundamental
class of Mg 4 = PL. To prove formula (2.3) in the present case it now suffices to show that
12k1 — 0 has degree 9. This follows if we can show that

degd =3, degy =4, degky =—degd=—-3.

We briefly indicate how to do it. Set X’ = P! x P!, denote by f’ the projection onto the
second factor, and by o}, i = 1,2, 3, three constant sections of f’. Blow up X’ at the three
points where these sections meet the diagonal, to obtain a family f : X — P! together
with four distinct sections o1, ..., 04, which are the proper transforms of o, ..., 0% and of
the diagonal. This is the universal curve over HOA. Denote by F4, Es, E3 the exceptional
curves of the blow-up, and set D; = o;(P!). Then

0=(D; +E)>=D?+2+E?=D?+1 ifi<3
2=(Ds+ > E)?>=D3+6—-3=D?+3.
In all cases deg; = —D? = 1, so that v has degree 4. Clearly, A\ = 0, and deg § = 3, since

the universal family contains exactly three singular fibers. The result follows.
With the next example in mind, we now make a general remark. Fix a sequence

my, = (0,mq,...) and a positive integer n, and denote by v, I, and g the number of
vertices, of edges, and the genus of any graph belonging to M%?Lf"”g The real dimension of

Wi, n equals [ —n, while g is given by 2 —2g = v — [ 4 n. It follows that v <0, and hence
Wi, n is empty, as soon as the real codimension of W, ,, equals or exceeds 4g — 4 + 2n.
In particular, in this range, the formulas we are after would amount to expressing certain
polynomial in the Mumford classes as linear combinations of boundary classes. Moreover,
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if indeed these formulas were given by the DFIZ theorem, one could conclude, by induction
on the level, that all monomials in the Mumford classes vanish on M, ,, in real codimension
at least 4g — 4 + 2n. This is indeed true, as follows from the observation by Harer (cf. [5],
for instance) that M, ,, has the homotopy type of a CW-complex of dimension 4g — 4 + n.

We next look at the codimension two classes W, , on HLQ. The remark we just made
implies in particular that these are both zero. The corresponding conjectural formulas
coming from the DFIZ theorem are

(5.1) 0 =120K2 = 6&irr, (1) — 6810, (1 X 1) + 30819, (b1 x 1),

0 = 72K7 — 348kg — 6&irr, (K1) — 1281 9, (K1 X 1) + 128, (Ya) + 12&1 5, (Y1 x 1)

1 1
(5.2) +3 pzpf(B,p,p)*(n +5 png(D,p,p)*(l) —36€19, (1 x 1)

This last formula is a special case of formula (3.15). We have used the fact that graphs
of type A and B cannot occur in our situation. It should also be observed that the term
corresponding to graph B consists of a single summand, for the two marked points must
of necessity be on the rational tail. On the other hand, two distinct summands appear in
the term corresponding to graph D. In fact, this corresponds geometrically to two smooth
rational curves joined at two points, each component carrying a marked point, and these
can be labelled in two different ways. Now, using the computations of the two preceding
examples, we have that

/_ fir’r*(“l) = /_ R1 = 1) /_ firr*<w4) = | ¢4 = 17
Mi 2 Mo.,4 My 2 Mo.,4
1
§10,(1 x 1) = Y1 = —, / §1,0, (k1 x 1) :/ K1 = =,
/m1,2 Mia 24 Mo M. 24

/_ f(Bap,P)*(l) - /_ M. L= 1, /_ f(DW?P)*(l) - /_ M =1
Mi 2 Mo 3xXMpop 3 My 2 Mo 3XMpop 3

On the other hand one has

[ T
| /4/2 _ | K’l - —=.
Mi 2 24 My o 8

This follows either from a simple algebro-geometric calculation or, alternatively, by noticing
that the integrals to be computed are just

(rims) = (n) = o
and
(ro3) — (157s) = 2nomime) — (1) = 2Amo72) +2(n71) — (11) = 3(m1) = %

Substituting these values in the right-hand sides of (5.1) and (5.2) gives zero, as desired.
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We end this section with a few remarks. The first one concerns possible generalizations
of Lemma 2, and hence of Proposition 1, of section 4 to higher codimension. It is clear
that an essential ingredient in the proof of that lemma is the possibility of writing every
degree two cohomology class as a linear combination of standard ones. The analogue of
this is only known to hold in degree four, although it is a standard conjecture that it
should in fact hold in every degree, provided the genus is sufficiently large. However, it
would not be without interest, and perhaps provable with the same methods we have used
in this section, that an analogue of Lemma 2 holds in all degrees, provided attention is
restricted only to those cohomology classes which can be expressed as linear combinations
of standard ones.

The second remark has to do with relations among standard classes. There is a set
of conjectures, due to Faber [unpublished|, dealing with the relations that the classes k;
satisfy in the rational cohomology of M, ,. It is known [9][10] that there are no such
relations in degree less than g/6. For higher degrees Faber provides an explicit algebro-
geometric recipe to generate relations which, conjecturally, should yield all relations. It
occurred to us that perhaps an alternative way of obtaining relations could be via a recent
result of Mulase [11] which states that the function Z(t.,s.) satisfies the KdV hierarchy
as a function of s,, for any fixed t,. Making these equations explicit would yield relations
among the derivatives of F' with respect to the s variables, and we have explained how
these could be translated into relations among the x;.

Finally, it is clear that one needs to understand better the DFIZ theorem. In partic-
ular, one should try and systematically explain the marvellous cancellations that experi-
mentally occur in all the cases we have been able to compute.

