Conjugate Gradient Method: Cost and Convergence

Also for the Conjugate Gradient Method the dominant computational cost

is given by the matrix-vector product with A. Hence the cost is roughly
2n% FLOPs per iteration.

Theorem 1

The Conjugate Gradient method terminates in at most n iterations in
exact arithmetic for every initial guess x(°). Moreover it holds:

k
el <2 (Gema) -,

where ||v||, = VvT Av is the A—norm.
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Note that when A is SPD it holds

w2 (A) = ||All, A7, = i:—((ﬁ))

It follows that convergence is fast if Amax (A) & Amin (A) (i.e. Alis
well-conditioned), Multiple eigenvalue clusters and a few outliers can also
accelerate CG beyond this condition-number bound. On the other hand, it
might be slow if Amax (A) > Amin (A) (i.e. A is ill-conditioned).
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Preconditioners

To speedup the convergence, we can use a preconditioner. In this case, we replace the
original linear system Ax = b with the equivalent one

P'Ax=P7'b
where P is a nonsingular matrix called preconditioner.

A good preconditioner has two features:

@ An iterative method applied to the new system should converge in fewer iterations
than for the original system. This typically means that the eigenvalues of P~1A
should be clustered For PCG with SPD P, a small ratio Amax(P~A)/Amin(P 1 A)
is sufficient for fast convergence.

@ At each iteration of an iterative method we need to compute a matrix-vector
product with the system matrix. In the preconditioned case, this is done in two
steps

v— Av — P! (Av)

Thus, computing matrix-vector products with P~! (or equivalently solving a linear
system with P) should be fast. Note that we never need to compute the matrix
P~1A explicitly.
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Preconditioners

@ Hence a good preconditioner P should be as similar as possible to A,
while being easy to invert:

@ Let us consider two extreme cases: P =1, and P=A

- If P=A, P"'A =1, and preconditioned Richardson with unit step or
PCG would converge in one iteration in exact arithmetic (note that
Amax(P71A) = Amin(P7A) = 1). On the other hand, applying P~ 1 is
as difficult as solving the original system.

- If P=1,, then applying P~ has no cost. On the other hand
P~1A = A, so there is no reduction in the number of iterations.

@ A good preconditioner should find a balance between these two
extremes.
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Why the CG preconditioner must be SPD

For CG, both A and the preconditioner P must be symmetric positive
definite. In general, P1A is not symmetric in the Euclidean scalar
product. The equivalent symmetrically preconditioned system is

Az=b, A=P2AP7Y2  p=p12p x=pl2
Ais SPD and similar to P~1A; they have the same positive eigenvalues.
PCG implements CG for this transformed problem using solves with P,

without forming P~ or P=1/2. The relevant spectral condition number is
r2(A), not generally ko(P~tA). The Jacobi and symmetric Gauss—Seidel

preconditioners shown next are SPD when A is SPD.
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Preconditioning for CG

@ In general, the problem of finding a good preconditioner is very
problem-specific.

@ Some black-box preconditioners:
- Jacobi: P = diag(A).
- Symmetric Gauss-Seidel: P = L.diag(A)~1L] where L, =tril(A).
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Sparse Matrices

“A matrix is sparse if many of its coefficients are zero. The interest in
sparsity arises because its exploitation can lead to enormous computational
savings and because many large matrix problems that occur in practice are
sparse.”

- Page 1, Direct Methods for Sparse Matrices, 2nd Edition, 2017.

The sparsity of an n x n matrix A is

nnz(A)

n

where nnz(A) = # of nonzero entries in A. A matrix is sparse if its
sparsity is < 1. A matrix that is not sparse is dense.
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Sparse matrices

@ Sparse matrices are extremely common in engineering and computer
science. Some examples:

- Network theory (e.g. social networks).
- Data analysis and machine learning.
- Discretization of differential equations.

@ Sparse matrices represent problems with possibly a large number of
variables, but where each variable “interacts” directly with few other
variables (local interactions).
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Compressed Sparse Column (CSC) format

Store the nonzero entries column by column, from top to bottom:
e val: the nnz(A) nonzero values.
@ row_ind: their row indices.
@ col ptr: ngs + 1 pointers.

With indices starting at 1, column i occupies positions
col ptr[il,...,col ptr[i+1]-1.

