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Chapter 1

Introduction

In this thesis we shall deal with the following kinds of inverse elliptic boundary
value problems arising in nondestructive evaluation.

We want to determine in a conductor the shape and the location of finitely
many defects, like for instance cracks (fractures, either interior or reaching the
boundary of the conductor), cavities or material losses at the boundary, by
collecting a finite number of current and voltage measurements at the boundary,
that is by prescribing one or more, possibly suitably chosen, current densities
on the (exterior) boundary of the conductor and measuring the corresponding
electrostatic potentials on an open portion of the exterior boundary itself.

We shall treat the uniqueness and the stability issue for these kinds of inverse
problems, limiting ourselves to the two dimensional case. We shall consider, in
a systematic way, all the most significant types of defects and we shall obtain
uniqueness results and essentially optimal stability estimates under minimal reg-
ularity assumptions on the data, that is the conductor body, the background
conductivity and the prescribed current densities, and minimal a priori infor-
mation on the admissible defects.

In this thesis we collect the results previously contained in [12, 13, 36, 37].
Furthermore, we add some new results which enable a more comprehensive and
systematic treatment of our subject. We shall point out such novelties in the
course of the exposition.

Given a conductor, let Ω be the region occupied by the conductor and let
A be its background conductivity. We assume that Ω is a bounded simply con-
nected domain contained in R2 with Lipschitz boundary and A = A(z), z ∈ Ω,
is a bounded measurable tensor satisfying a uniform ellipticity condition.

A defect σ in Ω is, by definition, a closed continuum contained in Ω such
that Ω\σ is a connected open set. We recall that a continuum is a connected
set with at least two points. With a slight abuse of notation we say that also
the empty set is a defect in Ω. This allows us to compare the case in which
defects are present in the conductor with the one in which no defect occurs in
the conductor.

We remark that we impose that a defect, if not empty, is a continuum in order
to ensure that it has a strictly positive capacity. In fact, otherwise, we could
not retrieve information upon it by electrostatic measurements. Moreover, the
connectedness of Ω\σ, that is to impose that if a closed curve is contained in
a defect then the whole domain bounded by it is still contained in the defect,
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2 CHAPTER 1. INTRODUCTION

guarantees that our defect does not break into two or more pieces the conductor.
Since the defects will be taken to be insulating, we would not be able to obtain
any information on a part of the conductor which is not connected to the portion
of the boundary where we perform our measurements.

We subdivide the defects into two broad classes. We say that σ is an interior

defect if σ ∩ ∂Ω = ∅ and a boundary defect if σ ∩ ∂Ω 6= ∅. If σ is a boundary
defect we say contact set of σ the set σ∩∂Ω. Any point belonging to the contact
set will be a surface point of the defect.

Furthermore, the following classifications will be used. We say that a defect
σ is a crack if it is a closed set which can be represented as the image of a simple
open curve intersecting ∂Ω at most at one of its endpoints. If σ is a crack such
that σ ∩ ∂Ω is empty, then we shall speak of an interior crack. Otherwise, if
the intersection of a crack σ with ∂Ω is not empty, we say that σ is a surface-

breaking crack (or surface crack for short) and its endpoint belonging to ∂Ω is
its crack tip.

A defect σ is a material loss if it coincides with the closure of its interior

(that is σ =
◦
σ where

◦
σ denotes the interior part of σ). If σ is a material loss

whose intersection with the boundary of Ω is empty, we shall call it a cavity. If
a material loss is a boundary defect, then we say that it is a material loss at the

boundary (or boundary material loss for short).
We say that Σ is a multiple defect in Ω if it is the union of finitely many

pairwise disjoint defects σi, i = 1, . . . , n, n ≥ 1. We remark that clearly Σ might
be the empty set and that, by this definition, Ω\Σ is connected.

We prescribe ψ, the current density on the boundary, as given by a nontrivial
L2(∂Ω) function with zero mean, that is

∫

∂Ω
ψ = 0, satisfying, furthermore, a

technical condition, to be precised later on, concerning the intersection of the
support of ψ with the contact set of Σ.

Then the direct problem is to find the electrostatic potential u in the conduc-
tor Ω, prescribed the current density ψ and due to the presence of the multiple
defect Σ, that is to solve, in a weak sense, the following Neumann type boundary
value problem







div(A∇u) = 0 in Ω\Σ,
A∇u · ν = 0 on ∂σi, i = 1, . . . , n,
A∇u · ν = ψ on ∂Ω,

(1.1)

where ν denotes the outward normal.
The weak formulation of (1.1) is to find a function u ∈W 1,2(Ω\Σ) satisfying

∫

Ω\Σ

A∇u · ∇φ =

∫

supp(ψ)

ψφ for any φ ∈W 1,2(Ω\Σ). (1.1w)

It is immediate to notice that there exists and it is unique up to additive con-
stants a weak solution to (1.1).

We remark that the physical interpretation of the homogeneous Neumann
condition on ∂Σ is that Σ models a collection of defects which are perfectly
insulating.

Moreover, if locally σi is a simple curve in Ω, with ∂σi we mean either side
of σi.

The inverse problem is the following. We assume that the conductor, charac-
terized by the domain Ω and the background conductivity A, is given, whereas
the multiple defect Σ present in the conductor is unknown. We recall that if no
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defect is present in the conductor we simply set Σ = ∅. Our aim is to determine
the unknown multiple defect Σ. We apply one or more, possibly suitably chosen,
current densities ψ and we measure the corresponding electrostatic potential u,
the (weak) solution to (1.1), on an open subarc Γ0 of ∂Ω (Γ0 satisfying a tech-
nical condition about its intersection with the contact set of Σ). By using these
additional measurements, that is u|Γ0

for our choices of ψ, we want to recover
the shape and the location of the multiple defect Σ.

We notice that also the case when the defects are perfectly conducting is
of interest. If Σ represents a collection of perfectly conducting defects, then in
our model the electrostatic potential u satisfies u = ci on each σi, where ci
are constants which are part of the unknowns of the direct problem and are
determined by n additional compatibility conditions governing the equilibrium
of the system (see for instance [8]). The two inverse problems, corresponding to
the cases of perfectly insulating and perfectly conducting defects, are strictly
allied via the use of a generalized notion of harmonic conjugate, therefore most
of the results here described may be obtained also for the perfectly conducting
case, for instance see again [8]. For the sake of brevity and since the perfectly
insulating case is perhaps more interesting from the point of view of applications,
we shall limit ourselves to the treatment of the perfectly insulating case only.
We observe that this duality argument is valid in two dimensions only. In three
dimensions the perfectly insulating and perfectly conducting cases have to be
treated in different ways, see [9] for an account of results in the three dimensional
case.

Uniqueness results

Concerning uniqueness results, which we shall present in Chapter 3, we shall
consider three kinds of problems, keeping our assumptions on the data and our
a priori conditions on the defects as minimal as possible.

First of all we consider a general multiple defect determination problem,
that is we want to determine a finite collection of pairwise disjoint interior
and boundary defects with the only assumption that for each boundary defect
the contact set is composed by a single point and the defects approach the
boundary at these points in a nontangential way. However, we do not require
any a priori information on the location of these defect tips. In Theorem 3.1, we
shall prove that two suitably chosen measurements are sufficient (and necessary)
to determine the multiple defect.

Then we shall treat the following kind of boundary defect determination
problem. We want to determine a boundary defect which may have occured
on a side of the boundary of the conductor which can not be reached nor ob-
served directly. On the other hand, we assume that the other side is known and
accessible, that is we may apply current densities and we may perform mea-
surements upon it. By this kind of measurements we want to determine the
unknown boundary defect. From a mathematical point of view, our setting is
the following. We assume that the boundary of Ω can be decomposed into two
simple arcs, Γ1 and Γ2, one of which, say Γ1, is accessible. We want to determine
a boundary defect σ and we assume that we a priori know that the contact set
of σ with ∂Ω is contained in Γ2. We also suppose that Γ1 is a subarc of the
boundary of a Lipschitz domain contained in Ω\σ. Then we can decompose the
boundary of Ω\σ into two parts, one of which is the simple arc Γ1, and therefore
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is known and accessible, and the other, which we shall call Γ, depends on σ and
is unknown. On Γ, since we do not apply any electrode upon it, the electrostatic
field is insulated. In Theorem 3.6, we shall prove that, by assigning a suitable
current density on Γ1, the measurement of the corresponding potential on a
subarc of Γ1 determines uniquely Γ and hence σ. We remark that, in this case,
no a priori control is needed on the number of connected components of σ\∂Ω,
in fact it may be infinite, see Remark 3.5.

In Theorem 3.7, we shall deal with a multiple material loss determination
problem. We want to recover a collection of interior and boundary material losses
with the assumption that the boundary material losses occur on a given part of
∂Ω, whereas the other part of ∂Ω is not reached by any defect and is accessible.
In this case we assume, as before, that the boundary of Ω is decomposed into two
simple arcs, Γ1, which is accessible, and Γ2. We want to determine a collection
of pairwise disjoint material losses constituted by a finite number of cavities
and by a boundary defect σ whose contact set is contained in Γ2 and such that
(

◦
σ
)

\∂Ω is equal to σ\∂Ω. In this case the closure of any connected component of

σ\∂Ω is a boundary material loss and, as before, the number of these boundary
material losses may be not finite. We remark that the inverse problem of cavities,
that is the determination of a finite collection of cavities, is a particular case of
the previous problem, simply by taking Γ2 = ∅ and Γ1 = ∂Ω. Measuring on a
subarc of Γ1 the electrostatic potential corresponding to any single nontrivial
current density is enough to uniquely determine the multiple material loss, see
Theorem 3.7.

The above mentioned uniqueness results rely on the following procedure.
First of all, let us introduce the following notion. Let v be a stream function

associated to u, u being the solution to (1.1), namely a function satisfying

∇v =
[

0 −1
1 0

]

A∇u almost everywhere in Ω\Σ. (1.2)

This notion generalizes the one of harmonic conjugate and it can be seen (see [8]
and Proposition 3.3) that even if the domain Ω\Σ is not simply connected, due
to (1.1), such a function exists, is single valued and satisfies, for some unknown
constants ci, i = 1, . . . , n,







div(B∇v) = 0 in Ω\Σ,
v = ci on ∂σi, i = 1, . . . , n,
v = Ψ on ∂Ω,

(1.3)

and also, in a weak sense, the following no flux condition

∫

β

B∇v · ν = 0 for every smooth Jordan curve β ⊂ Ω\Σ. (1.4)

Here B = (detA)−1AT , (·)T denoting transpose, and Ψ is an antiderivative of
ψ along ∂Ω.

Notice also that v can be continuously extended to Ω by setting v|σi =
v|∂σi = ci for any i = 1, . . . , n.

We recall also that the complex valued function f = u+iv is quasiconformal,
that is it satisfies a first order Beltrami type equation, see Proposition 2.1, and
this fact will be also used several times throughout the thesis. Here we speak
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of quasiconformal functions in the notation used in [33], whereas other authors
use the notation quasiregular mappings.

Then the proof of the uniqueness results may be divided into the following
two steps

I) uniqueness for a Cauchy problem for the stream function v;

II) study of the behaviour of the critical points and of the level sets of the
functions u and v.

The Cauchy problem, step I), is treated through complex analytic methods
and the maximum principle, see [8] and Chapter 3 for details. Concerning step
II), to obtain the first uniqueness result, Theorem 3.1, we shall prove, following
[8], that for suitably chosen ψ neither u nor v have, in a generalized sense,
critical points in Ω\Σ (Proposition 3.4) and this property, coupled with step
I), will allow us to prove the result. Concerning the other two cases, step II)
is based on the use of the maximum principle for Theorem 3.6 and in the case
of Theorem 3.7 on the unique continuation property for solutions of elliptic
equations.

Stability results

For what concerns stability, that is the continuous dependence, with respect
to the Hausdorff distance, of the unknown defects upon the boundary mea-
surements, let us state some general remarks. First of all, it seems, and it has
already been pointed out by many authors, see for instance [4] and [17], that
this kind of inverse boundary value problems is severely ill-posed. Here we speak
of ill-posedness in the classical Hadamard sense. In particular, in this type of
problems, even if the uniqueness result has been established, the dependence
of the unknown defects upon the boundary measurements lacks continuity. The
heuristic reason is that it essentially depends on the behaviour of the critical
points and of the level lines of the electrostatic potential in the conductor, that
is the solution to (1.1). Since our knowledge of this solution is limited to the
Cauchy data {u,A∇u · ν} on a subarc of the exterior boundary, in order to
recover information on the behaviour of the solution in the interior, a Cauchy
problem for solutions of elliptic equations has to be considered. And it is well-
known since Hadamard’s example, see for instance [28], that this problem is
ill-posed.

Hence to ensure stability we have to make use of suitable additional as-
sumptions on the data, that is on the (known) conductor body Ω, its (known)
background conductivity A and on the prescribed current densities, and espe-
cially suitable a priori information on the (unknown) admissible defects. This
approach is usually termed as the study of conditional stability. For a general
theoretical setting of conditional stability, see, for example, [32].

We wish to stress that we need not only the continuous dependence of the
defects on the additional measurements, but also an explicit evaluation of its
modulus of continuity. We shall estimate this modulus of continuity through
explicit functions which vary only according to the type of assumptions on the
data and the type of a priori conditions on the admissible defects we shall use
and according to the given constants which characterize such assumptions and
a priori information.
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Our aim is to prove stability results under essentially minimal regularity
assumptions on the data and minimal a priori conditions on the defects. In
particular we shall assume that Ω is a Lipschitz simply connected bounded
domain and the background conductivity is a bounded and measurable tensor
satisfying a uniform ellipticity condition, that is we do not require the conductor
to be either homogeneous or isotropic. About the current densities we recall
that, depending on the kind of defects to be determined, at most two suitably
chosen current densities are enough for our stability results. However we shall
use, whenever possible, a single measurement, possibly with a current density
satisfying no other assumption but nontriviality.

Concerning the defects, first of all we would like to remark that we shall
take into account the possible presence of more than a single defect. We shall
pose various alternative regularity assumptions on the multiple defects. We are
able to prove stability estimates by imposing Lipschitz regularity conditions
on the defects. The dependence of the defects upon the measurements in this
case is rather weak, indeed of log-log type. However, if we suppose that the
admissible multiple defects either satisfy Lipschitz regularity assumptions and
in addition a nontrivial closeness condition, which we shall call Relative Lipschitz
Graph condition, see Section 2.2, or alternatively verify a Ck,α type regularity
condition, with k ≥ 1 and 0 < α ≤ 1, then we can improve the previous estimates
to log type estimates, which can be considered as essentially optimal. In fact
there exist examples, see [6] and Theorem 5.7 below, showing the optimality
of such estimates, at least for the determination of material losses and thus
suggesting that this is the case also for the other problems of determination of
defects such as the crack problem.

We wish to remark that the assumptions on the data and the a priori infor-
mation on the admissible defects we shall use treating the stability issue will be
always either equal to or stronger than the ones we shall use when we consider
the uniqueness problem. That is, as it will be obvious, every stability result we
shall prove automatically implies one of uniqueness, which however is already
comprised in one of those developed in Chapter 3.

We shall consider four main cases, each of one linked to one of the type of
defects defined above. First of all we shall treat interior defects and afterwards
we shall study boundary defects.

Multiple interior crack

In Chapter 4, stability estimates for the determination of a finite number of
pairwise disjoint interior cracks will be obtained by taking two suitably chosen
measurements. Here we shall essentially develop results stated in [12] and [37],
the main novelty being in the fact that we have extended those results, which
dealt with a single crack, to the multiple crack case.

The inverse crack problem has been introduced by A. Friedman and M. Vo-
gelius in [27] where they proved a uniqueness result with two measurements for
a single smooth crack.

Uniqueness for multiple cracks has been proven in [21], with a finite number
of measurements, and in [8] and [31] with two measurements. We recall that a
first stability result has been obtained for homogeneous conductor and a single
C2,α crack in [4, 5]. We wish also to recall that Lipschitz stability for a single
linear interior crack has been obtained in [7].
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Multiple cavity

The problem of determining a finite number of pairwise disjoint cavities each of
them bounded by a simple closed curve will be treated in Chapter 5. Here we
present results developed in [13]. By prescribing any nontrivial current density
ψ, we shall evaluate the continuous dependence of the multiple cavity from the
measurement of the corresponding electrostatic potential on a subarc of the
(exterior) boundary of the conductor. Moreover we shall show the optimality
of our estimates by an explicit example, Theorem 5.7. In fact such an example
provides a much stronger statement showing that logarithmic stability is the
best possible also when all pairs of boundary measurements {u|∂Ω, A∇u · ν|∂Ω}
are available. See also [6], where an example, different in various respects, but
of the same nature, was presented for the so-called multiple boundary material
loss (or corrosion) problem.

