So we have two classes: explicit methods, and implicit methods.
In all cases we want the sequence {yp,y1, - ,yn} to converge to the

sequence {yo, y(t1),---,y(T)}.

If, given a method, we can prove that

3C > 0 such that  max|y, — y(t,)| < CAtP

with C independent of At and p > 0, then we say that the method is
convergent, and the order of convergence is p (the bigger p, the faster the
convergence). Consistency and stability will be defined separately. For
one-step methods, a Lipschitz estimate for the step map gives the
following convergence result.
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One-step convergence on a fixed time interval
Write ypy1 = ®Pp(tn,yn), h= (T — to)/N, and assume

[®n(t; u) = ®a(t, V)| < (1+ Lh)lju— v,
with L > 0 independent of h, and a local defect
ly (tn1) — Paltn, y(ta))]| < CHPT.
For e, = y(tn) — ya this implies
lentall < (1+ Lh)lleall + ChP*.
Iteration gives, for t, < T,
leall < e T (Jleo]| + C(T — t0)h?).

With exact (or order-p) initial data the method converges with order p.
This finite-time stability estimate differs from absolute stability on the test
equation.
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Intuitive explanation of consistency and stability

@ the consistency error at a given time step measures the error which is
created at that step; it is defined as the error made when the scheme
is applied to the exact solution of the problem. It can be seen that
the consistency error measures how much the discrete scheme
resembles the differential problem.

@ stability measures how the error, created and accumulated during the

previous steps, goes to the next step (is it amplified? does it
decay?...)
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Consistency of a scheme

Consistency is a measure of how much the discrete scheme resembles the
differential problem: the consistency error is the error made when the
scheme is applied to the exact solution of the problem.

The consistency error of a given scheme is defined as

T= n:OrT.]..a,)/(V—l 7ol

where 7, is the local truncation error at the step n, that is defined as:
y(tnt1) — Inta
At

where y,11 is obtained applying one step of the method to the exact
solution at the previous time instant y(t,). We say that the scheme is
consistent of order p if:

n —

3C > 0, independent of At,s. t. 7 < CAtP

We observe that if the numerical scheme is consistent, then 7 — 0 for
At — 0.
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Consistency of Explicit Euler

The exact solution fulfils: y/(t,) — f(tn, y(ts)) =0, n=0,1,2,....

If we apply the Explicit Euler scheme to the exact solution we will have:
)7n+1 = Y(tn) + At f(tm}/(tn))

Since y'(tn) = f(tn, ¥(ts)), by Taylor expansion centered in t,, there exists
z € [tn, th41] such that

/ Atz " At2 !
Y(tr1) = y(tn)+Aty (tn)+——y"(2) = y(ta) +AL F(tn, y (ta))+—-y"(2)
Thus, the local truncation error becomes
y(fn+1) — Ynt1 Y(tn+1) - Y(tn) At ),
n = = —f tn, tn = A 5
T At N (tn, y(tn)) = —-y"(2),

and the consistency error is then

At
= < = "(t)| = CAt.
7 = max|7,| < R e ly"(t)]

Thus, Explicit Euler scheme is consistent with order of consistency 1.
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Consistency of the Heun method **NOT FOR THE EXAM**
We apply the Heun scheme again to the exact solution y, = y(t,):

Tuit = y(ta) 5" (F(tns y(0) + F s, Y (tn) + At (1 (80))

Since f(tn, y(tn)) = ¥'(ts), by Taylor expansion centered in t,, there exists
71 € [tp, th+1] such that

/ At2 "
y(tnt1) = y(tn) + (tot1 — tn) ¥'(tn) + oY (21) 1)
2
= y(t2) + Bty () + Sy ()

and, by Taylor expansion centered in t,1, there exists z» € [tp, tht+1] such

that
2

V() = y(tns1) + (1 — trs2) Y (t012) + 55/ (22)
: ©)

PRAR
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The local truncation error, setting 9,11 = y(tn) + At f(tn, y(ts)) and
using again that ' (tr1) = F(tnsr, y(trre)) i

