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Abstract: The recently introduced needle problem approach for the homogeniza-
tion of non-periodic problems was originally designed for the homogenization of
elliptic problems. After a short review of the needle problem approach we demon-
strate in this note how the stationary results can be transferred to time-dependent
problems. The standard parabolic problem of the corresponding heat equation in a
heterogeneous material is considered. Furthermore, we include an application to a
hysteresis problem which appears in the theory of porous media.
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1 Introduction

The aim of this note is to show how general elliptic homogenization results can
be transferred to time-dependent problems. More precisely, in [7] we studied the
homogenization of the elliptic equation

V- (a*Vu') = f inQ,

ut =1 on 0Q), (1.D

where () is a Lipschitz bounded domain in R™ and v : () — R is affine. Under a
weak averaging assumption on the coefficients a°, we introduced a new method to
prove that solutions u° of (1.1) converge to the solution of an elliptic equation with
a constant coefficient a*. In particular, we do not require periodicity or ergodicity
of the coefficients a°.

We are now interested in how this result can be can be transferred to a parabolic
problem of the form

ot =V - (a°Vu) in@ x (0,7) (1.2)
and to the hysteresis problem with a monotone relation //

025 =V - (a°Vu) in@ x (0,7),

0z =—H(*—u’) inQx(0,T), (13)
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completed with boundary data and initial conditions.

The underlying idea is that if existence, uniqueness and suitable a priori es-
timates are known for the solutions of the time- and e-dependent problems, then
classical compactness arguments allow for a subsequence of solutions to converge
to some limit function as € — 0. The homogenization of elliptic equations can then
be applied to a time-integrated version of the original equations, in order to identify
the limit found by compactness to the solution of the homogenized problem.

Regarding the literature on homogenization of elliptic equations, which is im-
mense and still rapidly growing, we refer the reader to the exceptional compendium
[10], and to the references therein. We recall the monograph [2], which treats also
the case of stochastic coefficients, and [1], regarding the I'-convergence of stochas-
tic functionals. About homogenization of equations related to the hysteresis prob-
lem studied in Section 3.2, we name the analysis done in the periodic case in [6]
and in the stochastic case in [5, 11].

In Section 2 we fix the notation, we review the new method of homogenization
introduced in [7], and we give the precise statement regarding problem (1.1). In
Section 3 we show the application to the time-dependent problems (1.2) and (1.3).

2 The elliptic needle problem in homogenization

We will review in this first section the needle problem approach to the homoge-
nization of elliptic problems. The main feature of this new approach, introduced
in [7], is that the assumption on the oscillatory coefficient is very general. We do
neither assume periodicity nor a stochastic construction, but only demand that the
coefficients satisfy a weak averaging property, namely that the coefficients allow
averaging in the sense of Definition 2.1.

Notation. In all results below, () C R" is a bounded open set with Lipschitz
boundary, Rg 1™ is the vector space of symmetric n X n matrices on R. We make
use of the following spaces of functions on the domain Q. L>(Q;Rgy") is the
space of measurable, essentially bounded, R ("-valued functions, H L(Q) is the
Sobolev space of functions u € L?(Q) such that d;u € L*(Q) foralli =1,...,n,
and H}(Q) is the closure, with respect to the H'(Q) norm, of C>(Q) (smooth

functions with compact support).

For ¢ > 0, let (a)., be a given family of coefficients with a* € L>(Q; R "),
satisfying the uniform ellipticity and boundedness condition

a1|n|2 <a(z)n-n < a2|n|2, VneR" forae.x € R", 2.1

for constants 0 < a1 < «a.