The inverse problem of cavity presents some similarities also with the so-
called inverse conductivity problem with one measurement, which is the follow-
ing inverse boundary value problem.

Consider for simplicity A ≡ I and Σ a multiple cavity, then (1.1) can be
viewed as the limit as k → 0 of the problems

{

div ((1 + (k − 1)χΣ)∇uk) = 0 in Ω,
∇uk · ν = ψ on ∂Ω.

(1.1k)

Here χΣ is the charateristic function of Σ. In this case Σ represents an inclusion
in Ω, whose conductivity gets smaller as k → 0. When k 6= 1 is fixed, the inverse
conductivity problem with one measurement is the relative inverse problem of
determining Σ. Plenty of papers have been devoted to this problem but, still,
the uniqueness question remains open. For references, see, for instance, [11].

We wish to mention that stability estimates for a strictly related problem
of determination of an interior boundary have been obtained in [23]. Besides
the fact that they consider a single cavity σ, they assume the conductivity A
to be homogeneous, A ≡ I, and the regularity assumptions on the boundaries
are slightly different, the two problems have a different nature. Their setting
is different from the present one in that they assume a homogeneous Dirichlet
condition on ∂σ (that is, their direct problem is closer to (1.3) than to (1.1))
and they prescribe







∆v = 0 in Ω\σ,
v = 0 on σ,
v = Ψ ≥ 0 on ∂Ω.

(1.5)

Thus, since Ψ is taken not identically zero, such a v is strictly positive in Ω\σ
and violates condition (1.4) above, that means that v is not the conjugate of a
single valued harmonic function.

Multiple surface crack

We shall deal with this problem in Chapter 6. We shall prove our stability
estimates for a finite collection of pairwise disjoint surface cracks measuring the
potentials corresponding to two suitably chosen current densities. We note that
no assumptions on the location of the crack tips on ∂Ω will be made. We shall
present similar results to the ones in [36, 37] where the single surface crack case
was presented.
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Concerning surface-breaking cracks, uniqueness results have been obtained
in [26] and [15]. For the stability issue some partial results, although without
any explicit estimates, may be found in [15].

Furthermore, in Section 6.1, we treat, following [36], the determination of a
single linear surface-breaking crack in a homogeneous conductor and we shall
prove some Lipschitz stability estimates.

We shall consider two different cases. In the first one, in practice, we shall
assume that we know exactly the surface tip of the crack. In this case we need
the measurement of the additional boundary data only on a subarc of ∂Ω.
For this case in [15] there is a local Lipschitz stability result but no estimate
either on the Lipschitz constant or the radius of the ball where this Lipschitz
stability occurs. Instead, here we prove a global Lipschitz stability result and the
Lipschitz constant depends only on the constants characterizing our assumptions
on the data and a priori information on the linear surface crack. In the second
case we drop the assumption on the knowledge of the surface tip but, in order
to obtain a Lipschitz stability result, we need the additional boundary data on
the whole boundary of Ω.

Multiple boundary material loss

We want to determine a collection of boundary material losses whose contact sets
are contained in an a priori known subarc of the boundary of the conductor, by
performing measurements on the other part of the boundary which we assume
to be accessible. This problem, which we shall study in Chapter 7, can be used
to model either detection by electrostatic measurements of corroded parts of
a planar conductor (corrosion problem, see for instance [30]) or planar crack
detection in nonferrous metals via electromagnetic measurements (see [35]). For
previous results concerning uniqueness see [14, 16]. A stability estimate in the
case of a homogeneous conductor has been obtained in [17]. Stability results for
a homogeneous conductor under various regularity assumptions on the material
loss have been obtained in [22, 24, 25]. We shall prove stability estimates for an
inhomogeneous and anisotropic conductor by collecting a unique measurement.
The main novelty with respect to [36, 37], where a suitably chosen prescribed
current density was used, is that here any nontrivial current density will suit
our purpose.

The techniques used to solve these four problems share a common core. In
particular we follow the scheme developed for the uniqueness results, with the
obvious additional difficulty that the analysis has to be quantitative and not
qualitative only. We consider the stream function v associated to u, the solution
to the direct problem (1.1), and we prove

I) stability estimates for a Cauchy problem for the stream function v;

II) (local) reverse Hölder estimates for the function f = u+ iv.

Concerning step I), we shall need stability estimates for a Cauchy type prob-
lem for elliptic equations like (1.1) or, more precisely, (1.3), with no assumptions
on the coefficient A (or B respectively) but boundedness and uniform elliptic-
ity. We shall show that the Cauchy problem for such elliptic equations has a
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stability character analogous to the one for the Laplace equation regardless of
the smoothness of the coefficient. We shall prove this in Theorem 2.8 by a gen-
eralization of the classical method of harmonic measure, see for instance [32].

We note however that these stability estimates depend also on the regularity
properties of the admissible defects. If they satisfy a Lipschitz condition, then
the stability estimate for the Cauchy problem, and hence for the inverse problem
of defect determination, is rather weak, indeed of log-log type. This is due to the
fact that we have to solve this Cauchy problem in a domain obtained by remov-
ing from the conductor two multiple defects, Σ and Σ′. No matter how smooth
these multiple defects may be, they can intersect each other in a very wild way
hence producing a very irregular domain. However, if we assume that either
the Lipschitz defects satisfy a kind of closeness condition, namely the Relative
Lipschitz Graph condition introduced in Section 2.2, or we have stronger than
Lipschitz regularity assumptions on the defects and, moreover, the defects are
close enough then Ω\(Σ∪Σ′) satisfies a kind of uniform interior cone condition.
The cone condition allows us to improve the estimate on the Cauchy problem
and hence on the inverse problem to the essentially optimal log type estimate.

The main additional difficulty for the stability issue for these types of Cauchy
problems arises in the multiple surface crack case. In fact, dealing with boundary
defects suitable knowledge on the relationship between the contact sets of the
defects and the supports of the prescribed current densities is required. In the
multiple boundary material loss case this is given by the a priori information
that the contact set is contained in an a priori given subarc Γ2. In the case
of a multiple surface crack, an a priori evaluation of the position of the crack
tips depending on the current density used is necessary and will be obtained in
the proof of Proposition 6.4. This estimate corresponds to the estimate on the
error on the position of the crack tip of a single surface crack obtained in [36,
Proposition 3.4].

The major differences in the treatment of the different kinds of defects con-
cern the study of step II). We may notice that the difficulties that arise and,
therefore, the methods used to overcome them, essentially depend on the char-
acterization of the defect either as interior or as at the boundary or as crack or
as material loss.

In fact, for instance, let us remark that both the interior multiple defect cases
(interior cracks and cavities) need the treatment of quasiconformal mappings
between multiply connected domains, a crucial step in this treatment being
Lemma 2.3 which provides estimates on the size deformation of a circular domain
(that is a multiply connected domain bounded by finitely many circles) under
the effect of a k-quasiconformal mapping.

Another significant feature is that the two crack cases, the interior and the
surface one, share the fact that they need two measurements, with suitably
chosen prescribed densities. In fact the prescribed Neumann data ψ1 and ψ2

will be assumed to satisfy certain conditions on their sign changes which enable
to show that, in a generalized sense, the corresponding potentials (and their
stream functions) have no interior critical points.

In the interior crack case, by this choice of current densities, we may also
control, again in a generalized sense, the number and the position of the critical
points of the potential u along the cracks themselves, and this will allow us to
obtain the reverse Hölder estimate for f .



10 CHAPTER 1. INTRODUCTION

Actually, in the surface crack case, we shall not employ the knowledge of
the behaviour of the critical points of the potentials and we shall not obtain an
estimate on the (local) reverse Hölder continuity properties of f . Instead, we
shall use an estimate obtained in Lemma 6.3 which is essentially a consequence
of Harnack’s inequality. We shall use the fact that we have two suitably chosen
current densities to ensure that, given one of the surface crack constituting the
multiple defect, we may choose a current density, which is a linear combination
of the two previously prescribed and may depend on the defect itself, such that
the constant value attained by v on this defect coincides with the maximum
value of v on the whole conductor. Then the estimate of Lemma 6.3, coupled
with the upper estimate on the Cauchy type problem, allows us to prove our
stability results.

On the other hand, for both material losses problems (multiple cavities and
multiple boundary material losses) we need only a single measurement. Moreover
the prescribed Neumann data ψ will not be assumed to satisfy any condition
on its sign changes, in fact any nontrivial data ψ suits our purpose. However,
we shall obtain, as it is reasonably expected, that the constants in the stability
estimates depend on the oscillation character of ψ. That is, the less is the os-
cillation of ψ the better is the stability. Roughly speaking, such an oscillation
character will be controlled by the quantity H2, appearing in (5.3) and in (7.3)
below, which dominates a ratio of two different norms for ψ. Since ψ does not
satisfy any sign changes assumptions, we are not able to control the behaviour
of the critical points of the corresponding potential u. However, by a different
technique, we shall prove that, under such a bound on the oscillation of ψ, tak-
ing f = u+ iv where v is the above mentioned stream function associated to u,
and fixing any z0 ∈ Ω\Σ, Σ being the unknown defect, then, locally, |f − f(z0)|
can be dominated from below by an explicit function vanishing at finitely many
points and with finite order (see Theorem 5.3 and Theorem 7.2). Such type
of estimate, which has been developed in [13] for the multiple cavity problem,
may prove to be useful also for other purposes and especially for other inverse
boundary value problems. In fact it will be here used successfully also for the
multiple boundary material loss case, the main difference being in the multiply
or simply connectedness properties of the domain obtained by removing from
the conductor the multiple cavity or the multiple boundary material loss respec-
tively. In fact in the first case a quasiconformal change of coordinates mapping
this domain onto a circular domain will be used, see Proposition 5.2, whereas in
the second we shall map, through a quasiconformal mapping, the domain onto
half a disc, see the proof of Theorem 7.2.



Chapter 2

Preliminaries

In this chapter we fix some notations and we collect some basic results which
will be used throughout the thesis.

In Section 2.1 we recall the reduction of a divergence form elliptic equa-
tion in two variables to a first order system of Beltrami, see Proposition 2.1.
We recall the definition of quasiconformal mappings and functions and a well-
known representation theorem for quasiconformal functions proved by L. Bers
and L. Nirenberg, Theorem 2.2. A notable consequence of this theorem will be
a rigorous interpretation of the notion of critical points for solutions to elliptic
equations in two dimensions, see page 18. We also collect various technical state-
ments related to quasiconformal mappings. In particular, we remark Lemma 2.3,
which allows to control the size deformation of a circular domain under the ef-
fect of a k-quasiconformal mapping, and Theorem 2.8, which provides stability
estimates for Cauchy type problems for elliptic equations with nonsmooth coef-
ficients by using a generalization of the classical method of harmonic measure.

In Section 2.2 we introduce quantitative notions of smoothness for families
composed by a finite number of simple curves which locally may be represented
as the graph of a Ck,α function, k a non negative integer and 0 < α ≤ 1.
We shall use the notation Lipschitz if k = 0 and α = 1. We also introduce
a nontrivial closeness condition between two families of simple curves, which
we shall denote as the Relative Lipschitz Graph condition (or RLG for short).
Afterwards we shall prove, Lemma 2.10, that two simple Ck,α curves, with
k ≥ 1 and 0 < α ≤ 1, which are close in the Hausdorff distance are close also as
parametrized curves and this, in turn, implies that two Ck,α families of simple
curves whose Hausdorff distance is small enough are RLG, see Corollary 2.11.
Finally we investigate the regularity properties, in particular a kind of uniform
interior cone condition, of a domain obtained by removing from a given open set
two families of simple curves under various regularity assumptions on the two
families and the additional assumption that their Hausdorff distance is small
enough, see Lemma 2.12, Corollary 2.13 and Example 2.14. We remark that
the above mentioned definitions and results are developed for the case of simple
open curves and also for the one of simple closed curves.

For every z = x+ iy ∈ C and for every r > 0 we denote with Br(z) the open
disc with centre z and radius r, whereas with Br[z] we denote the closed disc
with centre z and radius r, that is Br[z] = Br(z). As usual, we shall identify
complex numbers z = x + iy ∈ C with points (x, y) ∈ R2. Given z ∈ C, we

11
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denote with x = ℜz and y = ℑz the real and imaginary part of z respectively.

If D is an open bounded set contained in R
2 and r is a positive number we

set

Dr = {z ∈ D : dist(z, ∂D) > r}. (2.1)

With dH(C,C′) we shall denote the Hausdorff distance between two bounded
closed sets C and C′, that is

dH(C,C′) = max

{

sup
x∈C′

dist(x,C), sup
x∈C

dist(x,C′)

}

.

2.1 Stream functions, quasiconformal mappings

and geometric critical points

We shall make repeated use of the following notation for complex derivatives

fz =
1

2
(fx + ify), fz =

1

2
(fx − ify).

We denote by J =
[

0 −1
1 0

]

the counterclockwise rotation of 90◦ and by (·)T
transpose.

Given a bounded domain D ⊂ R2, we say that a 2 × 2 matrix A = A(z),
z ∈ D, is a conductivity tensor if its entries are bounded and measurable and,
for given positive constants λ and Λ, A satisfies

A(z)ξ · ξ ≥ λ|ξ|2 for every ξ ∈ R2 and for a.e. z ∈ D;
|aij(z)| ≤ Λ for every i, j = 1, 2 and for a.e. z ∈ D.

(2.2)

Proposition 2.1 Let D be a bounded simply connected domain in R2 and A be

a conductivity tensor in D verifying (2.2). Let u ∈ W 1,2(D) be a weak solution

to the equation

div(A∇u) = 0 in D. (2.3)

Then there exists a function v ∈ W 1,2(D) which satisfies

∇v = JA∇u almost everywhere in D. (2.4)

Moreover, letting f = u+ iv, we have

fz = µfz + νfz almost everywhere in D, (2.5)

where µ and ν are bounded, measurable, complex valued coefficients satisfying

|µ| + |ν| ≤ k < 1 almost everywhere in D, (2.6)

where k is a constant depending on λ, Λ only.

On the other hand, if f = u + iv, f ∈ W 1,2(Ω,C), verifies (2.5) with coeffi-

cients µ and ν satisfying (2.6), then there exists a conductivity tensor A such

that u is a weak solution to (2.3) and A verifies (2.2) with constants λ, Λ > 0
depending upon k only.
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The function v appearing above is usually called the stream function associ-
ated to u. Notice that v is uniquely determined up to an additive constant and
also that v is a weak solution to

div(B∇v) = 0 in D, (2.7)

where B = (detA)−1AT .

Proof. For the existence of the stream function v see [10, Theorem 2.1]. Then
(2.5) follows from (2.4) with µ, ν given by

µ =
a22 − a11 − i(a12 + a21)

a11a22 − a12a21 + a11 + a22 + 1 ,

ν =
a12a21 − a11a22 + 1 + i(a12 − a21)
a11a22 − a12a21 + a11 + a22 + 1 .

(2.8)

From these expressions and (2.2), one obtains, through elementary although
lengthy computations, (2.6).

Conversely, given the coefficients µ, ν in (2.5) satisfying (2.6) one obtains
(2.3) and (2.4) with A given by

A =













|1 − µ|2 − |ν|2
|1 + ν|2 − |µ|2

2ℑ(ν − µ)

|1 + ν|2 − |µ|2

−2ℑ(µ+ ν)

|1 + ν|2 − |µ|2
|1 + µ|2 − |ν|2
|1 + ν|2 − |µ|2













(2.9)

and the conclusion follows. �

For any k, 0 ≤ k < 1, we say that a function f is a k-quasiconformal function

in a domainD if it is aW 1,2(D) solution of an equation of the type (2.5), (2.6). A
univalent solution to (2.5), (2.6) is said a k-quasiconformal mapping. A function
f is a quasiconformal function, respectively mapping, if it is a k-quasiconformal

function, respectively mapping, for some k, 0 ≤ k < 1. Concerning quasiconfor-
mal functions, their properties and characterizations we refer to [33].

Now we state the following representation theorem, due to L. Bers and
L. Nirenberg, [20].

Theorem 2.2 Let D be an open subset of B1(0) and let f ∈ W 1,2(D,C) verify

(2.5) where µ, ν satisfy (2.6).
There exist a k-quasiconformal mapping χ from B1(0) onto itself and a holo-

morphic function F on χ(D) such that

f = F ◦ χ. (2.10)

We may choose χ such that χ(0) = 0. Moreover we have that the function χ
and its inverse χ−1 satisfy

|χ(x) − χ(y)| ≤ C|x− y|α for any x, y ∈ B1(0) (2.11)

and

|χ−1(x) − χ−1(y)| ≤ C|x− y|α for any x, y ∈ B1(0), (2.12)

where C and α, 0 < α < 1, depend upon k only.