7. = Ytnt1) = Fria

At
~ (y(ter1) = y(ta) = 55 () — 5EF (tnt1, Jnt1)))
- At
(1) = y(ta) = 55 (t0) = 55 (tni1) + 5 F(tnr1, y(t11)) — 5 F(tns1, Pnr1)))
o At
tnr1) — y(tn) — Bty (ta) — Bty (tn 1 .
= ltoet) (8 = B 6D = 3 Ee) sy t) — Ftres )
— A+ B,
where
A Wlton) = y(tn) = 8ty (ta) — 5ty (t1))
a At
and

1 o
B = E(f(tn+1,y(t,,+1)) — f(tnt1, Jni1))
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For the first term, Taylor's formula at the two endpoints gives

A=70"(@)=y"(2)),  h=At 21,2 €[t tri].

Assume y € C3([to, T]). Since
Y"(21) = y"(2)| < |z = 2| lly®|e < hlly®lec,

we obtain
R @)
A< 21y

This estimate also holds when z; = z; no division by their difference is
needed.
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For the second term we have

1 N
[BI = S1F(tns1,¥(tn11)) = f(tni1, o))

L N
< *|)/(tn+1) — Vnt1]

L At?

<55l (@)]

where we have assumed and used the Lipschitzianity of f with respect to
its second argument, that is, |f(t,m1) — f(t,m2)| < L|n1 — 12|, and then
(1) again. In conclusion

A
7 = max|7a| < —— (Ily" e + Llly"|lec) = CAE?

Thus, the Heun scheme is consistent with order of consistency 2.
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Polynomial solutions and consistency

Explicit Euler is exact for affine solutions. However, an order-2
Runge—Kutta method need not reproduce every quadratic solution exactly.
For example,

y'=2t+y—t%,  y(0)=0,  y(t)=+¢"

One Heun step gives K1 = 0, Ko = 2h — h?, hence

h , M
1= §(K1+K2) =h"— 5 # y(h).

Polynomial exactness characterizes the residual consistency conditions of
linear multistep formulas. General Runge—Kutta methods require their own
order conditions.
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Consistency of implicit methods: review of explicit Euler

Yn+1 — Yn
f tna n
At (tn,yn) =0 Vn

Applying this scheme to the exact solution of the Cauchy Problem means
considering
)/(tn+1)*}/(tn) !
s Ay (t
At y'(tn)
which is in general # 0. Is the order of consistency 1?7 For this we should
have the above = 0 when the solution of the Cauchy Problem is 1, t.

1-1
When y(t) =1y =0 = f,= == ~0=0;
When y(t) = t,y' =1=f,= "2 —1=1-1=0,

Hence, the order of consistency of EE method is 1. Note that

1.'2 —t2
When y(t) = 2,y =2t = f, = % — Oty =tpy1 —th £ 0
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Consistency of implicit methods: implicit Euler

Yn+1 — Yn
_ftn s Yn =
At (tnt1,Ynr1) =0 Vn

Applying this scheme to the exact solution of the Cauchy Problem means
considering
)/(thrl)*y(tn) /
s (¢
At )/( n+1)
which is in general # 0. Is the order of consistency 17 For this we should
have the above = 0 when the solution of the Cauchy Problem is 1, t.

1-1
When y(t) =1y =0 = f,= == ~0=0;
When y(t) = t,y' =1=f,= "2 —1=1-1=0,

Hence, the order of consistency of IE method is 1. Note that

2

2, —t2
When y(t) = t?,y =2t = f,— % —Qtpi1 =th—thp1 #0
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Consistency of implicit methods: Crank-Nicolson

1— 1
% - §<f(tn7}/n) + f(tn+l7)/n+1)> =0 Vn
Applying this scheme to the exact solution means considering

Atnia) 26 (36 4/ (1),

Let’s check the above expression when the solution of the Cauchy
Problem is 1, t, t%:

1-1 1
When y(t) =1,y' = 0= f,— —— = 5(0+0) = 0;

At
the1—tp 1
When y(t) =ty =1=f, = " " _“(141)=1-1=0;
At 2
2 1 t,27+1—t§ 1
When y(t):t Y :2t:f,:>A—t—§(2tn+2tn+1):0

Hence, the order of consistency of Crank-Nicolson is 2.
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Absolute Stability

The concept of stability is another very important and useful concept
whose precise definition has to be made precise at various occurrences.
Roughly speaking, stability is what guarantees that the errors generated
during a numerical procedure do not grow too much.

