
Solving linear systems

The problem: given b ∈ Rn, and A ∈ Rn×n, we look for x ∈ Rn solution of

Ax = b (1)

Problem (1) has a unique solution if and only if the matrix A is
non-singular (or invertible), i.e., ∃A−1 such that A−1A = AA−1 = I ;
necessary and sufficient condition for A being invertible is that det(A) ̸= 0.
Then the solution x is formally given by x = A−1b.

Beware: never invert a matrix unless really necessary, due to the costs, as
we shall see later on. (Solving a system with a general full matrix is also
expensive, but not nearly as expensive as matrix inversion).
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Some examples of linear systems

The simplest systems are diagonal systems with dii ̸= 0 for all i :

Dx = b

D =


d11 0 · · · 0
0 d22 · · · 0

0 · · · . . . 0
0 · · · dnn

 −→ xi =
bi
dii

i = 1, 2, · · · , n

The cost in terms of number of operations is negligible, given by n
divisions.
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Lower Triangular matrices
Triangular matrices are also easy to handle. If A = L is lower triangular
with lii ̸= 0, the system can be solved “forward”:

L =


l11 0 · · · 0
l21 l22 · · · 0
...

...
...

ln1 ln2 · · · lnn

 −→



x1 =
b1
l11

x2 =
b2 − l21x1

l22
...

xn =
bn −

∑n−1
j=1 lnjxj

lnn

Counting multiplications and divisions together as products: for x1 we
have 1 product and 0 sums; for x2 2 products and 1 sum, ...., and for xn n

products and n − 1 sums, that is, 1 + 2 + · · ·+ n =
n(n + 1)

2
products,

plus 1+ 2+ · · ·+ n− 1 =
(n − 1)n

2
sums, for a total number of operations

= n2.
September 29, 2026 3 / 8



Forward Substitution
What follows is an algorithm, for solving Lx = b, with L lower triangular and lii ̸= 0.

forward substitution

Input: L ∈ Rn×n, lower t., and b ∈ Rn

for i = 1, . . . , n
for j = 1, . . . , i − 1

bi = bi − li ,jbj
end
bi =

bi
lii

end
the solution is in b, i.e., x ← b

Homework

Write the above algorithm in MATLAB
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A special case of lower triangular matrix (useful later...)
Assume L has only 1 on the diagonal, e.g., lii = 1:

L =


1 0 · · · 0
l21 1 · · · 0
...

...
...

ln1 ln2 · · · 1

 −→


x1 = b1

x2 = b2 − l21x1
...

xn = bn −
n−1∑
j=1

lnjxj

Then the following two algorithms, for solving Lx = b are equivalent:

forward substitution as above

Input: L ∈ Rn×n, lower t., and b ∈ Rn

for i = 1, . . . , n
for j = 1, . . . , i − 1

bi = bi − li ,jbj
end

end
the solution is in b, i.e., x ← b

equivalent to forward substitution

Input: L ∈ Rn×n, lower t., and b ∈ Rn

for k = 1, . . . , n − 1
for i = k + 1, . . . , n

bi = bi − li ,kbk
end

end
the solution is in b, i.e., x ← b
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Upper Triangular matrices

Upper triangular systems (if A = U is upper triangular) are also easy to
deal with, and can be solved “backward” with the same costs as lower
triangular systems:

U =


u11 u12 · · · u1n
0 u22 · · · u2n
...

...
...

0 · · · unn

 −→



xn =
bn
unn

xn−1 =
bn−1 − un−1nxn

un−1n−1

...

x1 =
b1 −

∑n
j=2 u1jxj

u11
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Backward Substitution

What follows is an algorithm, for solving Ux = b, with U upper triangular
and uii ̸= 0.

backward substitution

Input: U ∈ Rn×n, upper t., and
b ∈ Rn

for i = n, . . . , 1
for j = i + 1, . . . , n

bi = bi − ui ,jbj
end
bi =

bi
uii

end
the solution is in b, i.e., x ← b

Homework

Write the above algorithm in MATLAB
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Costs for solving triangular systems

Solving a dense triangular system requires approximately n2 floating-point
operations (FLOPs). For n = 100,000 and a hypothetical sustained rate of

1012 FLOPs/s,

tarithmetic ≈
1010

1012
= 0.01 s.

This is an arithmetic estimate. Actual times also depend on memory
bandwidth, data movement and the sequential dependencies of
substitution. The triangular entries alone require about 8n(n + 1)/2 ≈ 40

GB in double precision (80 GB if stored as a full dense array). Exascale

computing is already a reality: Frontier exceeded 1018 FLOPs/s on HPL in
2022.

Source: TOP500, June 2022.
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https://top500.org/lists/top500/2022/06/highs/