14 CHAPTER 2. PRELIMINARIES

Proof. See [20, page 116]. �

We shall usually apply this result to quasiconformal functions in a bounded
multiply connected domain D. As usual, we say that a bounded domain D ⊂ C

is multiply connected if C\D is not connected. We shall always assume that the
number of connected components of C\D is finite and we call exterior boundary

of the domain D the boundary of the unbounded connected component of C\D.
We shall need a control on the regularity properties of χ(D), keeping however
the Hölder continuity of χ and its inverse, (2.11) and (2.12).

Let us introduce the following class of domains. A circular domain D0 is, by
definition, a bounded domain whose boundary is composed by a finite number
of circles, that is D0 = BR(z)\⋃ni=1Bri [zi], where n is a positive integer, for any
i = 1, . . . , n ri > 0 and Bri [zi] ⊂ BR(z) and the cavities Bri [zi] are pairwise dis-
joint. We call ∂BR(z) the exterior boundary and

⋃n
i=1Bri [zi] the multiple cavity

of the circular domain D0. Furthermore we introduce the following notations.
For any cavity Bri [zi], i = 1, . . . , n, let us denote

di = dist
(

Bri [zi],
⋃

j 6=i

Brj [zj] ∪ ∂BR(z)
)

.

Then we say minimal radius (of the multiple cavity) the number min{ri : i =
1, . . . , n} and separation distance (of the multiple cavity) the number min{di :
i = 1, . . . , n}.

By [39, Chapter 3, Theorem 5.2], for every bounded multiply connected
domain D̃ containing the origin, we may always find a conformal mapping χ0

from D̃ onto a circular domain D1 with exterior boundary ∂B1(0) such that
χ0(0) = 0 and the image through χ0 of the exterior boundary of D̃ is the
exterior boundary of D1, that is ∂B1(0).

Hence, if D is a multiply connected domain with 0 ∈ D and f is a k-
quasiconformal function in D, we may find a k-quasiconformal mapping χ and
a holomorphic function F on χ(D) such that (2.10) holds and χ(D) is a circular
domain with exterior boundary ∂B1(0) and such that χ(0) = 0 and the image
through χ of the exterior boundary of D is ∂B1(0).

Clearly we have that the properties of the circular domain χ(D), in particular
the values of the minimal radius and of the separation distance of its multiple
cavity, and the continuity properties of χ and χ−1 depend on the smoothness
of D. We are interested in finding regularity assumptions on D which would
allow us to deduce a positive lower bound on the minimal radius and separation
distance of the multiple cavity of χ(D) and to obtain the Hölder continuity of χ
and χ−1. A crucial step towards this kind of results, which will be developed later
according to the different kinds of defects considered, is given by the following
lemma, which solves the problem if D is a circular domain itself.

Lemma 2.3 Let D0 be a circular domain such that 0 ∈ D0, its exterior bound-

ary is ∂B1(0) and the minimal radius and separation distance of its multiple

cavity are greater than a positive constant δ0. Fixed k, 0 ≤ k < 1, there exist

constants δ1 > 0, C > 0 and α, 0 < α < 1, depending on δ0 and k only such that

if χ is a k-quasiconformal mapping from D0 onto another circular domain D1

whose exterior boundary is ∂B1(0) such that χ(0) = 0 and ∂B1(0) = χ(∂B1(0)),
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then the minimal radius and separation distance of the multiple cavity of D1 are

greater than δ1 and χ verifies

|χ(x) − χ(y)| ≤ C|x− y|α for any x, y ∈ D0 (2.13)

and

|χ−1(x) − χ−1(y)| ≤ C|x− y|α for any x, y ∈ D1. (2.14)

Proof. During the proof of this lemma we shall make use of the notion of
capacity. Concerning its definition and its basic properties we refer to [29]. Here
let us simply state some notations and the definition. Given a bounded domain
D and E a subset of D, the pair (E,D) will be called a condenser and we denote
by cap(E,D) the capacity of the condenser (E,D). If E is compact then

cap(E,D) = inf
u∈W (E,D)

∫

D

|∇u|2,

where
W (E,D) = {u ∈ C∞

0 (D) : u ≥ 1 on E}.
Then for any subset E the capacity is defined as

cap(E,D) = inf E ⊂ G ⊂ DG open supK ⊂ GK compactcap(K,D).

We note also that the capacity may be computed explicitly if the condenser
is an annulus. In fact, see again [29, page 35], we have for 0 < r < R

cap(Br[x], BR(x)) = 2π

(

log
R

r

)−1

. (2.15)

Let D0 = B1(0)\⋃ni=1 Bri [zi] and D1 = B1(0)\⋃ni=1Bsi [wi]. We recall that
χ(∂B1(0)) = ∂B1(0) and we have ordered the cavities in such a way that
χ(∂Bri(zi)) = ∂Bsi(wi) for any i = 1, . . . , n. We note also that, since the
minimal radius is bounded from below by δ0 > 0, if n denotes the number of
connected components of the multiple cavity of D0 (and obviously also of the
one of D1), we have

n ≤ N, (2.16)

N depending only on δ0.
We denote I = {1, . . . , n}. Then, by the lower bound on the minimal radius

and on the separation distance of the multiple cavity of D0, by (2.15) and by
elementary properties of capacity, we may find two constants 0 < C1 < C2

depending on δ0 only such that for every I1, nonempty subset of I, we have

0 < C1 ≤ cap
(

⋃

i∈I1

Bri [zi], B1(0)\
⋃

j∈I\I1

Brj [zj ]
)

≤ C2. (2.17)

Since χ is k-quasiconformal then there exists a constant C3 > 0 depending
on k only such that

0 < C1/C3 ≤ cap
(

⋃

i∈I1

Bsi [wi], B1(0)\
⋃

j∈I\I1

Bsj [wj ]
)

≤ C3C2 (2.18)

holds for any I1 ⊂ I, I 6= ∅, see [29, page 288].
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We now claim the following result.

Claim. Given k, 0 ≤ k < 1, and h0 > 0, let f be a k-quasiconformal mapping
from the annulus B1(0)\B1−h0

[0] ontoB1(0)\σ, σ being a closed subset of B1(0),
satisfying f(∂B1(0)) = ∂B1(0) and 0 ∈ σ. Then

dist(σ, ∂B1(0)) ≥ h1 (2.19)

where h1 > 0 depends on k and h0 only.

Proof of the claim. By the Representation Theorem 2.2 it is enough to prove
the claim when f = u+iv is conformal. Since 0 ∈ σ, by (2.15) and the invariance
of capacity through conformal mapping, we may find h2 > 0 small enough such
that for any 0 < h0 ≤ h2 either the oscillation of u or of v on ∂B1−h0

(0) is
greater than 1/4. Then by [2, Theorem 1.3] (see also [12, page 336]) there exists
a constant C > 0, depending on h0 only, such that if 0 < h0 ≤ h2 we have

|fz(z)| ≥ C for any z ∈ B1−h0/4[0]\B1−3h0/4(0), (2.20)

and from this the conclusion of the proof of the claim follows very easily. �

By the claim we may immediately infer that there exists a constant δ2 de-
pending on k and δ0 only such that we have

dist(Bsi [wi], ∂B1(0)) ≥ δ2 for any i = 1, . . . , n. (2.21)

Let us denote as before

di = dist
(

Bsi [wi],
⋃

j 6=i

Bsj [wj ] ∪ ∂B1(0)
)

, i = 1, . . . , n.

Then, for any i = 1, . . . , n, we consider the following change of coordinates

Ti(z) = ri/(z − zi), Si(z) = si/(z − wi)

and we take the function fi : Ti(D0) 7→ Si(D1) given by

fi = Si ◦ χ ◦ T−1
i .

We have that there exists a h0 > 0 depending on δ0 only such that Ti(D0) con-
tains the annulus B1(0)\B1−h0

[0]. Since 0 6∈ Si(D1), fi satisfies the hypothesis
of the previous claim, hence we may find h1 > 0 depending on k and δ0 only
such that B1(0)\B1−h1

[0] ⊂ Si(D1) and this implies that there exists a constant
C4 > 0 depending on k and δ0 only such that

di ≥ C4si for any i = 1, . . . , n. (2.22)

Let us remark that, by (2.18), we have, for any i = 1, . . . , n,

0 < C1/C3 ≤ cap
(

Bsi [wi], B1(0)\
⋃

j 6=i

Bsj [wj ]
)

≤ cap(Bsi [wi], Bsi+di(wi)),

hence, using (2.15), we deduce that there exists a constant C5 > 0 depending
on δ0 and k only such that

di ≤ C5si for any i = 1, . . . , n. (2.23)
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For any ρ0, 0 < ρ0 < 1, we split the interval (0, ρ0] into the subintervals

(ρ2m

0 , ρ2m−1

0 ], m = 1, 2, . . ., and we find, by (2.16), the bound on the number
of connected components of the multiple cavity of D1, an integer m ≤ N + 1
such that si 6∈ (ρ2m

0 , ρ2m−1

0 ) for every i. Hence there exists ρ1, 0 < ρ1 ≤ ρ0, ρ1

dominated from below by a positive constant depending on δ0 and ρ0 only, such
that if we set

I1 = {i ∈ I : si ≤ ρ2
1}, I2 = {i ∈ I : si ≥ ρ1},

then I = I1 ∪ I2.
Let us show I1 = ∅ when ρ0 is sufficiently small. By contradiction let us

assume I1 6= ∅.
We take the condenser (

⋃

i∈I1
Bsi [wi], B1(0)\⋃j∈I2 Bsj [wj ]) and we want to

estimate its capacity.
First of all we fix i ∈ I1 and evaluate cap(Bsi [wi], B1(0)\⋃j∈I2 Bsj [wj ]).

Assuming without loss of generality ρ0 ≤ δ2, by (2.21) and (2.22) applied to
any Bsj [wj ] with j ∈ I2, we have that

dist
(

Bsi [wi],
⋃

j∈I2

Bsj [wj ] ∪ ∂B1(0)
)

≥ C6ρ1 for any i ∈ I1, (2.24)

where C6 depends on δ0 and on k only. Then

cap
(

Bsi [wi], B1(0)\
⋃

j∈I2

Bsj [wj ]
)

≤ cap(Bsi [wi], Bsi+C6ρ1(wi)) for any i ∈ I1.

By (2.15), since si ≤ ρ2
1, we have

cap(Bsi [wi], Bsi+C6ρ1(wi)) = 2π
(

log si+C6ρ1
si

)−1

≤

≤ 2π
(

log C6

ρ1

)−1

≤ 2π
(

log C6

ρ0

)−1

.

By subadditivity of capacity we have

cap
(

⋃

i∈I1

Bsi [wi], B1(0)\
⋃

j∈I2

Bsj [wj ]
)

≤
∑

i∈I1

cap
(

Bsi [wi], B1(0)\
⋃

j∈I2

Bsj [wj ]
)

and hence, by (2.16),

cap
(

⋃

i∈I1

Bsi [wi], B1(0)\
⋃

j∈I2

Bsj [wj ]
)

≤ 2Nπ

(

log
C6

ρ0

)−1

. (2.25)

Let us pick ρ0 depending on k and δ0 only such that

2Nπ

(

log
C6

ρ0

)−1

≤ C1/(2C3). (2.26)

Then the combination of (2.25) and (2.26) violates the lower bound in (2.18).
Hence we have found a positive constant δ1 depending on k and δ0 only such

that the minimal radius of the multiple cavity of D1 is greater than δ1. Then,
again by (2.21) and (2.22), also the separation distance may be bounded from
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below by a positive constant δ1 depending on k and δ0 only. It remains to prove
the Hölder continuity of χ and χ−1. Given the bounds on the minimal radius
and the separation distance of the multiple cavities of D0 and D1 respectively,
this may be obtained by standard reflection arguments, see [33], with the help
of our claim to control the reflection around ∂B1(0). �

We shall need a generalized notion of critical point of solutions to elliptic
equations in two dimensions. We define, as in [10], geometric critical points of
solutions to an elliptic equation like (2.3) in the following way. Given u as in
Proposition 2.1, let v be its stream function and let, as in Theorem 2.2, χ and
F be respectively the quasiconformal mapping and the holomorphic function
appearing in the representation (2.10) for f = u+ iv.

Assuming f = u + iv is not constant, we say that a point z0 ∈ D is a
geometric critical point (or g.c.p. for short) for u, or equivalently v, if χ(z0) is a
critical point in the classical sense for U = ℜF . This definition does not depend
on the choice of the representation and coincides with the standard definition
of critical point if u is smooth (see [10] for details).

Let G be a smooth planar domain and let E be a smooth vector field such
that E 6= 0 on ∂G. Then we define the index of E in G, I(G,E), as −(winding

number) of E along ∂G, that is

I(G,E) = − 1

2π

∫

∂G

d arg(E).

If z0 is an isolated zero of E the index of E at z0 is given by

I(z0, E) = lim
r→0

I(Br(z0), E).

For the present purposes, a complex valued function g = g1+ig2 will be identified
with the vector field E = ( g1g2 ) .

The geometric index of ∇u at z0 ∈ D, still denoted by I(z0,∇u), will be
defined as the index of ∇U at χ(z0). We remark that, by this definition, for
solutions of elliptic equations the index is positive if and only if z0 is a geometric
critical point. Moreover we have that if z0 is such that f(z0) = 0 then

I(χ(z0), F ) = I(χ(z0),∇U) + 1 = I(z0,∇u) + 1.

We may give a geometric characterization of the geometric index in the
following way. The geometric index of ∇u at z0 is n, n ≥ 0, if and only if,
locally in a neighbourhood of z0, the level set {u = u(z0)} is constituted by
n+ 1 simple curves intersecting at z0 only.

In addition, let us recall that the geometric index satisfies a continuity prop-
erty as stated in [10, Proposition 2.6], that is the number of critical points,
counted with their index, of solutions to elliptic equations within a fixed do-
main D is continuous with respect to W 1,2

loc convergence.
We shall also need a generalized definition of critical point at the boundary.

Fixed a point z0 ∈ C and a Cartesian coordinate system (x, y) with origin in
z0, let D = {y < φ(x) : x2 + y2 < r2} where r > 0 and φ is a Lipschitz function
on [−r, r] such that φ(0) = 0. Take a function f = u + iv solving (2.5), (2.6)
in D such that v ≡ const . on {y = φ(x) : x2 + y2 < r2}. We say that z0 is a
geometric critical point at the boundary of index n ≥ 1 for v (and for u) if, in
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the intersection of a neighbourhood of z0 with D, the level set {v = v(z0)} is
constituted by n simple curves containing as an endpoint z0 and whose pairwise
intersection is z0 itself.

Let us briefly motivate this definition. Since the definition is local, by a
quasiconformal change of coordinates χ, we may assume without loss of gen-
erality that z0 = 1, D = {w ∈ Br(1) : |w| < 1}, r > 0, and v ≡ const .
on γ = ∂B1(0) ∩ Br(1). Then, by a reflection argument, we may extend f to
a function, which we still call f , defined in a suitable neighbourhood U of z0
according to the following reflection rules

f(z) = f(1/z) + 2ci for any z ∈ U, (2.27)

where c = v|γ . Remark that this reflection is, with respect to u and v, given by
the following

{

u(z) = u(1/z)
v(z) = 2c− v(1/z)

for any z ∈ U. (2.28)

We have that f is still a quasiconformal function in U and we have that z0
is a geometric critical point at the boundary of index n for v in D if and only
if z0 is a geometric critical point of index n for u and v extended to U by the
reflection rules (2.28).

Finally the following type of unique continuation property holds. We have
that if u = A∇u · ν = 0 in the weak sense on an arc Γ ⊂ ∂D, then u = 0
everywhere in D.

Remark 2.4 We wish to stress that the Representation Theorem 2.2 gives
us that, up to the change of coordinates χ, v can be viewed as the harmonic
conjugate to u. In particular we have that with respect to the metric in χ(D),
the level lines of v are lines of steepest descent of u and vice versa. Consequently
we have that, away from the discrete set of geometric critical points, u is strictly
monotone on each connected component of the level lines of v, and vice versa.

Through the use of quasiconformal functions it is also possible to extend
the classical method of harmonic measure in order to obtain a Hölder stability
estimate in the interior for Cauchy problems for solutions to (2.3) with discon-
tinuous and anisotropic conductivity tensors.

Let us recall some notions from potential theory, see for instance the book
by J. Heinonen, T. Kilpeläinen and O. Martio, [29].