In order to describe the averaging property, we use an arbitrary simplex S C Q).
By Lax-Milgram’s Lemma (or F. Riesz’s Theorem, since a° is symmetric), to given
S C@Q,& e R and b € R, there exists a unique weak solution u° : S — R of the



problem
—V - (a°VuF) =0 in S,
u(x) =€-x+b on JS.
Definition 2.1 We say that the coefficients a® allow averaging of the constitutive

relation with the matrix a* € RZJJZ if the following is satisfied: for every simplex

S C Q, every b € R, and every vector £ € R", the solutions u® of (2.2) satisfy

(2.2)

lim + a*Vu® = a*¢. (2.3)
e—0 S

We remark that property (2.3) is satisfied, for example, for periodic coefficients
a® and for ergodic stochastic coefficients (see, e.g., [7, Appendix A]).

Moreover, if the coefficients a® satisfy condition (2.1), then property (2.3) im-
plies that also the homogenized matrix a* is uniformly elliptic and bounded, with
the same constants. Or, in other words, that the eigenvalues of a* are contained in
the interval [, ap]. This fact can be seen as a consequence of H-convergence or
['-convergence, but for convenience of the reader we provide a short independent
proof in the following

Lemma 2.2 For ¢ > 0, let (a®)., be a given family of coefficients with a* €
L>(Q; R, satisfying (2.1). If a® allow averaging of the constitutive relation

sym
with the matrix a* € RE7H in the sense of Definition 2.1, then
alg’ <a'§-E<anlel’,  VEER™ 24)

Proof: Let u° : S — R be the unique solution of problem (2.2), for given S C @,
b € R, and £ € R". Let v be the outward unit normal to 9S5. Then

/GEVUE -Vu® = / a*Vu' -vu = / a*Vu®-v(§-x+b) = / a*Vu - €.
S a5 as S
Therefore, by (2.3)
lim 4 a*Vu® - Vu® =lim 4 a*Vu© - £ =a"¢ - €. (2.5)
e=0 Jg e=0 Jg

Since a® are symmetric, u° is also a minimizer of the following problem
/SCLEVu‘g-Vu€ = min {/SchU'Vv cv € HY(S), v(z) =& +bon 85.}
and in particular, choosing v(x) = £ -  + b and using (2.1),
][(fVue -Vt < ][ a®¢ - & < ap€2 (2.6)
On the other hand, by (ZS. 1), Jensen’s inequzlity and the boundary condition in (2.2),

][CLEVUE -Vu® > 041][ |Vue > > oy ][VuE
S S S

We conclude the proof of (2.4) by combining (2.6), (2.7), and passing to the limit
as ¢ — 0 by (2.5). a

2
= o€ 2.7)




2.1 The needle problem

Let () be a Lipschitz bounded domain in R™ and ¢ : () — R be affine. The needle
problem is designed as an approximation of the elliptic equation

V- (a*Vu) = f inQ,
ut =1 on 0Q),

by functions in H*(Q) which are piecewise linear on the boundary of a triangula-
tion of the domain. In our approach, we use an auxiliary elliptic problem, indepen-
dent of the parameter ¢, to transform the right-hand side f into a jump condition
for the fluxes a®Vu*® on the boundary of the triangulation. Regarding the jump con-
ditions, which are indeed due to the choice of discretization, we note that unlike,
e.g., discontinuous Galerkin methods, solutions of the needle problem are continu-
ous on (), and only their gradients are allowed to jump in order to accommodate an
external forcing on the rigid frame constituted by the boundaries of the triangles.
We first state the problem, and then detail its construction.

Definition 2.3 (The needle problem) We are given a bounded Lipschitz domain
Q C R", a triangulation Ty, of Qn, C Q with interfaces 'y, :== \J, 0T}, and a
piecewise affine function 1) prescribing a boundary condition. We introduce the
Jfunction space

N, = {gzﬁ € Hy(Q) : ¢lor, is affine forall Ty, € Tp,, ¢ =00nQ \ Qh}

For a given function gy, : I', — R, the needle problem is to find u;, € 1) + N}, such
that
/ a*Vu; - Vo = J1/%0) Vo e Ny, . (2.8)
Q Ty
The needle problem depends on a grid of elements with typical size h. We
choose a polygonal subset ), C (@ which is large in the sense that z € @,
dist(z,0Q) > h implies x € Q. The domain @), is discretized with open sim-
plices such that

Tn = {Tk}ycs, 1sasubdivisionof Qp, diam(7}) < h, Vk € Ay,

We consider the corresponding finite element space of continuous and piecewise
linear functions with vanishing boundary values,

Yy, :={¢ € Hy(Q) : ¢l is affine forall Ty, € Tp,, ¢ =00nQ\ Q1 } .