With Ode stability is a delicate issue, especially when the phenomenon
under study has to be followed for a long time. To better see what
happens, let us consider a simple model problem, for which we know the
exact solution:

{y'(t):ay(t) t>0 aeC
¥(0) =

which exact solution is

y(t) = yoeRe@t(cos((Im a)t) + isin((Im a)t))
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If Re(a) > 0 the exact solution grows exponentially. We cannot expect
(and we do not want!) that the discrete scheme remains bounded, and it
is not even the case to discuss “stability"”.

Instead, if Re(a) < 0 the exact solution not only is bounded, but decays
exponentially:

Re(a) <0 — [y(t) <lyo| and lim |y(t)] = 0.

In this case we need to analyse the discrete schemes, and see whether the
discrete solution decays too, and behaves like the exact solution. Hence,
let Re(a) < 0, and let {y,} be the sequence generated by a numerical
scheme. Does {y,} satisfy the following relation?

aeCwithRea<0 — |yn| <|w| and lim |y,| =07
n—o0

The scheme is absolutely stable at z = aAt if its amplification factor
satisfies |R(z)| < 1. It is A-stable if this holds for every Re(z) < 0.
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Checking absolute stability for Explicit Euler

By applying Explicit Euler method to the model problem, we get
(Vnt1 = yn + Atf(tn, yn) with f(tn, yn) = ayn)

VYo+r1 = (1 4+ aAt)y, n=0,1,.... = y, = yo(1+ aAt)".

The exact solution decays exponentially from the initial value yp, while the
growth-decay factor for the discrete scheme is G = 1 + aAt.

For having lim,_oc |yn| = 0 we need |G| < 1. We observe that |1 + aAt|
is the distance between —1 and aAt, so |G| < 1 if and only if aAt is
inside the unit disk centered at —1.
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Stability for Explicit Euler: the real setting

1

o

~
(=4

A\vj

EE v slable > [ 4+ anat] < ¢

-2 <a_4f< o
2

1=> - a0z 2t > & (some 0.40)

Z=>



Stability for Explicit Euler: the real setting

-2 A 0
- -
2 - o AF
EE s sfable  => [ 4+ anat] < ¢
c=> -2 cast < o



Stability for Explicit Euler: the complex setting
A

e_anteC

2
EE s sfable => [ 4+ ant] < ¢

Z=> 2 e wiele wikk i 4 gud  wdre -1
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It holds:
14+ aAt] <1 < [1+aAtP <1
but we have
114 aAt]? = (14 aAt)(1 + 3At) = 1 + 2Re(a)At + |a>At?

Thus

2R
|14 aAt| <1 — 0<At<—|e|(23) (Re(a) < 0)
a
This is the drawback of Explicit Euler scheme, and of explicit
Runge—Kutta methods: for small enough time steps the stability condition
is satisfied, but when Re(a) is strongly negative (exactly the case of rapid
decay in the true solution) we are compelled to keep At small.
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Two local error conventions

For a one-step map, the local defect is

dni1 = Y(tn+1) - (Dh(tn:Y(tn))v Tn = n+1/h'

For an implicit formula, it is often simpler to insert the exact solution into
its equation. For implicit Euler this residual is

y(tnt1) = y(tn)

h - f(tn+1:)/(tn+1))-

rh =

It is not exactly the same quantity as 7,. If f is Lipschitz in y with
constant L and hL < 1, then

hirall

d, < .
H n+1” — 1*hL

Thus a residual of order hP yields a defect of order hP*1 for sufficiently
small h.
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