Let D be a bounded open set and let A ∈ L∞(D) be a conductivity tensor
which satisfies (2.2).

We denote by LA the differential operator

LAu = −div(A∇u). (2.29)

Definition 2.5 A function u : D 7→ R ∪ {+∞} is called LA-superharmonic in
D if

(i) u is lower semicontinuous;

(ii) u 6≡ +∞ in any connected component of D;

(iii) for any open set D1 ⊂⊂ D and any h ∈ C(D1), such that LAh = 0 in the
weak sense in D1, if u ≥ h on ∂D1 then u ≥ h in D1.



20 CHAPTER 2. PRELIMINARIES

A function u is LA-subharmonic in D if −u is LA-superharmonic in D.

Definition 2.6 Let E be a subset of ∂D and let χE be its characteristic func-
tion. We define the LA-harmonic measure of E with respect to D as the upper

Perron solution with respect to χE , that is

ω(z) = ω(E,D,LA; z) = inf{u(z) : u ∈ UE} for any z ∈ D,

where UE is the class of the LA-superharmonic functions u in D such that u ≥ 0
and lim infx→y u(x) ≥ χE(y) for any y ∈ ∂D.

Lemma 2.7 Let D be a bounded domain. Let f ∈ W 1,2(D,C) satisfy (2.5),
(2.6). There exists a 2 × 2 matrix A1 ∈ L∞(D) satisfying (2.2) with constants

λ, Λ depending on k only such that φ = log |f | is LA1
-subharmonic.

Proof. Let z be a point in D such that f(z) 6= 0. Locally, on a neighbourhood of
z, we can define the function φ1 = log f where log is any possible determination
of the logarithm in the complex plane.

In this neighbourhood φ1 verifies the following equation

(φ1)z = µ(φ1)z + ν1(φ1)z (2.30)

where ν1 = νf/f and hence |µ| + |ν1| ≤ k < 1.
Then we consider the matrix A1 corresponding to µ and ν1, as in (2.9). By

Proposition 2.1 the function φ = log |f | = ℜ log f locally verifies

div(A1∇φ) = 0 (2.31)

in the weak sense.
We remark that we can define φ = log |f | globally as a W 1,2

loc (D1) function,
where D1 = {z ∈ D : f(z) 6= 0}, hence using a partition of unity it is easy to
show that (2.31) holds weakly in D1.

Clearly the set {z ∈ D : f(z) = 0} consists of isolated points and φ goes
uniformly to −∞ as z converges to an element of such a set.

Using this remark and the maximum principle we can prove in an elementary
way that φ = log |f | is LA1

-subharmonic. �

By the use of suitable LA1
-harmonic measure we obtain a Hölder stability

estimate in the interior for Cauchy problems for quasiconformal functions, as
follows.

Theorem 2.8 Let D be bounded domain and E a subset of ∂D. Let f satisfy

(2.5), (2.6).
If C = sup |f | on D and we have that, given ε > 0,

lim sup
x→y

|f(x)| ≤ ε for any y ∈ E, (2.32)

then for any z ∈ D the following estimate holds

|f(z)| ≤ C1−ω(z)εω(z), (2.33)

where ω = ω(E,D,LA1
) is the LA1

-harmonic measure of E with respect to D
and the matrix A1 is defined as in Lemma 2.7.
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Proof. We can assume, without loss of generality, 0 < ε < C. Consider the func-
tion φ = log |f |, by the Lemma 2.7 φ is LA1

-subharmonic. Let ω = ω(E,D,LA1
)

be the LA1
-harmonic measure of E with respect to D.

Let us denote φ2 = φ−log(C)
log(ε)−log(C) . It is easy to see that φ2 belongs to the

upper class UE . Hence for any z ∈ D we have ω(z) ≤ φ2(z) and so

φ(z) ≤ log(ε)(ω(z)) + log(C)(1 − ω(z)). (2.34)

And this clearly implies the conclusion. �

Remark 2.9 Observe that in view of Proposition 2.1 the above Theorem 2.8
could be restated in terms of a Cauchy problem for an elliptic equation like
(2.3).

2.2 Regularity assumptions on families of curves

We shall need, in several places, quantitative notions of smoothness for the
boundary of the conductor body Ω and for the defects. Such assumptions can
be summarized as follows.

Given an integer k = 0, 1, 2, . . ., a number α, 0 < α ≤ 1, and a set S we
say that S ∩ Br(z), r > 0 and z ∈ C, is a Ck,α graph with constant M if there
exists a coordinate system (x, y) with origin in z such that with respect to these
coordinates S ∩Br(z) = {y = φ(x) : a ≤ x ≤ b} where φ is a Ck,α function on
[−r, r] such that ‖φ‖Ck,α[−r,r] ≤ M and we have −r ≤ a < b ≤ r with either
a = −r or b = r. We remark that if S∩Br(z) is empty then, taking either φ ≥ r
or φ ≤ −r, S is a Ck,α graph with constant r in Br(z) for any integer k and
any number α, 0 < α ≤ 1.

We shall especially focus on the case k = 0, α = 1, in which case we shall
speak of Lipschitz graphs.

We say that a finite family of simple open curves γi, i = 1, . . . , n, is Ck,α with
constants δ, M > 0 if the curves are pairwise disjoint and for any z ∈ ⋃ni=1 γi,
(
⋃n
i=1 γi

)

∩ Bδ(z) is a Ck,α graph with constant M . In the case k = 0, α = 1,
we shall speak of a Lipschitz family of curves.

Use will be also made of the following notion. Given two finite families of
simple open curves, γi, i = 1, . . . , n, and γ′j , j = 1, . . . ,m, we say that they are
Relative Lipschitz Graphs (RLG for short) with constants δ, M if the curves
belonging to the same family are pairwise disjoint and for every z ∈

(
⋃n
i=1 γi

)

∪
(
⋃m
j=1 γ

′
j

)

,
(
⋃n
i=1 γi

)

∩Bδ(z) and
(
⋃m
j=1 γ

′
j

)

∩Bδ(z) are Lipschitz graphs with
constant M with respect to the same coordinate system.

The same kind of notions are introduced for families of simple closed curves.
Given an integer k = 0, 1, 2, . . ., a number α, 0 < α ≤ 1, we say that a finite
family of simple closed curves γi, i = 1, . . . , n, is Ck,α with constants δ, M > 0
if the domains bounded by each γi are pairwise disjoint and for any z ∈ ⋃ni=1 γi,
(
⋃n
i=1 γi

)

∩Bδ(z) is a Ck,α graph with constant M . Again, if k = 0 and α = 1,
the family of curves will be said to be Lipschitz.

Given two finite families of simple closed curves, γi, i = 1, . . . , n, and γ′j ,
j = 1, . . . ,m, we say that they are Relative Lipschitz Graphs (RLG for short)
with constants δ, M if both families satisfies the assumption that the domains
bounded by each of the curves of the same family are pairwise disjoint and for
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every z ∈
(
⋃n
i=1 γi

)

∪
(
⋃m
j=1 γ

′
j

)

,
(
⋃n
i=1 γi

)

∩Bδ(z) and
(
⋃m
j=1 γ

′
j

)

∩Bδ(z) are
Lipschitz graphs with constant M with respect to the same coordinate system.

If γ is a simple curve (which could be even closed) and z0, z1 are two points
of γ we define lengthγ(z0, z1) the length of the smallest arc in γ connecting z0
to z1.

Let the finite family of simple open curves γi, i = 1, . . . , n, be Lipschitz
with constants δ, M > 0 and let us assume that the diameter of

(
⋃n
i=1 γi

)

is
dominated by a constant L. Then we can deduce the following properties. There
exists a constant L1 depending on δ, M and L only such that

0 < δ ≤ length(γi) ≤ L1 for every i = 1, . . . , n. (2.35)

Then there exists a positive constant M1 depending on δ, M and L only
such that for every i = 1, . . . , n and every z0, z1 belonging to γi the following
inequality holds

lengthγi
(z0, z1) ≤M1|z0 − z1|. (2.36)

Moreover there exists a constant δ1 > 0 depending on δ, M only such that
we have

dist(γi, γj) ≥ δ1 for every i 6= j. (2.37)

By this fact we can find a constant N depending on δ, M and L only such that
if n is the number of curves composing our finite family we have

n ≤ N. (2.38)

Given a finite family of simple closed curves γi, i = 1, . . . , n, which is Lip-
schitz with constants δ, M and whose diameter is bounded by L we have that
(2.35)–(2.38) are satisfied with constants also depending on δ, M and L only.
Moreover we have that we may find two constants L2 and δ2 > 0, L2 depending
on L only and δ2 depending on δ, M only, such that if σi is the domain bounded
by the curve γi then we have

δ2 ≤ |σi| ≤ L2 for every i = 1, . . . , n, (2.39)

where |σi| denotes the Lebesque measure of σi.
Let us state the following results. Roughly speaking we say that two simple

open (or respectively closed) Ck,α curves γ and γ′, with k a positive integer
and 0 < α ≤ 1, which are close in the Hausdorff distance are close also as
parametrized curves. This result allows us to show that if Γ =

⋃n
i=1 γi and

Γ′ =
⋃m
j=1 γ

′
j are two Ck,α families of simple open (or respectively closed) curves

and dH(Γ,Γ′) is small enough then the two families of curves are RLG.
Then we consider two families of simple open (or respectively closed) curves

Γ =
⋃n
i=1 γi and Γ′ =

⋃m
j=1 γ

′
j which are RLG and are contained in a bounded

domainD. TakingG the connected component ofD\(Γ∪Γ′) such that ∂D ⊂ ∂G,
if dH(Γ,Γ′) is small enough then G satisfies a uniform interior cone condition.
Finally, via a counterexample we shall show that this property is not valid any
more if the families of curves are both Lipschitz with given constants but are
not RLG.

Lemma 2.10 Let us fix a positive integer k and a constant α, 0 < α ≤ 1, and

let γ and γ′ be two simple open (or respectively closed) curves which are Ck,α
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with constants δ, M . Furthermore we assume that the diameters of γ and γ′ are

bounded by a constant L.

Then there exist regular parametrizations z = z(t) and z′ = z′(t), 0 ≤ t ≤ 1,
of γ and γ′ respectively such that for every α̃, 0 < α̃ < α,

‖z − z′‖Ck,α̃[0,1] ≤ C(dH(γ, γ′))(α−α̃)/(k+α), (2.40)

where C depends on δ, M , L, k, α and on α̃ only.

Proof. The proof follows the same procedure used to prove Corollary 1.5 in [4],
where the result was proven for C2,α curves. We extend the result also to the
C1,α-case, see [37].

First of all we shall prove the lemma for open curves.
We can find a constant d0 > 0 depending on δ, M , L, k and α only such

that if we denote U = {z ∈ C : dist(z, γ) < d0}, then there exists a Ck,α change
of coordinates ζ = ζ(x, y) = (ξ(x, y), η(x, y)) in U such that

0 < C1 ≤
∣

∣

∣

∣

∂(ξ, η)

∂(x, y)

∣

∣

∣

∣

≤ C2 for every (x, y) ∈ U, (2.41)

‖ξ‖Ck,α(U) + ‖η‖Ck,α(U) ≤ C2, (2.42)

and in the new coordinates the curve γ is represented as

η = 0, 0 ≤ ξ ≤ m (2.43)

where C1 and C2 depend on δ, M , L, k and α only and m is the length of γ.
This change of coordinates may be obtained as follows. There exist a positive

constant δ1, depending on δ, M , L, k and α only, and a function z̃ : [−δ1,m+
δ1] 7→ C such that z̃|[0,m] is the arclength parametrization of γ and z̃(ξ), ξ ∈
[−δ1,m+ δ1], is the arclength parametrization of a curve γ̃ which is Ck,α with
positive constants δ̃, M̃ and whose diameter is bounded by L̃, where δ̃, M̃ and
L̃ depend on δ, M , L, k and α only, and therefore ‖z̃‖Ck,α[−δ1,m+δ1] ≤ C3, C3

depending on δ, M , L, k and α only.
For any ξ ∈ [−δ1,m + δ1] let ν(ξ) = (dz̃(ξ)/dξ)⊥, where (·)⊥ denotes the

counterclockwise rotation of 90◦. Then we may find a positive constant δ2, de-
pending on δ, M , L, k and α only, and a vector field ν̃ : [−δ1,m + δ1] 7→ R2

such that ‖ν̃‖ = 1, ‖ν̃‖Ck,α[−δ1,m+δ1] ≤ C4, C4 depending on δ, M , L, k
and α only, ν(ξ) · ν̃(ξ) ≥ 1/4 for any ξ ∈ [−δ1,m + δ1] and the map f :
[−δ1,m+ δ1]×R 7→ R2 defined as f(ξ, η) = z̃(ξ) + ην̃(ξ) is (globally) invertible
in Ũ = [−δ1,m+ δ1] × [−δ2, δ2]. Picking ζ = f−1 we obtain the desired change
of coordinates.

For any positive ρ we denote by Rρ the rectangle

Rρ = {(ξ, η) : −ρ ≤ ξ ≤ m+ ρ, |η| ≤ ρ}. (2.44)

Let us assume, for the time being, that d = dH(γ, γ′) < d0. We can find
a constant C5 depending on δ, M , L, k and α only such that, in the new
coordinates, we have

γ′ ⊂ RC5d. (2.45)

Moreover there exists a constant d1, 0 < d1 ≤ d0, depending on δ, M , L,
k and α only, such that if d ≤ d1 then γ′ can not have two distinct points on
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any vertical line ξ = c. Otherwise there would exist a point z ∈ γ′ such that
the tangent vector to γ′ in z, would be, in the new coordinates, parallel to the
line ξ = 0. Given the regularity assumptions on γ′, we may choose d1 in order
to guarantee that for any z ∈ γ′ the angle between the tangent vector to γ′ in z
and the line ξ = 0 is greater than π/8. Otherwise, since γ′ is Ck,α and hence its
tangent vector varies in a continuous manner, there would exist a neighbourhood
of z such that for any w belonging to it the angle between the tangent vector to
γ′ in w and the line ξ = 0 should be less than π/7 and therefore we could find
two points in γ′, w1 and w2, such that |η(w1) − η(w2)| ≥ d2 > 0, d2 depending
on δ, M , L, k and α only, and this would contradict (2.45) if d is small enough.

Hence, assuming d ≤ d1, by the connectedness of γ′, γ′ can be represented
as the graph of a function that is

η = φ(ξ), a0 ≤ ξ ≤ b0, (2.46)

where a0 and b0 are such that |a0| ≤ C5d and |b0 −m| ≤ C5d.
Since the angle between the tangent vectors to γ′ and the line ξ = 0 is

greater than π/8, then we easily deduce that φ is a Ck,α function and

‖φ‖Ck,α ≤ C6, (2.47)

where C6 depends on δ, M , L, k and α only.
Let us consider the following parametrizations

γ :
ξ(t) = mt
η(t) = 0

for every t ∈ [0, 1]; (2.48)

γ′ :
ξ(t) = a0 + t(b0 − a0)
η(t) = φ(a0 + t(b0 − a0))

for every t ∈ [0, 1]. (2.49)

Then there exists a constant C7 depending on δ, M , L, k and α only such
that

‖γ − γ′‖L∞[0,1] ≤ C7d; ‖γ − γ′‖Ck,α[0,1] ≤ C7, (2.50)

where γ and γ′ here mean the parametrizations described in (2.48) and (2.49)
respectively.

By going back to the usual coordinates and using standard interpolation
inequalities in Hölder spaces we obtain the conclusion.

If d ≥ d1 then the result can be directly obtained from the regularity as-
sumptions on the two curves. In fact we can find two regular parametrizations
z and z′ of γ and γ′ respectively over the interval [0, 1] such that, for a positive
constant C8 depending on δ, M , L, k and α only we have

‖γ − γ′‖Ck,α[0,1] ≤ C8 ≤ C8

d1
d, (2.51)

and hence the conclusion of the proof follows.
For what concerns the case of closed curves, it is not difficult to prove that

we may find a positive constant d3 depending on δ, M , L, k and α only, such
that if d ≤ d3 then we may subdivide γ and γ′ into two open curves (γ1, γ2 and
γ′1, γ

′
2 respectively) which are Ck,α with constants δ and M and satisfy

dH(γi, γ
′
i) ≤ C9d for any i = 1, 2,

where C9 is a constant depending on δ, M , L, k and α only. Therefore the result
follows immediately from the open curves case. �
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Corollary 2.11 Let us fix a positive integer k and a constant α, 0 < α ≤ 1,
and let Γ =

⋃n
i=1 γi and Γ′ =

⋃m
j=1 γ

′
j be two finite families of simple open (or

respectively closed) curves. We assume that both families are Ck,α with constants

δ, M . Furthermore we assume that the diameters of Γ and Γ′ are bounded by a

constant L.