This formulation could be regarded as a variational crime, in the sense of [8]. We
show in [7] how the errors thus introduced can be estimated and controlled.

With the matrix a* € R™*" of Definition 2.1, with f € L?*(Q) and the given
affine boundary condition v, we consider the following auxiliary problem.

Find U, € ¢ + Y, with /

(a*VUh)Vd):/ﬂb, Vo eY, (2.9)
Q Q



By Lax-Milgram’s Lemma and standard finite element approximations there exists
a unique solution U}, of (2.9). Moreover, for an affine boundary condition 1 there
holds

U, — u* in H(Q)

for h — 0, where u* is the solution of
-V - (a"Vu*) = f in Q,
ut =1 on 0Q).

Our next aim is to transform the right-hand side f into jump conditions for the
fluxes a*V U}, across edges of the grid 7;,. We will extract the relevant information
on jumps from the finite element solution U}, of system (2.9). Let [';, be the set of
interior interfaces and I'y; be the interface of two simplices T}, and 7},

Fh = (U 8Tk> \8Qh = U ij, ij = Tk N Tj .
k k<j

We furthermore use the notation v/ for the outer normal to 7} on 97}. For a
function ¢ € L*(Q;R"), such that ¢|7, has a trace on 9T} for all k, the jump
across I'y; is defined as

[M]kj = @l v + SD\Tj V) = (@\Tk - <P|Tj) “V(k)-

By definition, there holds ], ; = [¢] ;- We consider the jump as a scalar function
on [';,. With the solution U}, of (2.9), we define g, : [';, — R as the function

gnlr,, = [a* VU], (2.10)

The gradients VU, are constant in each simplex T}, hence g, : ', — R is constant
on each interface I'y;.

Remark 2.4 The finite element solution U, was defined in (2.9) with f. We can
characterize Uy, with gy, as the unique solution of

U,€ey+Y,, with [[Q*VUh]]kj = gh|rkj VEk < j. 2.11)

Problem (2.11) is equivalent to problem (2.9).

The remark indicates that the right hand side f has been transformed into the
jump condition g;. This is even clearer if we observe that, for all ¢ € Y},

/Q fé= /Q VU Vo= 3 /8 @Yo [ a0

'y

since a*V Uy}, is constant in each 7). Considering only functions ¢ € Y}, we have
therefore equivalently replaced f € L*(Q) by gp.



Let H"~! denote the (n — 1)-dimensional Hausdorff measure. Since by the
trace theorem any function v € H'(Q) has trace u|r, € H?(T';,), we observe that
the application

U ulr, gn dH"
IV
defines a linear and continuous functional on H 1(Q). In this sense, g, H"* |1“h S
H7Y(@Q). In particular, in that case, the Lax-Milgram theorem is applicable and
yields the unique existence of a solution u§, € 1) + N, of the needle problem.

A formulation of (2.8) on single simplices is as follows: we search for uj &
Y + N, with

-V - (CLSVUZ) =0 in Tk, VTk‘ € 7717
/ ([[CLEV'U/Z]]_gh)¢ =0 v¢€Nh.
Tn

2.2 Homogenization of elliptic equations

We recall the main result of [7] on the non-periodic homogenization of elliptic
equations.