Appendix

Below are listed the expressions of the derivatives of F' with respect to the s variables
in terms of derivatives with respect to ¢ variables that are relevant to the problem of
expressing classes Wy, , in terms of algebro-geometric classes, up to weight 15. We recall
that the weight of a partial derivative [[(0/0s;)™ is defined to be > m;(2i+1). Of course
the equalities below hold only at s, = $, = (0,1,0,...).

OF _OF 10°F 1(6F>2

sy Oty 2 02 2\l
oF oF 0*F OF OF 5 0F
— =120— —6 —6— — 4 - —
883 8t3 8t05’t1 81&1 81&0 4 8750
OF OF 02 F OF\? 92 F OF OF 703
— =1680 — — 18 — — 18 — | —60 ——— — 60 — — + — —=
Ds4 Oty ot? (atl) OtoOto Oty Oty 5 o3

7 OF 0°F 7<8F>3 49 OF 35

T 20 92 "6 \on) T2 06 %
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0?F

2
0s3

O*F OF O3F OF O*F O*F OF OF
=144 — — 840 — — 12 —24 — 24 24 — —
ot3 Ot3 O30ty Oty OteOts * o0ty * oty Oty

LOF O O°F 1 (OPF\' (OF\' P OF
4 oty Oty oty 2 \ Otk dto

oF oF 0°F OF OF 0°F OF OF
— =30240 — — 360 ———— — 360 — — — 840 ———— — 840 — —
885 6t5 8t18t2 8752 6161 (9t0(9t3 840 8153 8to

0*F

882883 -

oF

886

BF OF 0°F OF O°F OF [OF\? OF
+ 2 27

T + 21— — — — | = 585 —
ot2oty * oty 03 * Oty Otedty * oty \ Oty * Oto

105 9*°F 105 (9F\*

8§ adtg 8 \dto

L 15120 or _ 60 OF 12 oF O°F 2 O°F
Ot20ts Oty Ot2ots Oty Oteots OOt 0ts

OF O°F 92F OF 02F (8F>2 02F
+375

1440

T o oot oot ot o TV o Btodts

OF OF O*F 0*’F 0°*F OF O°F OF O3F

13 6 A -
dty Oty * ot3ot, * ooty Ot3 * Oty Ot2ot, * oty ot}

OF OF 0%F (8F>2 92F 45 3F 65 OF 0°F (8F>3

ot ot 02 O\ o) Gwon s o8 1o a2\
165 OF @

5 ot, | 32

+ 360

OF ?F OF\> 02F OF OF
= 665280 — — 1800 —5- — 1800  — | — 5040 — 5040 — —
Ot ot3 (at2> Ot10t3 Ot Oty

0*F OF OF OF OBPF OF O*F
— 15120 — =— 4+ 16170 — + 198 ——— -
OtoOty 5120 Oty Oto + 16170 Ots +198 Otoots 39 Ot, Otyoty

92F OF <8F>2 OF O3F OF 9°F

— 15120

198 == Z— 41198 =— ) =— - =
i ot dtg i oty ) 0Oty 330 Ot2ots 330 Oty Ot?
OF 0°F OF (OF\? 33 0*F 33 0F 93F 99 [92F\>
$660 - - —— 4330+ () 2 o e e — |y
Oty OtoOta Oty \ Otg 8 Oty 2 Oty ot 8 \ Ot}
99 (OF 292F 33 /oF\* 891 O°F 891 OF OF | 1155 OF
oty ) Ot}

4 oty 5 Olodt, 2 0t Oty T 32 oty

8
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0*F 0? OF PF OF O°F PF
=20160 ——— — 332640 — — 216 ——— — 432 — ——— — 840 ———
052054 Ota0ty Ots Ot2 0ty Oty Ot10ty Ot2ot,
OF O*F OBF 0*F OF
—1680 — —— — 720 ——— — 720 — — —
080 Oty OtyOt, 0 OtoOt3 720 ot2 oty 7

Oty O0toOts
2 2
6720 0°F OF OF 0°F

OF OF
6720 5 91 4 9514 9500 2F 9%
oot OV an ot T atot,

Oty Oty
O'F OF O3F 02F \> OF 0F
s + 18 - o + 18 [ ——— 18— ———
+9at38t§ * 88t1 ottot, * 8(8t08t1> - 88150 Ot Ot?
OF OF O*F O*F OF O3F 0?’F O*F
— —— ——— + 44— — = + 102 ——— ——
50 Oty Oty Otydty * Ot30ts 30 Oty O3 +10 OtoOty Ot}
OF O3F OF\? 9°F OF OF 9°F
132 — —5— +102( = | ——— — — — — 2835 —
19 Oty Ot30ts 10 <8t0> o0ty Oty Oty Ot? 835 Ots
_ 637 O°F | OF (OFN® | OF O°F 637 0F 0°F
4 0t30ty ot \ Oty ot Otk 2 Oty Otedty
LT OF _350F 0 21 PF OF OF (0°F\7
12 95 12 0ty Ot 4 Ot ot} Oty \ O3
_2L(OFNTOF T (OF\'OPF 385 0°F | 385 (OF\
4 \Oty) Ot3 2 \0ty) Ot3 8 Ot2 8 \ 0Oty

oF 0°F

0?°F 0? OF O3F O?°F
—5 = 14400 —%- — 332640 —— — 1440 ——— — 1440
83% 8t§ 8155 875082518753
2F F OF 2F

-+ 7020 0 oF 0 0

6720 25 9% 4 9160
a0t 2 ot ot T a0t

Lo (PN g PP PF L OF O°F
Oty ot?  ot3 ot Ot30t,

2 92 2
+36<8F> o°F  _,OF OF 9°F

2
OF OF 1440 or or
Ot10ts Oty Oty O0tyots
OF OF 0*F
2160 — — —
2160 Oty Oty 30 ot3ot?

OF 0°F
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