There exist constants d0 > 0, δ0 > 0 and M0 > 0 depending on δ, M , L,

k and α only such that if d = dH(Γ,Γ′) ≤ d0 then Γ and Γ′ are RLG with

constants δ0, M0.

Proof. Recalling (2.37), we have that both families verify

dist(γi, γj) ≥ δ1 for every i 6= j, (2.52)

with a constant δ1 > 0 depending on δ, M , L, k and α only.
Therefore there exists d1 > 0 depending on δ, M , L, k and α only such that

if d = dH(Γ,Γ′) ≤ d1 then both Γ and Γ′ have n connected components, which
ordered in a suitable way verify

dH(γi, γ
′
i) ≤ d for any i = 1, . . . , n. (2.53)

By (2.52) and (2.53), we may restrict ourselves, without loss of generality,
to the case of two families each constituted by a single curve, say γ and γ′.

Then the conclusion follows almost immediately from Lemma 2.10. In fact,
for any α̃, 0 < α̃ < α, we may find positive constants d2, δ1 and M1 depending
on δ, M , L, k, α and α̃ only such that if dH(γ, γ′) ≤ d2, then for every z ∈ γ∪γ′,
γ ∩ Bδ1(z) and γ′ ∩ Bδ1(z) are Ck,α̃ graphs with constant M1 with respect to
the same coordinate system. So the result easily follows. �

Lemma 2.12 Let Γ =
⋃n
i=1 γi and Γ′ =

⋃m
j=1 γ

′
j be two finite families of simple

open (or respectively closed) curves which are RLG with constants δ, M . Let D
be a simply connected domain of diameter L such that Γ and Γ′ are contained

in Dδ (Dδ as in (2.1)) and let G be the connected component of D\(Γ∪Γ′) such

that ∂D ⊂ ∂G.

Then there exist constants d0 > 0, θ, 0 < θ < π, and ρ > 0 depending on δ,
M , L only such that if d = dH(Γ,Γ′) ≤ d0 then for any z ∈ (Γ ∪ Γ′) ∩ ∂G we

can find an open angular sector S of radius ρ, amplitude θ and vertex in z such

that S ∩ (Γ ∪ Γ′) = ∅ and S ⊂ G.

Proof. As in the proof of Corollary 2.11, we may assume, without loss of gener-
ality, taking d small enough, that both families are composed by a single curve,
γ and γ′ respectively, and that γ and γ′ are RLG with constants δ, M .

Given a point z ∈ γ, since γ is Lipschitz with constants δ, M , there exist
two open angular sectors, S1 and S2, of radius δ, amplitude θ, 0 < θ < π, θ
depending only on M , and vertex z such that S1 and S2 are opposite one to
each other and Si ∩ γ = ∅ for every i = 1, 2. Then we readily observe that by
the RLG property at most one of these two sectors S1 and S2 contains points
belonging to γ′. This property holds in both the open and closed curves cases.

It remains to show that if z ∈ ∂G then either S1 or S2 has empty intersection
with γ′ and is contained in G.

First we shall consider the case of open curves. For any positive r, with
Br(γ) we shall denote the set of points whose distance from γ is less than r,
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that is Br(γ) =
⋃

z∈γ Br(z). With Br[γ] we shall denote the closure of Br(γ). If
dH(γ, γ′) = d, we have that γ′ is contained in Bd[γ]. There exists a constant d1,
0 < d1 < δ/4, depending on δ, M and L only, such that for any d, 0 < d ≤ d1,
we may find a simply connected domain U verifying Bd[γ] ⊂ U ⊂ B2d(γ). Then
we assume that 0 < d ≤ d1 and we have that γ′ ⊂ U and, therefore, D\U is
contained in G. Hence, if d ≤ d1, for every i = 1, 2 we have Si∩G 6= ∅. We know
that at least one of the angular sectors, let us say S1, verifies S1 ∩ (γ ∪ γ′) = ∅,
then being S1 and G connected we infer that S1 ⊂ G.

The same construction may be repeated for any z ∈ γ′ and the result hence
follows in the case of open curves. We observe that our construction implies that
if d is small enough then any point belonging to γ ∪ γ′ belongs to ∂G.

Let us proceed to the case of closed curves. We call σ and σ′ the domains
bounded by γ and γ′ respectively. With the same technique, we may find a
constant d1, 0 < d1 < δ/4, depending on δ, M and L only, such that for
any d, 0 < d ≤ d1, we may construct a doubly connected domain U verifying
Bd[γ] ⊂ U ⊂ B2d(γ). Then, assuming 0 < d ≤ d1, we deduce that γ′ ⊂ U .
However, in this case, D\U has two connected components, one contained in G
and the other contained in σ (and also in σ′).

We remark that this fact allows us to show also that if γ and γ′ are two
closed curves contained in a domain with diameter L which are Lipschitz with
constants δ, M and σ and σ′ are the domains bounded by γ and γ′ respectively,
then there exists a constant C depending on δ, M and L only such that

dH(σ, σ′) ≤ CdH(γ, γ′). (2.54)

In fact if 0 < d ≤ d1, the previous construction implies that (2.54) holds with
C = 2. If d ≥ d1, it is enough to observe that we always have dH(σ, σ′) ≤ L.

Then we take 0 < d ≤ d1, we fix z ∈ γ ∩ ∂G and we consider the angular
sectors S1 and S2 as before. We have that, up to rearranging their order, S1∩G 6=
∅ and S2 ∩ σ 6= ∅. If S1 ∩ (γ ∪ γ′) = ∅, then S1 ⊂ G and the existence of the
desired angular sector is proven. On the other hand, if, by contradiction, we
suppose that S1 ∩ γ′ is not empty, the RLG property, with the use of (2.54),
implies that z ∈ σ′ and this contradicts the fact that z ∈ ∂G. �

Corollary 2.13 Let Γ =
⋃n
i=1 γi and Γ′ =

⋃m
j=1 γ

′
j be two finite families of

simple open (or respectively closed) curves. Let the two families be Ck,α with

constants δ, M , with k ≥ 1 and 0 < α ≤ 1. Let D be a simply connected domain

of diameter L such that Γ and Γ′ are contained in Dδ (Dδ as in (2.1)) and let

G be the connected component of D\(Γ ∪ Γ′) such that ∂D ⊂ ∂G.

Then there exist constants d0 > 0, θ, 0 < θ < π, and ρ > 0 depending on δ,
M , L, k and α only such that if d = dH(Γ,Γ′) ≤ d0 then for any z ∈ (Γ∪Γ′)∩∂G
we can find an open angular sector S of radius ρ, amplitude θ and vertex in z
such that S ∩ (Γ ∪ Γ′) = ∅ and S ⊂ G.

Proof. Immediate consequence of Corollary 2.11 and Lemma 2.12. �

Example 2.14 With this example we wish to show that the result outlined in
Lemma 2.12 for RLG and in Corollary 2.13 for Ck,α families of curves does not
hold for Lipschitz ones.

We shall consider the following curves (Figure 2.1).
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For any ε, 0 < ε < 1/2, let γε be the curve obtained by joining the three
curves

γ1
ε = {(t, 0) : −1 ≤ t ≤ ε2}, γ2

ε = {(ε2, t) : 0 ≤ t ≤ ε}, γ3
ε = {(t, ε) : ε2 ≤ t ≤ 1},

and γ′ε be the one obtained by joining

γ4
ε = {(t, ε) : −1 ≤ t ≤ 0}, γ5

ε = {(0, t) : 0 ≤ t ≤ ε}, γ6
ε = {(t, 0) : 0 ≤ t ≤ 1}.

We have the following properties. For any ε > 0, both γε and γ′ε are simple
open Lipschitz curves with given constants not depending on ε and we have that
dH(γε, γ

′
ε) ≤ ε.

Let us take V = (0, ε/2). We have that V ∈ γ′ε for any ε. Let β(ε) be the
largest amplitude of a sector S having fixed radius ρ > 0 and vertex in V such
that S ∩ (γε ∪ γ′ε) = ∅. Then we have that β(ε) → 0 as ε→ 0.

Notice also that it is very easy to modify this example to take into consid-
eration also the case of closed curves.

ε

γε

ρ

ε2

β(ε)

S

V

γε’

Figure 2.1: curves γε and γ′ε.





Chapter 3

Uniqueness results

In this chapter we collect some uniqueness results for the determination of mul-
tiple defects.

Throughout this chapter Ω will be a simply connected bounded domain
whose boundary ∂Ω is Lipschitz, that is ∂Ω is locally the graph of a Lipschitz
function.

The background conductivity in Ω will be denoted by A, where A = A(z),
z ∈ Ω, is a conductivity tensor satisfying (2.2) for given λ,Λ > 0.

3.1 Multiple defect determination

We want to determine a multiple defect Σ constituted by a collection, possibly
empty, of finitely many pairwise disjoint defects. We allow that in this collec-
tion both interior and boundary defects could be present at the same time. So
Σ = σ1 ∪ · · · ∪ σN ∪ σ̃1 ∪ · · · ∪ σ̃M , where N , M are not negative integers, σi,
i = 1, . . . , N , is a boundary defect and σ̃j , j = 1, . . . ,M , is an interior defect.
We make the following assumptions. For any boundary defect σi, i = 1, . . . , N ,
the contact set with ∂Ω is constituted by a single point, called the surface tip of
the boundary defect σi and denoted by zi. We also assume that σi approaches
∂Ω nontangentially. More precisely, we mean the following. Since ∂Ω is Lips-
chitz there exists an open angular sector of vertex zi, amplitude θ and radius
δ contained in Ω. Let us call l its bisecting line. Then we suppose that there
exists 0 < θ1 < θ such that (σi\{zi})∩Bδ(zi) is contained in the angular sector
with vertex in zi, radius δ, amplitude θ1 and l as bisecting line. We remark that
here the constants δ, θ and θ1 are not a priori given. In fact they may depend
on the multiple defect Σ, on the boundary defect σi and on the defect tip zi.
Under this assumption for any ϕ ∈ W 1,2(Ω\Σ) we can define the trace of ϕ on
∂Ω and there exists a constant C, possibly depending on Σ, such that

‖ϕ‖L2(∂Ω) ≤ C‖ϕ‖W 1,2(Ω\Σ) for every ϕ ∈W 1,2(Ω\Σ).

We fix three simple arcs in ∂Ω, γ0, γ1, γ2, which are pairwise internally
disjoint.

For every m = 0, 1, 2 let ηm be a non negative function in L2(∂Ω) such that
supp(ηm) ⊂ γm and

∫

∂Ω
ηm = 1.

29
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The prescribed current fluxes on the boundary, ψ1 and ψ2, are defined in
the following way

ψ1 = η0 − η1, ψ2 = η0 − η2. (3.1)

We have that ψ1 and ψ2 belong to L2(∂Ω) and
∫

∂Ω
ψm = 0 for every m = 1, 2.

We define the antiderivatives along ∂Ω of ψ1, ψ2 as

Ψm(s) =

∫

ψm(s)ds, m = 1, 2. (3.2)

Here the indefinite integral is taken with respect to arclength on ∂Ω in the
counterclockwise direction. The functions Ψ1, Ψ2 are defined up to an additive
constant.

For everym = 1, 2, let um ∈W 1,2(Ω\Σ) be the weak solution to the following
Neumann type boundary value problem















div(A∇um) = 0 in Ω\Σ,
A∇um · ν = 0 on ∂σi, i = 1, . . . , N,
A∇um · ν = 0 on ∂σ̃j , j = 1, . . . ,M,
A∇um · ν = ψm on ∂Ω,

(3.3)

where ν denotes the outer unit normal. If a defect σ (or respectively σ̃) reduces
locally to a simple curve, then by ∂σ (∂σ̃) we mean either side of σ (σ̃).

The weak formulation is to find um ∈W 1,2(Ω\Σ) satisfying
∫

Ω\Σ

A∇um · ∇ϕ =

∫

∂Ω

ψmϕ for every ϕ ∈W 1,2(Ω\Σ). (3.3w)

It is easy to show that the weak solution to (3.3) exists and it is unique up to
an additive constant.

We state the following uniqueness result.

Theorem 3.1 Let Ω be a simply connected bounded Lipschitz domain and let

A be a conductivity tensor in Ω satisfying (2.2).
Let Σ and Σ′ be two multiple defects satisfying the previous assumptions.

For every m = 1, 2 let um be the solution to (3.3) and u′m the solution to (3.3)
where Σ is replaced by Σ′.

Let Γ0 be a nontrivial simple arc contained in ∂Ω.

If

um|Γ0
= u′m|Γ0

for every m = 1, 2 (3.4)

then Σ = Σ′.

Remark 3.2 We recall, as it has already been observed in [27], that there are
kinds of defects, for instance cracks, for which we can not have a uniqueness re-
sult with a single measurement. The conditions under which we have uniqueness
by a single measurement will be described in the sequel during the treatment of
the determination of a boundary defect or of a multiple material loss.

Consider, in fact, the following example, which is a simple and particular
case of the one described in [27]. Let Ω = B1(0) = {|z| < 1}. The function
u(x, y) = x clearly satisfies

{

∆u = 0 in Ω,
∇u · ν = ψ on ∂Ω,
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where ψ(eiθ) = cos(θ).
We have also that, picking σ as any segment of any horizontal line {(x, y) :

y = const .}, u satisfies

∇u · ν = 0 on either side of σ.

So by one single measurement there is no possibility to recover a crack, either
interior of surface-breaking, which is possibly present in B1(0).

We shall prove Theorem 3.1 adapting the proof of Theorem 1.1 in [8] which
deals with interior defects only.

If a, b are any two real numbers such that a2 + b2 = 1 we define

u = au1 + bu2, u′ = au′1 + bu′2,
ψ = aψ1 + bψ2, Ψ = aΨ1 + bΨ2.

(3.5)

We have that u is a weak solution to














div(A∇u) = 0 in Ω\Σ,
A∇u · ν = 0 on ∂σi, i = 1, . . . , N,
A∇u · ν = 0 on ∂σ̃j , j = 1, . . . ,M,
A∇u · ν = ψ on ∂Ω.

(3.6)

and u′ is the solution of the same boundary value problem when Σ is replaced
by Σ′.

Proposition 3.3 If u is a solution to (3.6), there exists a global and single

valued stream function v associated to u in Ω\Σ. Furthermore, v satisfies in the

weak sense the following Dirichlet type boundary value problem























div(B∇v) = 0 in Ω\Σ,
v = ci on σi, i = 1, . . . , N,
v = dj on σ̃j , j = 1, . . . ,M,
v = Ψ on ∂Ω,
∫

β B∇v · ν = 0 for any smooth Jordan curve β ⊂ Ω\Σ,

(3.7)

where B = (detA)−1AT . We remark that the constants ci and dj are unknown.

The weak formulation of (3.7) is the following. We want to find v ∈W 1,2(Ω)
such that v is constant in the trace sense on any defect σi and σ̃j , its trace on
∂Ω equals Ψ and satisfies

∫

Ω\Σ

B∇v · ∇ϕ = 0 for any ϕ ∈W 1,2
0 (Ω) : ϕ = const. on any defect. (3.7w)

We shall show that (3.7) admits a solution. This solution is clearly unique
up to additive constants.
Proof. Let us consider the following approximation procedure. We shall approx-
imate the domain Ω\Σ by a sequence of smooth domains whose union is Ω\Σ.
Moreover we approximate the background conductivity and the Neumann data
by smooth ones. Hence we shall obtain a sequence of boundary value problems
with smooth data whose solutions converge to u, the solution to (3.6).
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The existence of the stream function is straightforward in the case of smooth
data and, by passing to the limit, we obtain also the existence of the stream
function v associated to u. Besides, this approximation technique will be useful
for the study of geometric critical points of u and v. In fact, by the continu-
ity property of the geometric critical points, it will be enough to evaluate the
number of critical points in the regular case.

Let ψk ∈ C∞(∂Ω) be such that
∫

∂Ω ψk = 0, supp(ψk) ⊂ (∂Ω\⋃Ni=1 B1/k(zi)),
and ψk → ψ in L2(∂Ω) as k → ∞. Let Ψk =

∫

ψk(s)ds. Then Ψk → Ψ uniformly
on ∂Ω and also in W 1/2,2(∂Ω).

Let uk be the weak solution to (3.6) with the current flux ψ replaced by
ψk. Then uk is uniformly bounded in W 1,2(Ω\Σ) and we can prove that uk
converges to u in W 1,2(Ω\Σ).