Theorem 2.5 Let () C R" be an n-dimensional bounded domain with Lipschitz
boundary, withn = 2 orn = 3. Let f € L*(Q) be arbitrary and let 1) € H*(Q)
be affine. We assume that the coefficients (a°). satisfy the ellipticity relation (2.1)
and that they allow averaging of the constitutive relation with the matrix a* in the
sense of Definition 2.1. Then the sequence (u®). of weak solutions of

V- (a*Vu) = f in Q,

=) on 90, (2.12)
satisfies
u® — u* weakly in H(Q),
atVut — a*Vu* weakly in L*(Q; R™),
where u* is the weak solution of
—V - (a"Vu") = f inQ, 2.13)

ut =1 on 0Q).

On the proof. The theorem is shown by a comparison of the original problem with
the needle problem. More precisely, in [7], we show the convergence estimates

i i 4, — o) = O @14
us — Uy, weakly in H'(Q), as e — 0, (2.15)
a*Vu; — a*VU, weakly in L*(Q;R"), ase — 0, (2.16)

Uy — u* weakly in H(Q), as h — 0, (.17



where u° is the solution of (2.12), U}, solves the finite elements approximation
(2.9), uj, s the solution of the needle problem (2.8) where the prescribed jump gj,
is given by (2.10), and u* is the solution of (2.13). While convergence (2.17) is
a standard fact of finite elements discretization, the other three convergences are
more delicate. The limit in (2.14) is obtained combining classical energy estimates
with an improved version of div-curl lemma on a mesh 7, which is adapted to the
sequence u° in order to avoid singularities. The convergence in (2.15)-(2.16) stems
from Definition 2.1, which is shown to imply homogenization of elliptic equations
with f = 0 and affine boundary conditions on simplices. Since h is arbitrary in
(2.15)-(2.16), these four estimates provide the desired result.

3 Time-dependent results

We turn now to the application of the elliptic homogenization result in Theorem 2.5
to two time-dependent problems. In Section 3.1 we recall the classical case of the
heat equation, and in Section 3.2 we show how elliptic homogenization can be
transferred to a time-dependent problem with hysteresis.

In an abstract language, we can describe the results in this subsection as follows:
hypothesis (2.3) on coefficients a® implies, by Theorem 2.5, the H-convergence
of a° to a*, i.e., the weak convergence (u®,a*Vu®) — (u*,a*Vu*) in H(Q) x
LQ(Q; R™), for solutions of the correspondent elliptic problems (see, e.g., [10, Def-
inition 6.4], [9]). This H-convergence is exploited now in order to conclude ho-
mogenization results in time-dependent problems.

3.1 The heat equation

It is straightforward to transfer homogenization results for elliptic problems to the
corresponding parabolic problems, see e.g. [2]. For the sake of completeness, in
order to show that the needle-problem approach provides new results for parabolic
problems, we include this conclusion here. A non-standard time-dependent prob-
lem will be treated with similar methods in the next subsection.

Theorem 3.1 Let () C R" be bounded, open, with Lipschitz boundary, n = 2
orn = 3, and let T > 0. Let ¢y € CY[0,T]; H(Q)) be such that 1 (t,-) is
affine for all t € [0, T], and ug € H*(Q) be given. We assume that the coefficients
(a®). satisfy (2.1) and that they allow averaging of the constitutive relation with the
matrix a* in the sense of Definition 2.1. Let (u®). be a sequence of weak solutions

of
ot =V - (a°Vu) in@Q x (0,7,
u® = on 0Q x (0,7T), (3.1
ut(t =0) = ug on Q.



Then u® satisfies

ut — u*, weakly in L*(0,T; H*(Q)),
Opu® — Opu*, weakly in L*(Q x (0,T)),
a*Vus — a*Vu*, weakly in L*(Q x (0,T); R™),

where u* is the weak solution of

ou* =V - (a*Vu") in@Q x (0,7),
u* =1 on 0Q x (0,7T), (3.2)
u*(t =0) = ug on Q.

