Numerical methods

There are two classes of methods for solving the linear system

Ax=b (1)
Direct methods: they give the exact solution in finitely many operations in
exact arithmetic. Floating-point arithmetic introduces round-off error.

lterative methods: starting from an initial guess x(©) they construct a
sequence {x(K} such that

x = lim g(k).
k—o00
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Direct methods

The most important direct method is GEM (Gaussian elimination method).

With GEM, the original system (1) is transformed into an equivalent
system (i.e., having the same solution)

Ux=b (%)

with U upper triangular matrix. This is done in n — 1 steps where, at each
step, one column is eliminated, that is, all the coefficients of that column
below the diagonal are transformed into zeros. The cost for computing U

is of the order of §n3, see later... the cost for computing b is of the order
of n?; the cost for solving the upper triangular system is n®, so that the

. 2
total cost is ~ §n3 +2n% ~ Znd.

3
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GEM algorithm
A = A b = b

oo m (%
Ay — |F20 22 e @ | 20 by — b
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@ We eliminate the first column:

1 1 1 1
AV )] ][l
@)y — 0 ayy ... ay/| [x _ b, e
0 A2 . @ el 5@

= ol o = o)l 6 = o0 !

] September 29, 2026 3/7



GEM algorithm

@ We go on eliminating columns in the same way. At the k—th step:

r (1 1 7 -~ A M (1)
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o At the last step A(Wx = b(" with U upper triangular,

— U := A p .= p("
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GEM pseudocode

Input: A€ R"™" and b € R"
for k=1,...,n—1
for i=k+1,...,n
lik = aik/ak K
i k:n = i k:n — li k3K k:n
bi = b; — I; x by
end
end B B
define U = A, b = b, then solve Ux = b with back substitution

remark: we do not need to define U and b, it is just to be consistent
with the notation of the previous slides

Homework
Write the above algorithm in MATLAB

v
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Computational cost of GEM

Let us start by analysing the inner loop:

for i=k+1,....,n

lik = aik/aK K 1 FLOP

i k:n = Ajje:n — i kA k:n 2(n — k+1) ~2(n— k) FLOPs

b,‘ = b,' — /i,kbk 2 FLOPs
end

Inner loop cost ~ 2(n — k)? FLOPs

Let us focus on the outer loop:
@ For k =1, the inner loop costs ~ 2(n — 1)(n — 1) ~ 2(n — 1) FLOPs
e For k = 2, the inner loop costs ~ 2(n —2)(n —2) ~ 2(n — 2)? FLOPs
° ...

e For k = n— 1, the inner loop costs ~ 2 ~ 2-(1)? FLOPs
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Finally, recalling that:

the cost of GEM is:

n—1
~2.3) s :2(”_1)'"’(5("_1)+1)~ §n3 FLOPs
s=1

If we also include the cost for solving the resulting upper triangular system

~ 2 2
Ux = b, the total cost is ~ §n3 + n’~ §n3 FLOPs.
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