We fix k ∈ N. Let σ̃nj be a decreasing family of interior defects whose bound-
ary is smooth (at least Lipschitz), such that σ̃j ⊂ σ̃nj ⊂ B1/n(σ̃j). We remark

that for any r > 0 and any set C ⊂ R2 we denote Br(C) =
⋃

z∈C Br(z).

Let σni be a decreasing family of boundary defects whose boundary is smooth
(at least Lipschitz), such that σi ⊂ σni ⊂ B1/n(σi) and σni ∩ ∂Ω ⊂ B1/k(zi).

Let us call Σn = σn1 ∪· · ·∪σnN ∪ σ̃n1 ∪· · ·∪ σ̃nM ; the construction of σni and σ̃nj
can be done in such a way that σni and σ̃nj are pairwise disjoint and Ωn = Ω\Σn
has a Lipschitz boundary.

So Ωn is a sequence of smooth open sets whose union is Ω\Σ.

Let (∂Ωn)0 be the exterior connected component of ∂Ωn. (∂Ωn)0 is composed
by arcs of ∂Ω and by the parts of the boundaries of σni which are contained in Ω.
We define ψnk as a function on (∂Ωn)0 coinciding with ψk on ∂Ω and extended
to zero outside.

Let Ψn
k be as usual the antiderivative of ψnk along (∂Ωn)0. We have that Ψn

k

coincides with Ψk on ∂Ω∩(∂Ωn)0 and it is constant on any connected component
of (∂Ωn)0\∂Ω.

Let unk ∈W 1,2(Ωn) be the weak solution to







div(A∇unk ) = 0 in Ωn,
A∇unk · ν = 0 on ∂σ̃nj , j = 1, . . . ,M,
A∇unk · ν = ψnk on (∂Ωn)0.

(3.8)

That is, we understand that unk satisfies

∫

Ωn

A∇unk · ∇ϕ =

∫

(∂Ωn)0

ψnkϕ for every ϕ ∈W 1,2(Ωn). (3.8w)

Since the norm of unk in W 1,2(Ωn) is bounded by a uniform constant not

depending on n, we have that unk converges weakly in W 1,2
loc (Ω\Σ). By Cacciop-

poli’s inequality we can prove that the convergence is indeed in the strong sense
in W 1,2

loc (Ω\Σ).

We fix also n ∈ N. Let Al be a sequence of smooth conductivity tensors
satisfying (2.2) with constants λ/2 and 2Λ, such that Al → A in Lp, as l → ∞,
for any p <∞.

Let unk,l be the weak solution to (3.8) when A is replaced by Al. By the
uniform ellipticity bound on Al, we have that unk,l converges, as l → ∞, to unk
in W 1,2(Ωn).
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In the smooth case, that is for unk,l it is known (see for instance [8] and [18])

that there exists a global stream function vnk,l ∈ W 1,2(Ωn) associated to unk,l and

that, if Bl = (detAl)
−1ATl , vnk,l solves in a weak sense















div(Bl∇vnk,l) = 0 in Ωn,

vnk,l = const . on ∂σ̃nj , j = 1, . . . ,M,

vnk,l = Ψn
k on (∂Ωn)0,

∫

β
Bl∇vnk,l · ν = 0 for every smooth Jordan curve β ⊂ Ωn.

(3.9)

We mean that the trace of vnk,l on (∂Ωn)0 is equal to Ψn
k and vnk,l is constant on

∂σ̃nj and for any ϕ ∈ W 1,2(Ωn) whose trace on (∂Ωn)0 is zero and whose trace
on any ∂σ̃nj is a constant we have

∫

Ωn

Bl∇vnk,l · ∇ϕ = 0.

By known results in regularity theory vnk,l is continuous on Ωn and placing
vnk,l = vnk,l|∂σ̃n

j
inside each σ̃nj and vnk,l = vnk,l|∂σn

i
inside each σni , we can extend

vnk,l to a continuous W 1,2(Ω) function, which we still denote by vnk,l, such that
vnk,l is constant on any σni and any σ̃nj and the trace of vnk,l on ∂Ω is Ψk.

First of all let l → ∞. By the stream function formula, by the convergence
of unk,l and by the uniform bounds on Al, v

n
k,l converges strongly in W 1,2(Ω) to

a function vnk which is constant on any σni and any σ̃nj in the weak sense, whose
trace on ∂Ω is Ψk and which satisfies

∫

Ωn

B∇vnk · ∇ϕ = 0

for any ϕ ∈ W 1,2(Ωn) whose trace on (∂Ωn)0 is zero and whose trace on any
∂σ̃nj is a constant.

Hence vnk solves (3.9) where Al is replaced by A. Moreover vnk is the stream
function associated to unk .

Now let n→ ∞. We obtain that vnk converges to vk weakly in W 1,2(Ω) and

strongly in W 1,2
loc (Ω\Σ) and vk is the stream function associated to uk. As before

we infer that vk is constant on any σi and any σ̃j in the weak sense and the
trace of vk on ∂Ω is Ψk.

So each vk satisfies the following Dirichlet type boundary value problem























div(B∇vk) = 0 in Ω\Σ,
vk = cki on ∂σi, i = 1, . . . , N,
vk = dkj on ∂σ̃j , j = 1, . . . ,M,
vk = Ψk on ∂Ω,
∫

β B∇vk · ν = 0 for every smooth Jordan curve β ⊂ Ω\Σ.

(3.10)

The precise formulation of this problem is to find a function vk whose trace
on ∂Ω is Ψk, is constant in a weak sense on any σi and any σ̃j and satisfies

∫

Ω

B∇vk · ∇ϕ = 0

for any ϕ ∈W 1,2
0 (Ω) which is constant on any defect.
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Let k → ∞. By the same property on uk we obtain that vk converges strongly
in W 1,2(Ω) to a function which will be called v. The function v is the stream
function associated to u and satisfies in the weak sense (3.7). �

Proposition 3.4 Let u be a solution to (3.6) and let v be its stream function.

We have that neither u nor v have geometric critical points inside Ω\Σ.

Proof. By the continuity property of the index of geometric critical points and
the approximation procedure used in the proof of Proposition 3.3 it is enough to
prove the proposition in the smooth case. Then the conclusion can be obtained
as in the proof of Proposition 3.2 in [8]. �

Proof of Theorem 3.1. We can find an arc Γ1, contained in Γ0, which lies at
a positive distance from any zi, i = 1, . . . , N , and any z′l, l = 1, . . . , N ′, zi and
z′l being the defect tips of the boundary defects of Σ and Σ′ respectively. Let
G be the connected component of Ω\(Σ ∪ Σ′) such that Γ1 ⊂ ∂G. On this set
G, by the unique continuation property, we have that u1 = u′1 and u2 = u′2. By
choosing in an appropriate way the additive constants for the stream functions
we obtain that also v1 = v′1 and v2 = v′2 on G. We remember that, by known
facts in regularity theory, vm and v′m are continuous on Ω. So by continuity
vm = v′m on G for every m = 1, 2.

We show that ∂G ∩ (Σ′\Σ) = ∅. Let us assume by contradiction that there
exists a point belonging to ∂G∩(Σ′\Σ). Then we may find a continuum γ in Σ′\Σ
contained in ∂G ∩ Ω. On this γ, vm = v′m = const . for every m = 1, 2. We may
suppose that this constant is zero for both m = 1, 2. Let P be a fixed point in γ,
letD be a disc centred at P with sufficiently small radius such thatD ⊂ Ω\Σ and
let Pn be a sequence of points converging to P , different from P and contained
in D∩γ. We may assume that um(P ) = 0 for m = 1, 2. For any n we may find an
and bn, a

2
n+b2n = 1, such that gn = an(u1 +iv1)+bn(u2 +iv2) vanishes at P and

Pn. We may assume an → a0 and bn → b0. Let g0 = a0(u1 + iv1) + b0(u2 + iv2).
We have I(P, gn) ≥ 1 and I(Pn, gn) ≥ 1 and by the continuity property of

the number of critical points we deduce I(P, g0) ≥ 2 and hence P is a critical
point for the real part of g0 and this fact contradicts Proposition 3.4.

Hence ∂G is contained in ∂Ω ∪ Σ. So, since G is a connected set contained
in Ω\Σ whose boundary is contained in ∂Ω ∪ Σ, we have G = Ω\Σ.

By replacing Σ with Σ′ we have G = Ω\Σ′, hence Σ = Σ′. �

3.2 Boundary defect determination

Let Ω be a simply connected bounded Lipschitz domain and let A be a conduc-
tivity tensor in Ω verifying (2.2)

Let us decompose ∂Ω into two internally disjoint simple arcs Γ1 and Γ2.
We assume that σ is either empty or a boundary defect such that ∂Ω ∩ σ is
contained in Γ2. Remark that in particular this implies also that Ω\σ is simply
connected. We also assume that Γ1 is contained in the boundary of a Lipschitz
simply connected domain contained in Ω\σ.

Remark 3.5 We wish to remark that even if σ is a continuum, σ ∩ Ω can be
disconnnected. In fact in the definition of a boundary defect we do not impose
that the surface points of σ should be adherent to σ∩Ω. Hence if σ is a boundary
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defect, σ∩Ω may have more than one connected component, actually the family
of connected components of σ ∩ Ω may be even not finite. However, since σ is
a continuum, any two points in σ ∩ Ω ∩ ∂Ω are connected through a subarc of
∂Ω which is contained in σ.

Therefore, in the boundary defect determination problem, we could suppose
without loss of generality that σ ∩ ∂Ω = Γ2. In fact our aim is to determine
the domain Ω\σ and in particular the unknown part of its boundary which is
Γ = ∂(Ω\σ)\Γ1.

We prescribe the current density on the boundary as a nontrivial function
ψ ∈ L2(∂Ω) such that supp(ψ) ⊂ Γ1 and

∫

∂Ω ψ = 0.
As usual we denote by Ψ the antiderivative along ∂Ω of ψ. We remark that

Ψ is constant on Γ2 and we prescribe that the value attained by Ψ on Γ2 is the
maximum value of Ψ on ∂Ω, that is

c ≡ Ψ|Γ2
= max

∂Ω
Ψ. (3.11)

By our previous remark, we set Σ = σ ∪ Γ2 and Γ = ∂(Ω\Σ)\Γ1. Let u ∈
W 1,2(Ω\Σ) be the weak solution to the following Neumann boundary value
problem







div(A∇u) = 0 in Ω\Σ,
A∇u · ν = 0 on Γ,
A∇u · ν = ψ on Γ1.

(3.12)

That is, we understand that u satisfies

∫

Ω\Σ

A∇u · ∇ϕ =

∫

Γ1

ψϕ for every ϕ ∈W 1,2(Ω\Σ). (3.12w)

It is clear that the weak solution to this problem exists and it is unique up to
an additive constant.

Theorem 3.6 Under the previously stated assumptions, let Σ and Σ′ be two

boundary defects defined as before. Let u be the solution to (3.12) and let u′ be

the solution to the same problem where Σ is replaced by Σ′.

If we have that u = u′ in the weak sense on Γ0, Γ0 being a simple arc of

positive surface measure contained in Γ1, then Σ = Σ′.

Proof. Let u be the solution to (3.12). Since Ω\Σ is simply connected there
exists v, the stream function associated to u in Ω\Σ. By an approximation
procedure like the one we have already described, we can prove that v satisfies
in the weak sense the following Dirichlet boundary value problem







div(B∇v) = 0 in Ω\Σ,
v = const . on Γ,
v = Ψ on Γ1.

(3.13)

That is, we understand that v ∈W 1,2(Ω) is such that v = constant on Σ, v = Ψ
on Γ1 in the trace sense and satisfies

∫

Ω

B∇v · ∇ϕ = 0 for any ϕ ∈W 1,2
0 (Ω) : ϕ = const . on Σ. (3.13w)
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We recall that B = (detA)−1AT .

Let G be the connected component of Ω\(Σ ∪ Σ′) such that Γ0 ⊂ ∂G.

On G we have u = u′ and v = v′. So, by continuity of v and v′, we infer
that v = v′ on G. If we set c = Ψ|Γ2

, then we have that v and v′ are equal
to the constant c on Γ2 and also v|Σ = v′|Σ′ = c. Moreover we readily observe
that v(z) = v′(z) = c for any z ∈ ∂G∩Ω. Then, by the maximum principle, we
deduce that v = v′ on the whole Ω.

Let us assume that there exists a point belonging to Σ′\Σ contained in Ω.
Then we may find a continuum γ ⊂ Ω in Σ′\Σ. On this γ, v and v′ are both
identically equal to the constant c = Ψ|Γ2

. Then by (3.11) c is indeed the
maximum of both v and v′ on Ω. So the maximum of v would be attained in
the interior of Ω\Σ and hence by the maximum principle v should be constant
and this is a contradiction since ψ is nontrivial.

Hence (Σ′\Σ)∩Ω is empty. By the same argument we have that also (Σ\Σ′)∩
Ω is empty, and so the conclusion follows. �

3.3 Multiple material loss determination

As before, let Ω be a simply connected bounded Lipschitz domain and let A be
a conductivity tensor in Ω satisfying (2.2).

We decompose ∂Ω into two internally disjoint simple arcs Γ1 and Γ2. We
assume that Σ is either empty or is the union of a collection of pairwise disjoint
material losses constituted by a finite family of cavities and by a family of
boundary material losses whose contact set is contained in Γ2. We also suppose
that Γ1 is contained in the boundary of a Lipschitz simply connected domain
contained in Ω\Σ. We shall call such a Σ a multiple material loss.

We remark that Ω\Σ is connected and, by the same reasoning of Remark 3.5,
the family of boundary material losses belonging to a multiple material loss may
be not finite. Also we may characterize a multiple material loss in the following
way. We have that Σ = σ ∪ σ̃1 ∪ . . . ∪ σ̃M , where M is a non negative integer,
σ̃j , j = 1, . . . ,M , is a cavity and σ is a boundary defect whose contact set is

contained in Γ2 such that
(

◦
σ
)

\∂Ω is equal to σ\∂Ω.

Let us observe that we may assume Γ1 = ∂Ω and Γ2 = ∅. In this case Σ is
the union of a finite number of pairwise disjoint cavities and we shall speak of
a multiple cavity.

We prescribe the current density on the boundary as a nontrivial function
ψ ∈ L2(∂Ω) such that supp(ψ) ⊂ Γ1 and

∫

∂Ω
ψ = 0. No other assumption will

be made, in particular, with respect to the boundary defect determination, we
drop the assumption (3.11).

As before, we may assume without loss of generality that σ∩∂Ω = Γ2 and we
set Γ = ∂(Ω\σ)\Γ1. Let u ∈ W 1,2(Ω\Σ) be the weak solution to the following
Neumann boundary value problem















div(A∇u) = 0 in Ω\Σ,
A∇u · ν = 0 on Γ,
A∇u · ν = 0 on ∂σ̃j , j = 1, . . . ,M,
A∇u · ν = ψ on Γ1.

(3.14)
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That is, we understand that u satisfies

∫

Ω\Σ

A∇u · ∇ϕ =

∫

Γ1

ψϕ for every ϕ ∈W 1,2(Ω\Σ). (3.14w)

It is clear that the weak solution to this problem exists and it is unique up to
an additive constant.

Theorem 3.7 Under the previously stated assumptions, let Σ and Σ′ be two

multiple material losses. Let u be the solution to (3.14) and let u′ be the solution

to the same problem where Σ is replaced by Σ′.

Fixed a nontrivial simple arc Γ0 ⊂ Γ1, if u = u′ on Γ0 in the weak sense,

then Ω\Σ = Ω\Σ′.

Proof. Let u be the solution to (3.14). By a procedure similar to the one used to
prove Proposition 3.3, we immediately infer the existence of the stream function
v associated to u in Ω\Σ. We have that, setting B = (detA)−1AT , v satisfies in
the weak sense the following Dirichlet boundary value problem















div(B∇v) = 0 in Ω\Σ,
v = const . on Γ,
v = dj on ∂σ̃j , j = 1, . . . ,M,
v = Ψ on Γ1,

(3.15)

where the constants dj are unknown and the constant value of v on Γ is Ψ|Γ2
.

The weak formulation of (3.15) is the following. We want to find v ∈ W 1,2(Ω)
such that v is constant (in a weak sense) on σ and on any σ̃j , v = Ψ on Γ1 in
the trace sense and satisfies

∫

Ω

B∇v · ∇ϕ = 0 (3.15w)

for any ϕ ∈W 1,2
0 (Ω) such that ϕ is constant on σ and on any σ̃j .