For notational brevity, the theorem is formulated here for a vanishing right-hand
side f.

Proof: By standard a priori estimates for parabolic problems, there exists a constant
C, depending only on T', Q, ug, 1, such that the solutions (u?). of (3.1) satisfy

1] 20,000 @)) + 1u | 0,1i22(0)) < C-

In particular, we can find a subsequence u°* and a limit function u such that

u™ — u  strongly in L*(0,T; L*(Q)), (3.3)
Vu — Vu weakly in L?(0,T; L*(Q; R™)), (3.4)
Ot — O weakly in L*(0,T; L*(Q)). (3.5)

In order to prove Theorem 3.1, we need to show that every limit function « is a
solution of (3.2), that is, u = u*.

As a first step, we note that Theorem 2.5 can be extended to the case of a
weakly-L? converging right-hand side.

Lemma 3.2 Let the hypothesis of Theorem 2.5 be satisfied, and let f. € L*(Q) be
such that f. — f weakly in L*(Q). Then the sequence (u¢). of weak solutions of

=V - (a°Vu) = f. inQ,
ut =1 on 0Q),
satisfies
u® — ut weakly in H'(Q),
a*Vu® — a*Vu* weakly in L*(Q; R™),
where u* is the weak solution of
—V - (a"Vu") =

u*

in @,

f
(0 on 0Q). (36)



Proof: [of Lemma 3.2] We decompose the solution u* additively into two parts. To
this end, let v and w* be the solutions of

V- (a*Vo)=f.— f in Q,
v* =0 on 0Q),
and
-V (a*Vu) = f in @,
w® =1 on 0Q).
Owing to Theorem 2.5, the solutions w*® satisfy
w® — u* weakly in H'(Q),
a*Vw® — a*Vu* weakly in L?(Q; R"),
where u* is the weak solution of
—V - (a*Vu") = f in Q,
ut =1 on Q).

By linearity, u* = v® + w®. Therefore, equation (3.6) and the lemma are shown
once we verify the appropriate convergences to 0 for v°.

We have a bound ||v°|| g1(g) < C by Lax-Milgram’s Lemma. Therefore, from
any subsequence of v° we can extract a subsequence v** and find v € H'(Q) such
that v — v strongly in L?(Q). By the ellipticity condition (2.1) on a® we may
compute

aq [[v°F ”Hl(Q / a*Vu - Vo = /(fak — fHvF =0,
Q Q
which implies the desired convergences. O

We turn now to the proof of Theorem 3.1. Let ¢ € C2°((0,7); R) be a smooth
cut-off function. Let u® be the solutions of equation (3.1), and define the averages

W (z) = /OTus(x,s)go(s)ds, Fe(z) = — /OTasue(x,s)go(s) s,
so that, by (3.4) and (3.5), it holds
we — / u(z, s) ds  weakly in H'(Q), (3.7)
Fe— —/ dsu(x, 8)p(s) ds, weakly in L*(Q). (3.8)

Equation (3.1) translates into the following equation for W¢,
-V - (a°VW*®) = F*¢ in Q,
We =V on 0Q),
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where

= [ vt et s

Lemma 3.2 and the convergence (3.8) provide the limit of W*°. We find

we —~ W+ weakly in H'(Q), (3.9)
acVWe — a*VIW* weakly in L?(Q; R"), (3.10)

where W* is the weak solution of

-V (a*VW*) = /auxs (s)ds in @,

With the help of (3.7) and (3.9), we translate this equation for 1//* into an equation
for u. We find, for an arbitrary test-function ¢ € Hj(Q),

/ /{au z,8)o(s)p(x) + a*Vu(z,s) - Vo(x)p(s)} deds = 0.