Equal consecutive pointers mean an empty column. The final sentinel is
col ptr[ncols+1] = nnz(A) + 1, also when the last columns are empty.
Store both dimensions nrows and ncols. MATLAB uses CSC internally

(its C interface uses indices starting at 0).
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CSC: example with an empty column

, nnz(A) = 5.

O O N B
o O O O
o W O O
N O O O

val = [4,7,3,8,2],
row_ind = [1,2,3,4,4],
col ptr =[1,3,3,5,6],

nrows = 4, ncols = 4.

Column 2 is empty because its two pointers are both 3. Column 3 uses
positions 3 and 4; column 4 uses position 5. The sentinel is
6 = nnz(A) + 1.
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Sparsity and direct solvers

@ We can take advantage of sparsity in Gaussian elimination,
performing only the operations that are necessary (e.g. only the
nonzero entries below a pivot are eliminated, and when summing two
rows only the nonzero entries are summed). This allows to beat the
O(n?) cost for dense matrices.

@ This works particularly well in case of banded matrices (the nonzero
are concentrated in a narrow “band” around the diagonal). For
semibandwidth w, banded elimination typically costs O(nw?)
operations; this is O(n) only when w stays bounded as n grows.
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Example of a sparse matrix

A from 1D Poisson problem on [0, 1] (discretized with FEM/FD, h = 0.02):

sparsity pattern of A sparsity pattern of U
0 o0 0 o0
of & 5 .::333-
10 10 .zﬁg:.
15 15+ .333,
20 20 .33:::.
25 25 .=:g=
30 30 .:332.
35 35 '33:3.
40 40 .::b
45 45 .:33;:.
50 50 !
0 10 20 30 40 50 0 10 20 30 40 50
nz =148 nz =99
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Fill-in

In general, the factor U (and L) can have much more nonzero entries than
A. This phenomenon, known as fill-in significantly increases time and
memory consumption, and represents the main drawback of direct solvers

for sparse systems.
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Example of fill-in

We consider a matrix A generated by a Finite Element Method for solving
a 2D Poisson problem on the unit circle (meshsize h = 0.05).

sparsity pattern of U

sparsity pattern of A

0 g - 0 g -

1000 ' 1000
2000 2000
3000 3000
4000 | 4000
5000 - " 5000

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

nz = 66193 nz = 12916715
memory(A) ~ 1 MB memory(U) ~ 242 MB
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Orderings

@ The level of fill-in is often sensitive to the ordering of the variables

o Example:
X X X X X X X X X X
X X X X X X
A= |[x X — U= X X X
X X X X
X X X
A is sparse but U is completely dense.

@ But if we re-order rows and columns from last to first:
X X X X
X X X X
A= X X = U= X X
X X X X
X X X X X X

In this case, there is no fill-in.
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Sparse matrices and iterative solvers

@ Recall that at each iteration of an iterative method we have to
compute a matrix-vector product

v — Av

If A is sparse, only the nonzero entries of A are involved in the

computation:
n
(Av); =D agvyi= Y ayy
j=1

1<j<n
a,-j;éo

The cost of a matrix-vector product is then 2nnz(A), versus 2n? for
dense matrices.

@ lterative solvers do not suffer from fill-in. In particular, the main
memory consumption is just the storing of A. Hence iterative
methods typically require much less memory than direct methods.
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Summary on Linear Systems

Let us summarize the methods available for solving Ax = b, with
A € R™" non singular.

Direct Methods

Methods Requirements on A Cost
GEM / LU ldet(A;)) #0,i=1,...,n ~2/3 n3 FLOPs
GEM / LU + Pivoting none ~2/3 n® FLOPs

LA; is the matrix obtained considering only the first i rows and the first i columns of
A. This condition is automatically satisfied if A is strictly diagonally dominant or if A is
SPD.
T



Iterative Methods (~ 2n? FLOPs for each iteration)

Sufficient conditions

Methods Requirements on A
for convergence
Jacobi Ai #0,i=1,...,n A strictly diagonally dominant
Gauss-Seidel Ai£0,i=1,....n A strictly diagonally dominant

’ or ASPD

Steepest Descent

Method A SPD always ensured
j i always ensured
Conjugate Gradient A SPD in at most n iterations

Method

(exact arithmetic)

B By ===y
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