Let G be the connected component of Ω\(Σ ∪ Σ′) such that Γ0 ⊂ ∂G.
On G we have u = u′ and v = v′. So, by continuity of v and v′, we infer

that v = v′ on G. By the maximum principle, see [8, Proposition 3.1] and the
procedure used in the proof of Theorem 3.6, we obtain that v and v′ are equal
on Ω.

Let us assume that there exists a point in Σ′\Σ. Then, since Σ′ is a multiple
material loss, there exists an open set contained in Σ′\Σ. On this open set
v = const ., hence by unique continuation v is constant everywhere and this
contradicts the fact that ψ is nontrivial. �





Stability results





Chapter 4

Stability results for the

determination of a multiple

interior crack

In this chapter we consider the stability issue for the determination of a multiple
interior crack. Before stating the results of this chapter let us illustrate the main
assumptions on the data of the problem and the a priori conditions on the
unknown multiple cracks under which we shall prove our stability estimates.

Assumptions on the domain

Let Ω be a bounded, simply connected domain in R2 and let its boundary ∂Ω be
a simple, closed curve which is Lipschitz with constants δ > 0, M . Furthermore
we assume that the diameter of Ω is bounded by a constant L.

From these assumptions we may deduce the following properties of Ω. We may
find a constant L1 depending on δ, M and L only such that

0 < δ ≤ length(∂Ω) ≤ L1.

By (2.36), we immediately infer that

length∂Ω(z0, z1) ≤M1|z0 − z1| (4.1)

for any z0, z1 belonging to ∂Ω where M1 depends on δ, M and L only.
Moreover there exist constants L2 and δ2 > 0, L2 depending on L only and

δ2 depending on δ, M only, such that

δ2 ≤ |Ω| ≤ L2.

Assumptions on the background conductivity

Given λ, Λ > 0, let A = A(z), z ∈ Ω, be a conductivity tensor with bounded
measurable entries verifying (2.2).

41
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Assumptions on the boundary data

Let γ0, γ1, γ2 be three fixed simple arcs in ∂Ω, pairwise internally disjoint.
Given H > 0, let us fix three functions η0, η1, η2 ∈ L2(∂Ω) such that for

every i = 0, 1, 2
ηi ≥ 0 on ∂Ω; supp(ηi) ⊂ γi;
∫

∂Ω ηi = 1; ‖ηi‖L2(∂Ω) ≤ H.
(4.2)

Then we prescribe the current densities on the boundary ψ1, ψ2 to be given
by

ψ1 = η0 − η1, ψ2 = η0 − η2. (4.3)

We have
∫

∂Ω ψi = 0 for every i = 1, 2;
‖ψi‖L2(∂Ω) ≤ 2H for every i = 1, 2.

(4.4)

We shall consider also the antiderivatives along ∂Ω of ψ1, ψ2

Ψi(s) =

∫

ψi(s)ds, i = 1, 2, (4.5)

where the indefinite integral is taken, as usual, with respect to arclength on ∂Ω
in the counterclockwise direction. The functions Ψ1, Ψ2 are defined up to an
additive constant.

We remark that from the assumptions on Ω, through (4.1), we have that,
for every i = 1, 2, Ψi verifies the following Hölder continuity property

|Ψi(z0) − Ψi(z1)| ≤ 2H(length∂Ω(z0, z1))
1/2 ≤ H1|z0 − z1|1/2 (4.6)

for any z0, z1 belonging to the boundary of Ω, where H1 = 2HM
1/2
1 , M1 as in

(4.1).

Assumptions on the measurements

Let Γ0 ⊂ ∂Ω be a subarc whose length is greater than δ.

A priori information on the multiple interior crack

We assume that an admissible multiple interior crack Σ ⊂ Ω is the union of
finitely many, pairwise disjoint (not empty) interior cracks σj , j = 1, . . . , n, n ≥
1. Concerning the regularity of the cracks σj , we shall pose various alternative
assumptions in the statement of Theorem 4.1.

Moreover we shall assume

dist(z, ∂Ω) ≥ δ for any z ∈ Σ. (4.7)

For any i = 1, 2, let ui ∈ W 1,2(Ω\Σ) be the weak solution to the following
Neumann type boundary value problem







div(A∇ui) = 0 in Ω\Σ,
A∇ui · ν = 0 on either side of σj , j = 1, . . . , n,
A∇ui · ν = ψi on ∂Ω,

(4.8)



43

where ν denotes the unit normal, with the outward orientation when on ∂Ω.
That is, we understand that ui satisfies

∫

Ω\Σ

A∇ui · ∇ϕ =

∫

∂Ω

ψiϕ for every ϕ ∈ W 1,2(Ω\Σ). (4.8w)

If Σ′ =
⋃m
l=1 σ

′
l, m ≥ 1, is another multiple interior crack satisfying the a

priori information, we denote by u′i the solutions to (4.8) when Σ is replaced
with Σ′.

The set of constants δ, M , L, λ, Λ and H will be referred to as the a priori

data.
We are now in position to state the main theorem of this chapter.

Theorem 4.1 Under the previously stated assumptions, let ε > 0 be such that

max
i=1,2

‖ui − u′i‖L∞(Γ0) ≤ ε, (4.9)

then we have the following results.

(I) If the two multiple interior cracks are Lipschitz families of simple open

curves with constants δ, M , then

dH(Σ,Σ′) ≤ ω(ε), (4.10)

where ω : (0,+∞) 7→ (0,+∞) satisfies

ω(ε) ≤ K(log | log ε|)−β for every ε, 0 < ε < 1/e (4.11)

and K, β > 0 depend on the a priori data only.

Furthermore there exists a constant ε0 > 0, depending on the a priori data
only, so that if ε ≤ ε0 then the number of connected components of Σ and Σ′ is

the same, for instance equal to n, and, up to rearranging their order, we have

dH(σj , σ
′
j) ≤ ω(ε) for every j = 1, . . . , n, (4.12)

ω as in (4.11).

(II) If the two families of simple open curves constituting Σ and Σ′ respectively

are RLG with constants δ, M , then (4.10) holds where in this case ω : (0,+∞) 7→
(0,+∞) satisfies

ω(ε) ≤ K1| log ε|−β1 for every ε, 0 < ε < 1/e (4.13)

and K1, β1 > 0 depend on the a priori data only.

Also in this case, if ε ≤ ε0, ε0 > 0 depending on the a priori data only,

Σ and Σ′ have the same number n of connected components, and, again after

rearranging their order, (4.12) holds with ω as in (4.13).

(III) If, for some k = 1, 2, . . . and some α, 0 < α ≤ 1, the families σj , j =
1, . . . , n, and σ′

l, l = 1, . . . ,m, are Ck,α with constants δ, M then Σ and Σ′

verify (4.10) where ω is as above in (4.13) with K1, β1 > 0 depending on the a
priori data and on k and α only.
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As before, we may find ε0 > 0 depending on the a priori data, on k and on

α only, such that if ε ≤ ε0 both Σ and Σ′ have n connected components, which

ordered in a suitable way verify (4.12) with ω as in (4.13), K1, β1 > 0 depending

on the a priori data and on k and α only. Moreover, for any j = 1, . . . , n, there

exist regular parametrizations zj = zj(t) and z′j = z′j(t), 0 ≤ t ≤ 1, of σj and

σ′
j respectively such that for every α̃, 0 < α̃ < α,

‖zj − z′j‖Ck,α̃[0,1] ≤ K2ω(ε)(α−α̃)/(k+α), (4.14)

where ω still verifies (4.13) and K2 depends on the a priori data, on k, on α
and on α̃ only.

The proof of the theorem will be obtained through several steps. We remark
that if Σ and Σ′ satisfy the assumptions of either Part (II) or Part (III) of Theo-
rem 4.1, then they clearly verify also the assumptions of Part (I) of Theorem 4.1.
Therefore, for the time being, we assume that the assumptions of Part (I) of
Theorem 4.1 hold.

We recall that, by our a priori assumptions and by the regularity assump-
tions stated in Part (I) of Theorem 4.1, Σ and Σ′ verify (2.35)–(2.38) with
constants depending on δ, M and L only.

Let us define the following linear combinations of the solutions. Let a, b be
any two real numbers, to be chosen later, such that a2 + b2 = 1 and let us define

u = au1 + bu2, ψ = aψ1 + bψ2, Ψ = aΨ1 + bΨ2. (4.15)

Then u solves






div(A∇u) = 0 in Ω\Σ,
A∇u · ν = 0 on either side of σj , j = 1, . . . , n,
A∇u · ν = ψ on ∂Ω,

(4.16)

and, by Proposition 3.3, we know that there exists a global single valued stream
function v associated to u in Ω\Σ, v satisfying















div(B∇v) = 0 in Ω\Σ,
v = cj on σj , j = 1, . . . , n,
v = Ψ on ∂Ω,
∫

β B∇v · ν = 0 for any smooth Jordan curve β ⊂ Ω\Σ.
(4.17)

Here B = (detA)−1AT , cj are unknown constants and Ψ is the antiderivative
of ψ. When Σ is replaced by Σ′, we define u′, v′ in the same fashion.

Moreover by (4.2), (4.3) one easily obtains that there exist points P̃ , Q̃ ∈ ∂Ω
such that Ψ is monotone on the two simple curves forming ∂Ω\{P̃ , Q̃}. Finally
note that

osc∂ΩΨ = |Ψ(P̃ ) − Ψ(Q̃)| ≥ 1/
√

2. (4.18)

In order to distinguish the one sided limits as a point z, z ∈ Ω\Σ, approaches
one of the cracks σj , j = 1, . . . , n, it is convenient to figure out each σj as a
degenerate closed curve. More precisely we set the following definition.

Definition 4.2 Let σ̃j be the abstract simple closed curve obtained from two
copies of σj and glueing two by two the corresponding endpoints. We denote by

Ω̃ the compact manifold obtained by the appropriate glueing of Ω\Σ with each
σ̃j , j = 1, . . . , n, and by d̃ the geodesic distance on Ω̃.
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Proposition 4.3 Under the assumptions of Part (I) of Theorem 4.1, let u be

a weak solution to (4.16) and v be its stream function, solution to (4.17). If

f = u+ iv, then the following representation holds

f = F ◦ χ, (4.19)

where χ : Ω\Σ 7→ D is a quasiconformal mapping satisfying

|χ(x) − χ(y)| ≤ C1(d̃(x, y))
α1 for any x, y ∈ Ω\Σ (4.20)

and

|χ−1(x) − χ−1(y)| ≤ C1|x− y|α1 for any x, y ∈ D, (4.21)

D = B1(0)\⋃nj=1 Brj [zj ] is a circular domain such that its exterior boundary

is ∂B1(0) and is the image through χ of ∂Ω and the minimal radius and the

separation distance of its multiple cavity are greater than δ1 > 0 and F = U+iV
is a holomorphic function on D. Here C1 > 0, α1, 0 < α1 < 1, and δ1 > 0
depend on the a priori data only.

In order to prove Proposition 4.3, we shall need the change of coordinates
described below.

Lemma 4.4 Let Ω satisfy the assumptions on the domain and let Σ be a finite

collection of simple open curves contained in Ω such that Σ is a Lipschitz family

with constants δ, M and Σ verify (4.7).
Then there exists a sense-preserving bi-Lipschitz map χ0 from Ω\Σ onto a

circular domain D0 such that 0 ∈ D0, the exterior boundary of D0 is ∂B1(0)
and is the image through χ0 of ∂Ω. Furthermore the W 1,∞-norms of χ0 and its

inverse are dominated by constants depending on the a priori data only and the

minimal radius and the separation distance of the multiple cavity of the circular

domain D0 are bounded from below by a positive constant δ0 depending on the

a priori data only.

Remark 4.5 Dealing with the case of a single crack, it may be convenient,
as in Lemma 3.9 in [12], to map through a bi-Lipschitz map the domain Ω\Σ
onto the annulus B2(0)\B1[0], even if this violates the condition that the origin
belongs to the circular domain.

Here and in the sequel we say that χ is bi-Lipschitz if it is a homeomorphism
such that χ and its inverse belong to W 1,∞.

Proof. (Sketch). First, by locally deforming ∂Ω and each σj one can con-
struct a bi-Lipschitz map χ1 from Ω onto a simply connected domain Ω1 with
C∞ boundary such that σ1

j = χ1(σj), j = 1, . . . , n, is a family of C∞ simple
open curves. Second, one can find a C∞ diffeomorphism χ2 from Ω1 onto the
disc B1(0) such that each σ2

j = χ2(σ
1
j ) is a horizontal segment. We may also

construct χ2 in such a way that each σ2
j has length δ2 > 0, δ2 depending on

the a priori data only, and the discs B2δ2(zj), where zj is the medium point of
σ2
j respectively, are pairwise disjoint, are contained in B1(0) and do not contain

the origin.
Then take B2δ2(0) and take the segment γ = {y = 0, |x| ≤ δ2/2}. Next,

one constructs a bi-Lipschitz map χ3 from the upper half disc B+
2δ2

(0) = {|z| ≤
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2δ2 : y ≥ 0} onto the half annulus B+
2δ2

[0]\B+
δ2

(0) = {δ2 ≤ |z| ≤ 2δ2 : y ≥ 0}
in such a way that χ3(γ) is the inner half circle {|z| = 1 : y ≥ 0} and χ3

is the identity on the rest of the boundary. Finally one can extend χ3 as a
mapping from B2δ2(0)\γ onto B2δ2(0)\Bδ2 [0] by symmetry. By applying the
construction of this function χ3 to any B2δ2(zj), j = 1, . . . , n, we are able to
construct a function χ4, which is actually the identity outside the discs B2δ2(zj),
j = i, . . . , n, mapping B1(0)\⋃nj=1 σ

2
j onto a circular domain D0 such that

0 ∈ D0, the exterior boundary is ∂B1(0) and the minimal radius and separation
distance of the multiple cavity of D0 are bounded from below by δ2/2.

One can make sure that for each χi, i = 1, 2, 3, 4, the jacobian and its inverse
are uniformly bounded by constants depending on the a priori data only. In
conclusion we pick χ0 = χ4 ◦ χ2 ◦ χ1. �

Proof of Proposition 4.3. Let χ0 and D0 be the bi-Lipschitz map and the
circular domain constructed in Lemma 4.4 and let us call

f̃(z) = f ◦ χ−1
0 (z), z ∈ D0. (4.22)

By Lemma 4.4, χ0 is also a k1-quasiconformal mapping, k1 depending on
the W 1,∞-norms of χ0 and its inverse only. Hence the function f̃ = f ◦ χ−1

0 is
k2-quasiconformal on D0, k2 depending on k and k1 only.

Then the proposition follows by the use of Theorem 2.2, Theorem 5.2 in [39,
Chapter 3] and Lemma 2.3. �

Proposition 4.6 Under the assumptions of Part (I) of Theorem 4.1, let u be

the solution to (4.16) and v be its stream function.

Then the function v satisfies the following Hölder estimate

|v(z1) − v(z2)| ≤ C2|z1 − z2|α2 for every z1, z2 ∈ Ω, (4.23)

whereas u satisfies the estimate

|u(z1) − u(z2)| ≤ C2(d̃(z1, z2))
α2 for every z1, z2 ∈ Ω̃. (4.24)

Here C2 and α2 > 0 depend on the a priori data only.

Remark 4.7 It is useful to stress the difference between the estimates (4.23),
(4.24). In fact, since v satisfies a constant Dirichlet data on each σj , it is expected
that v is continuous across each σj . This is not the case for u, which may have
different one sided limits on σj . This is the main motivation for the introduction

of the metric d̃.

Proof. Let χ, F and D = B1(z)\
⋃n
j=1Brj [zj ] be as in Proposition 4.3. Let us

call U and V the real and imaginary part of F respectively. Then V is a weak
solution to















∆V = 0 in D,
V = cj on ∂Brj (zj), j = 1, . . . , n,
V = Ψ ◦ χ−1 on ∂B1(0),
∫

β
∇V · ν = 0 for any smooth Jordan curve β ⊂ D.

(4.25)

Being the Dirichlet data in (4.25) given as Hölder continuous traces of a
W 1,2(D0) function, by standard results of regularity up to the boundary and by
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the known size properties of our circular domain D, we obtain that V satisfies
a uniform Hölder estimate in D, with constants depending on the a priori data

only.
Since U is the conjugate function to −V , by a local use of Privaloff’s Theorem

(see for instance [19, Part II, Chapter 6, Theorem 5, page 279]) we obtain that
also U satisfies a uniform Hölder estimate in D, with constants depending on
the a priori data only.

Hence by recalling v = V ◦ χ, u = U ◦ χ, by recalling that v is constant on
each σj , j = 1, . . . , n, and by the estimate (4.20), (4.23) and (4.24) follow. �

We now proceed to the study of the behaviour of the geometric critical points
of u and v.