By density of the functions ¢(t)¢(z) in L*(0,T; H}(Q)) we conclude that the limit
u of u° is the weak solution of

Oru=V - (a"Vu) in@ x (0,7),

u =1 on 9Q x (0,7),
u(t =0) = ug on Q.
This concludes the proof of Theorem 3.1. O

3.2 A parabolic problem with hysteresis

We discuss now a problem that appears in porous media analysis. Hysteresis plays
an important role in wetting processes. If a porous medium is first wetted and
then de-wetted, the pressure-saturation relation is very different during the two
processes. We consider a related hysteresis model; the variable 2 has the physical
meaning of a saturation, v stands for the pressure.

Related problems were analyzed in [5] and [3]. Both contributions are con-
cerned with the case that the function A of the hysteresis problem is the multi-
valued graph H = sign™! or a regularization thereof. In [3] an existence result
is derived, we refer also to the references therein. In [5] the homogenization of
the problem in a stochastic setting was analyzed. The homogenization result is
involved since it treats not only multi-valued hysteresis functions, but also hystere-
sis functions H that depend on the spatial position and have a microstructure. In
the contribution at hand, we show that the homogenization limit can be performed
without any further difficulties if we assume that the monotone hysteresis relation
H is smooth and without microscopic oscillations.
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In the proof below we use a formulation of the problem with variational in-
equalities, employing methods of convex analysis. Such methods were also used in
[4] for an outflow problem in porous media analysis, in [7] in a periodic homoge-
nization problem in plasticity, and in [11] in an abstract stochastic homogenization
problem.

Theorem 3.3 Let ) C R"™ be bounded, open, with Lipschitz boundary, n = 2 or
n =3 andletT > 0. Let ) € C*([0,T); H(Q)) be such that \(t,-) is affine
forallt € [0,T], and 2y € L*(Q) be given. Let H : R — R be a monotone
function of class C* with H(0) = 0 and with bounded derivative. We assume that
the coefficients (a®). satisfy (2.1) and that they allow averaging of the constitutive
relation with the matrix a* in the sense of Definition 2.1. Let (u®, 2°). be a sequence
of classical solutions of

0iz° =V - (a°Vu) in@Q x (0,7),
0z =—H(z*—u’) inQx(0,7T),

us =1 on 9Q x (0,T), @10
25(t=0) =z on Q.
Then (u°, z¢) satisfies
ut — u*, weakly in L*(0, T; H*(Q)),
01z — Oz, weakly in L*(Q x (0,T)),
atVut — a*Vu*, weakly in L*(Q x (0,T); R™),

where (u*, z*) is the unique weak solution of
02" =V - (a"Vu") in@Q x (0,7,
Oz"=—-H("—u") inQx(0,7T),
ut =1 on 0Q x (0,7T),
2*(t=0) = 2z on Q.
Note that, since by Lemma 2.2 the homogenized matrix a* satisfies the same

ellipticity and boundedness conditions of a®, existence and uniqueness of a solution
(u*, z*) can be established with exactly the same technique we use for (u®, 2°).

Energy estimates. Consider the equations
0,2° =V - (a°Vu), (3.12)
02 = —H(z° —u). (3.13)

For brevity of notation, we assume that the boundary condition is ¢ () = 0. We
multiply equation (3.12) with v° and equation (3.13) with u* — 2°, and integrate
over (). Integrating by parts and using the boundary condition in (3.11) we obtain

/Q () = — /Q VU - Vi,
/Q (B2 = /Q (0,2)2* + /Q H( — w)(2* — ).
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We integrate in time to find
T
/ / (0,2°)2° + a°Vu® - Vu' + H(2° —u®)(z° —u®) = 0.
0 J@Q

By monotonicity of [ and ellipticity of a® we conclude the energy estimate

sup —/|z ]2—|—a1/ /]Vu > < /]z0|2.
te(0,T) 2 Q

We may additionally use Poincaré’s inequality for u° to see that for some C' > 0
we have the uniform bound

2 2
122 0,22 00)) T 1 201 (q)) < €

Higher order estimates. We present here a derivation of higher order a priori es-
timates, assuming the regularity 2 € W'>(0,T; L*(Q)) and u® € H' (0, T; H'(Q))
for every €. The proof can be performed without the regularity assumption on the
solution, see [3]. In this calculation we exploit that the nonlinear relation H is
differentiable. We differentiate in time equations (3.12) and (3.13)

022f =V - (a°Vous), (3.14)
022° = —H'(2° — u®)0,(2° — uf). (3.15)

We multiply equation (3.14) by 0,u® and equation (3.15) by 9;(u — z¢). Integrating
by parts and employing the boundary condition in (3.11) we obtain

/ 022 0uf = —/ a*V (o) - V(0u),

Q Q

/ 0222 0uf = / 072°0,2° +/ H' (25 — u®) (0 — 0,2°)°.
Q Q Q

Integrating in time and using the ellipticity of a° and the positivity of H' we obtain

sup —/ |0, 25 (¢ +a1/ /|V8u5|2 /]8t20|2
te(OT)2

In this equation, the expression 0,z stands for the following. We can combine the
evolution equations in ¢ = 0 into —H (2§ — uj) = V - (a°*Vug). The solution u
of this elliptic relation is bounded in H'(Q), independently of . The formal time
derivative of z in ¢ = 0 is then the L*-function 0,25 := —H (25 — u§). In other
words, we do not need to prescribe the initial value for 0;z°, since for classical
solutions it is determined by the initial datum zj, through equations (3.12) and
(3.13).
We conclude that there exists C' > 0 such that

2 2
102" e 0.2 + 100N 220 i () = €
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In particular, we can find a subsequence (¢;) and limit functions z and u such that

u™ — u strongly in L*(0, T; L*(Q)), (3.16)
Vut* — Vu weakly in L?(0,T; L*(Q; R™)), (3.17)
0,2 — 0,z weakly in L*(0,T; L*(Q)). (3.18)

Proof: [Proof of Theorem 3.3] We proceed as in the proof of the heat equation,
defining

T T
We(x) ::/ u(z, s)p(s)ds, Fe(z) = —/ 0s2%(z, s)p(s) ds,
0 0
for a smooth cut-off function ¢ € C°((0,7); R). By (3.17), (3.18), it holds
T
we 4/ u(z, s)p(s)ds weakly in H'(Q), (3.19)
0

T
Fe— —/ Osz(x, s)p(s) ds, weakly in L*(Q).
0

By equation (3.12), W*¢ solves

-V - (a°VW?®) = F* in Q,
We=wv on 0Q),

-/ "o 9)pls) ds

and 1 is the given boundary condition in (3.11). By Lemma 3.2 and convergence
(3.19), We© satisfies

where

we —~ W+ weakly in H'(Q), (3.20)
a*VWe — a*VIW* weakly in L*(Q; R™),

where W* is the weak solution of

-V - (a"VIWV¥) /azxs s)ds in @,

Proceeding as in Section 3.1, we compare (3.19) and (3.20), obtaining, for an arbi-
trary test-function ¢ € H}(Q),

/ / {0s2(x, 8)p(s)p(x) + a*Vu(z, s) - Vo(x)p(s)} deds = 0.
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By density of the test functions o(t)¢(z) in L?(0,T; H}(Q)) we conclude that
every limit (u, z) of (u®, 27) satisfies

Oz =V - (a"Vu) in@Q x (0,7),

u=1 on 0Q x (0,T),
2(t=0) =z on Q.
The limit process in the pointwise and nonlinear equation 0,2° = —H (2 — u°)

is more complicated than the limit process in the linear elliptic equation. The reason
is that (2° — u®) converges only weakly in L?(0,7T; L*(Q)); we have no spatial
estimates for z°. We solve this problem with the help of convex analysis.

We firstly define a primitive of H, the function G : R — R with G’ = H and
G(0) = 0. This function is convex and non-negative by our assumptions on H. We
introduce the convex functional on L?(0, T; L*(Q))

/ / (z,t)dedt € R for &€ L*(0,T;L*Q)).

We will use £° := 2° — u® as an argument for G. The delay relation reads
0pzf = —H(z*—u ) —G'(2°—u®); itis equivalent to the subdifferential inclusion
0,2° € —0G (&), since the subdifferential coincides with the Frechét-derivative.
We can now use the defining relation for the subdifferential and conclude: for
every comparison argument 7 € L*(0,T; L*(Q)) holds

G(n) = G(&) + (=0:2%,n = &) >

We recognize one total time derivate and re-write as

G — ) + S| — (9t m + ) < G,

dt 2

We integrate over the time interval (0, 7") to find

T 1 T T 1
/ g(ze—u5)+—Hz5(T)H2—/ (&ziwuf)g/ G(n) + 5 lzoll*.
0 2 0 0 2

In this inequality, we can pass to the limit exploiting the convexity (and hence
lower semi-continuity) of G and of the norm, and furthermore exploiting the weak
convergence of 0;2° and the strong convergence of u°. We find that

[ atz-w+ @i - [ @< [ 6o+ gl

By writing ||2(T)||* — ||20/|* again as a time integral we find that

—0iz € 0G(z — u).
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Since G is convex and differentiable, this is equivalent to
—0z=G'(z—u) = H(z —u) ae. in (0,7) x Q.
This shows the claim. O

Remark. The convergence proof uses only the property of monotonicity of .
The existence of H’ is only used in the derivation of the higher-order estimates.
The statement of Theorem 3.3 could therefore be extended to monotone graphs H
which are subdifferentials of convex functions. This is the case that is considered
in applications.

References

[1] G. Dal Maso and L. Modica. Nonlinear stochastic homogenization. Ann. Mat.
pura appl., 144:347-389, 1986.

[2] V. V.lJikov, S. M. Kozlov, and O. A. Oleinik. Homogenization of differential
operators and integral functionals. Springer-Verlag, Berlin, 1994.

[3] A. Lamacz, A. Ritz, and B. Schweizer. A well-posed hysteresis model for
flows in porous media and applications to fingering effects. Adv. Math. Sci.
Appl., 21:33-64, 2011.

[4] 1. S. Pop and B. Schweizer. Regularization schemes for degenerate Richards
equations and outflow conditions. Math. Models Methods Appl. Sci.,
21(8):1685-1712, 2011.

[5] B. Schweizer. Averaging of flows with capillary hysteresis in stochastic
porous media. European J. Appl. Math., 18(3):389—-415, 2007.

[6] B.Schweizer and M. Veneroni. Periodic homogenization of the Prandtl-Reuss
model with hardening. J. Multiscale Modeling, 2(1&2):69—106, 2010.

[7] B. Schweizer and M. Veneroni. The needle problem approach to non-periodic
homogenization. Netw. Heterog. Media, 6(4):755-781, 2011.

[8] G. Strang. Variational crimes in the finite element method. In The mathemat-
ical foundations of the finite element method with applications to partial dif-
ferential equations (Proc. Sympos., Univ. Maryland, Baltimore, Md., 1972),
pages 689-710. Academic Press, New York, 1972.

[9] L. Tartar. Cours Peccot au College de France. Partially written by F. Murat
in Séminaire d’ Analyse Fonctionelle et Numérique de 1’Université d’ Alger,
unpublished, 1977.



16

[10] L. Tartar. The general theory of homogenization. A personalized introduction,
volume 7 of Lecture Notes of the Unione Matematica Italiana. Springer-
Verlag, Berlin, 2009.

[11] M. Veneroni. Stochastic homogenization of subdifferential inclusions via
scale integration. Intl. J. of Struct. Changes in Solids, 3(1):83-98, 2011.