Lemma 4.8 Under the assumptions of Part (I) of Theorem 4.1, let u be a

weak solution to (4.16) and v be its stream function, solution to (4.17). Then

the function f = u+ iv is a k-quasiconformal mapping in Ω\Σ, k depending on

λ, Λ only.

Furthermore the functions u and v have no geometric critical points in Ω\Σ
and have exactly two distinct geometric critical points at the boundary of index

1 on each σ̃j , j = 1, . . . , n.

Proof. In [8, Proposition 3.2], see also Proposition 3.4, is proven that neither
u nor v have geometric critical points in Ω\Σ and that they have exactly two
geometric critical points at the boundary of index 1 on each σ̃j . We only prove
that these two geometric critical points are necessarily distinct as points of
σ̃j . This can be obtained by the following contradiction argument. Fixed an
index j ∈ {1 . . . , n}, if we have that P ∈ σ̃j is a geometric critical point at the
boundary for u (and v) of index 2, then, on σ̃j\{P}, v is constant and hence,
using Proposition 4.3 and Remark 2.4, u is strictly monotone along such a simple
(abstract) curve, thus contradicting its continuity at P .

By Proposition 2.1, we immediately infer that f is a k-quasiconformal func-
tion in Ω\Σ with k depending on λ, Λ only. Hence it remains to prove that f is
univalent and hence a quasiconformal mapping.

We begin by characterizing the level lines of the functions u and v.
Let us denote m0 = min∂Ω Ψ, M0 = max∂Ω Ψ and cj = v|σj , j = 1, . . . , n.

Observe that by the use of the maximum principle in (4.17) one obtains m0 <
cj < M0 for any j.

For any t ∈ (m0,M0), t 6= cj , the level line {z ∈ Ω\Σ : v(z) = t} is
composed by a simple curve γt joining the two connected components of the
level set {z ∈ ∂Ω : Ψ(z) = t}.

In fact, by the continuity of v, (4.23), we have that the limit points of {z ∈
Ω\Σ : v(z) = t} on ∂Ω̃ all belong to {z ∈ ∂Ω : Ψ(z) = t}. Let z0 ∈ Ω\Σ be
such that v(z0) = t. We recall that v has no geometric critical points in Ω\Σ.
Therefore by the maximum principle, the connected component γt of {v = t}
containing z0 is a simple curve having endpoints on ∂Ω. Again by the maximum
principle, we obtain that v 6= t outside of γt and hence {v = t} = γt.

Let t ∈ (m0,M0) be such that t = cj for some j, and let σl, l = 1, . . . ,m, be
the cracks such that t = v|σl . Then, given one of the two connected components
of {z ∈ ∂Ω : Ψ(z) = t}, we may order the cracks in such a way that the level
line {z ∈ Ω\Σ : v(z) = t} is composed by m + 1 simple curves γ1

t , . . . , γm+1
t
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satisfying the following. The curve γ1
t connects the chosen connected component

of {Ψ(z) = t} to σ1, the curve γlt, l = 2, . . . ,m, connects the crack σl−1 to σl, and
the curve γm+1

t connects σm to the other connected component of {Ψ(z) = t}.
The proof of this second characterization follows, as before, from the conti-

nuity of v, from the absence of geometric critical points of v in Ω\Σ and from
the maximum principle.

Moreover, for any l = 1, . . . ,m, the limit points of γlt, γ
l+1
t on σl are given by

the geometric critical points of v on σ̃l and, therefore, by our previous arguments,
are distinct as elements of σ̃l. For the time being, we call these two points Pl and
Ql respectively, and we call σ̃l,1 and σ̃l,2 the abstract simple curves constituting
σ̃l\{Pl, Ql}.

Let us prove that f is univalent in Ω\Σ. If t ∈ (m0,M0), t 6= cj , then, by the
absence of geometric critical points and by Remark 2.4, u is strictly monotone
on γt.

If t = cj for some j, then using the previous notations we have that u
is strictly monotone on each of the two curves obtained by joining γlt, γ

l+1
t ,

l = 1 . . . ,m, with σ̃l,1 and σ̃l,2 respectively. Therefore for any ζ = s+it ∈ f(Ω\Σ)
there exists a unique z ∈ Ω\Σ such that v(z) = t, u(z) = s. �

Let again u be given by (4.15), that is u is a solution to (4.16) and let u′ be
given accordingly when Σ is replaced by Σ′. Given v and v′, the stream functions
associated to u and u′ respectively, we choose to normalize v, v′ in such a way
that they have the same Dirichlet data Ψ on ∂Ω.

Let us denote Φ = W + iZ = u− u′ + i(v − v′) : Ω\(Σ ∪ Σ′) 7→ C. We have
that Z is identically zero on ∂Ω and |W | ≤

√
2ε on Γ0. We remember that, by

Proposition 4.6, there exists a constant C3 depending on the a priori data only
such that

|Φ(z)| ≤ C3 for any z ∈ Ω\(Σ ∪ Σ′). (4.26)

Furthermore, by (4.23), the function Z is Hölder continuous on Ω with con-
stants depending on the a priori data only.

The function Φ satisfies the following Cauchy type problem







Φz = µΦz + νΦz in Ω\(Σ ∪ Σ′),

|Φ| ≤
√

2ε on Γ0,
ℑΦ = 0 on ∂Ω,

(4.27)

where |µ| + |ν| ≤ k < 1.
We show that a stability estimate for the Cauchy type problem (4.27), in

particular an estimate of |Z| on Ω in terms of ε, would allow us to conclude the
proof of Theorem 4.1. Before stating the following proposition let us recall that
the Kelvin transform with respect to the ball B = Br0(z0) is given by

TB(z) = r20/(z − z0) + z0, z ∈ C.

Proposition 4.9 Let the assumptions of Part (I) of Theorem 4.1 be satisfied

with the exception of (4.9). For any i = 1, 2, let vi and v′i be the stream functions

associated to ui and u′i respectively. If we have for any i = 1, 2

‖vi − v′i‖L∞(Ω) ≤ η (4.28)
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then the two multiple interior cracks Σ, Σ′ satisfy

dH(Σ,Σ′) ≤ K3η
β2 , (4.29)

where K3, β2, K3 > 0, 0 < β2 < 1, depend on the a priori data only.

Before proceeding to the proof, let us state the following result.

Lemma 4.10 Under the assumptions of Part (I) of Theorem 4.1, let u be a

weak solution to (4.16) and v be its stream function, solution to (4.17). Let

f = u + iv and let the quasiconformal mapping χ, the holomorphic function F
and the circular domain D = B1(0)\⋃nj=1 Brj [zj] be as in Proposition 4.3.

Then, for any j = 1, . . . , n, there exists two distinct points Pj and Qj belong-

ing to ∂Brj (zj) such that for any fixed d > 0, there exists a positive constant C4,

depending on the a priori data and on d only, such that the following estimate

holds

|Fz(z)| ≥ C4

n
∏

j=1

|z − Pj ||z −Qj | for any z ∈ D : dist(z, ∂B1(0)) ≥ d. (4.30)

Proof. We adapt arguments used in [2, Theorem 1.3]. We recall that the min-
imal radius and separation distance of the multiple cavity of D are bounded
from below by δ1 > 0. This means that for any j = 1, . . . , n, rj ≥ δ1 and
Brj+δ1(zj)\Brj [zj] is contained in D.

We extend the function F to another holomorphic function, still denoted
by F , on the circular domain D̃ = B1(0)\⋃nj=1Blrj [zj], where l, 0 < l < 1,
depends on δ1 only, in the following way

F (z) = F (TBrj
(zj)(z)) + 2cji for any z ∈ Brj (zj)\Blrj [zj ], j = 1, . . . , n,

(4.31)
where cj = v|σj = V |∂Brj

(zj).

First of all, we recall that F is Hölder continuous in D. Hence |F | can be
bounded on D̃ by a constant C5, C5 depending on the a priori data only, and
in view of (4.18) there exists d1 < (1 − l)δ1/2 small enough such that for any
0 < d ≤ d1 the oscillation of V on ∂B1−d(0) is greater than 1/2

√
2.

Without loss of generality we can restrict our attention to the case 0 < d ≤
d1. With D̃d we denote, as in (2.1), the set of points in D̃ whose distance from
the boundary is greater than d.

Let Pj and Qj be the image through χ of the two geometric critical points
of index 1 for u on σ̃j . Then it is immediate to show that the points Pj and
Qj , which are distinct and belong to ∂Brj (zj), are critical points in the classical

sense for U (and V ) in D̃, their index is 1 and U and V have no other critical
point in D̃.

We denote

φ(z) = log
|Fz(z)|

∏n
j=1 |z − Pj ||z −Qj |

and we have that φ is harmonic in D̃. Then, for any d, 0 < d ≤ d1, using
estimates on Cauchy’s integrals, we have

|Fz(z)| ≤ C5/d for every z ∈ D̃d.
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Since d1 < (1 − l)δ1/2, if 0 < d ≤ d1 we infer that for any z ∈ ∂D̃d we have
dist(z,

⋃n
j=1 ∂Brj(zj)) ≥ (1− l)δ1/2. Then there exists a constant C6 depending

on the a priori data only such that

φ(z) ≤ C6 log(1/d) for every z ∈ ∂D̃d

and consequently, by the maximum principle,

φ(z) ≤ C6 log(1/d) for every z ∈ D̃d.

By standard estimates on the derivatives of harmonic functions, we infer that
φ is Lipschitz on D̃d with a constant bounded by C7 log(1/d)/d, C7 depending
on the a priori data only.

Let us fix d ≤ d1 and take M = supD̃d/2
φ, then we apply Harnack’s inequal-

ity to M − φ and obtain

sup
D̃d

(M − φ) ≤ c inf
D̃d

(M − φ),

where c depends on δ1 only. This, in turn, implies that

inf
D̃d

φ ≥M − c(M − sup
D̃d

φ). (4.32)

Notice that we have

1/2
√

2 ≤ osc∂D̃d
V ≤ C8 max

D̃d

|Fz |,

C8 depending on the a priori data only, hence we deduce, again by the maximum
principle, that there exists a constant C9, depending on the a priori data only
such that maxD̃d

φ ≥ C9 for every d ≤ d1.
So we have M ≥ C9. For the Lipschitz property of φ, we can find an upper

bound on M − supD̃d
φ, namely M − supD̃d

φ ≤ C7 log(2/d). So the lemma
follows from (4.32). �

Proof of Proposition 4.9. Up to reversing the role of Σ and Σ′ we may fix
z0 ∈ Σ′\Σ in such a way that p = dist(z0,Σ) = dH(Σ,Σ′) > 0.

There exists a positive constant C10 > 1 depending on the a priori data

only such that for every z ∈ Bp/C10
(z0) we have dist(z, ∂Ω) ≥ δ/2 and for every

r ≤ p/2C10 there exists a point z1, belonging to the same connected component
of Σ′ containing z0, such that |z1 − z0| = r.

Let us consider two real numbers, to be chosen later, a, b such that a2 +
b2 = 1, let u be the linear combination of u1 and u2 as in (4.15). We recall
that u solves (4.16) and we denote by v its stream function. Let, as usual,
f = u + iv and let χ, F and D be as in Proposition 4.3. By (4.21), we have,
for any w ∈ χ(Bp/C10

(z0)), dist(w, ∂B1(0)) ≥ C11δ
1/α1 , where C11 depends on

the a priori data only. Also we have, again by (4.20) and by (4.21), that there
exist constants E0, E1 and α3, α4 such that BE0pα3 (z0) ⊂ Bp/2C10

(z0) and
χ(BE0pα3 (z0)) is contained in a ball B centred at χ(z0) such that for any w ∈ B
we have dist(w,

⋃n
j=1 Brj (zj)) ≥ E1p

α4 .
Taking z1 ∈ Σ′ belonging to the boundary of BE0pα3 (z0), we have that

|f(z0 − f(z1)| = |F (χ(z0)) − F (χ(z1))| and, using Lemma 4.10, since |χ(z0) −
χ(z1)| ≥ E2p

α5 , we have

|F (χ(z0)) − F (χ(z1))| ≥ E3p
α6 (4.33)
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with constants E2, E3 and α5, α6 depending on the a priori data only. We shall
use this local reverse Hölder property as follows.

We choose the real numbers a, b such that a2 + b2 = 1 and

au1(zo) + bu2(z0) = au1(z1) + bu2(z1) (4.34)

holds true. So, defining u as in (4.15) it turns out that

u(zo) = u(z1). (4.35)

Note that, by (4.35), |f(z0) − f(z1)| = |v(z0) − v(z1)|. We have that z0 and
z1 belong to the same connected component of Σ′, hence v′(z0) = v′(z1).

So we have, by recalling (4.28),

|f(z0) − f(z1)| ≤ 4η, (4.36)

consequently, by (4.33),
E3p

α6 ≤ 4η. (4.37)

We infer that p ≤ E4η
1/α6 , E4 depending on the a priori data only, and so the

proof is complete. �

Now we study the stability results for the Cauchy type problem (4.27). First
of all we prove an estimate on |v − v′| on Ω in terms of ε when Σ and Σ′

are Lipschitz families of curves. Using Proposition 4.9, we prove Part (I) of
Theorem 4.1. Established Part (I) of Theorem 4.1, we shall assume that Σ
and Σ′ satisfy the assumptions of Part (II) or (III) and, with the help of the
results developed in Section 2.2, we shall obtain refined stability results for the
corresponding Cauchy type problem and consequently, again by Proposition 4.9,
for our inverse problem.

Proposition 4.11 Under the assumptions of Part (I) of Theorem 4.1, let u
be a solution to (4.16) and let u′ be a solution to the same problem when Σ is

replaced by Σ′. Let v and v′ be their stream functions respectively, normalized

in such a way that v = v′ on ∂Ω.

We have

|v(z) − v′(z)| ≤ η(ε) for any z ∈ Ω, (4.38)

where η is a positive function defined on (0,+∞) that verifies

η(ε) ≤ K4(log | log ε|)−β3 for every ε, 0 < ε < 1/e. (4.39)

Here K4 and β3 are positive constants depending on the a priori data only.

Proof. (Sketch). The proof of this proposition can be obtained along the
same lines as in the proof of Theorem 3.1 in [4], once the above Theorem 2.8 is
available. The main difference here is the presence of a multiple crack, instead
of a single crack.

First of all we define, as in [4], the following kind of so-called h-tubes. If
z0 ∈ Γ0, let l be the segment bisecting the open angular sector S ⊂ Ω whose
vertex is z0, whose radius is δ and whose amplitude depends on M only. We
know that dist(z1, ∂Ω) ≥ M2|z0 − z1| for any z1 ∈ l, M2 < 1 depending on M
only.
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Let γ be a smooth curve contained in Ω\(Σ ∪ Σ′) so that its first endpoint
z0 belongs to Γ0, γ coincides with l for a length of at least h and thereafter the
distance of any point of γ from ∂Ω is greater than M2h. Given such a curve γ,
we call h-tube related to γ the set γh obtained by the intersection of the M2h
neighbourhood of γ with Ω.

An h-accessible point will be a point belonging to the closure of an h-tube
which is contained in Ω\(Σ ∪ Σ′). We denote with Gh the set of h-accessible
points.

Then we apply Theorem 2.8 inside such domains γh, we consider a point
z ∈ γh and ω = ω(Γ0 ∩ ∂γh, γh;LA1

) as in Theorem 2.8. We obtain, recalling
(4.26), (4.27)

|Φ(z)| ≤ C
1−ω(z)
3 (

√
2ε)ω(z).

We find a positive lower bound on ω(z) by a repeated use of Harnack’s
inequality, see [4] for details, then through Hölder continuity of v − v′ in Ω,
(4.23), we can evaluate an upper bound for |v− v′| on γh as follows. We obtain
for every z ∈ Gh and every h, 0 < h ≤ h0,

|v(z) − v′(z)| ≤ E5h
α2 + (E6 + ε)

(

ε

E6 + ε

)exp(−E7/h
2)

(4.40)

with constants E5, E6, E7, h0 depending on the a priori data only and α2 as in
(4.23).

Given the Hölder continuity of v and of v′, which is stated in (4.23), and the
maximum principle, we may extend the estimate (4.40) to any z ∈ Ω applying
the method described in the proof of Theorem 3.1 in [4] with few modifications.

First of all we notice that, by the regularity properties of Ω and by (4.7),
for h small enough, any point whose distance from ∂Ω is equal to δ/2 belongs
to Gh. Then since v = v′ on ∂Ω, by the maximum principle and (4.7), we have
that (4.40) holds for any point whose distance from ∂Ω is less than or equal to
δ/2.

Let us introduce, as in [4, Lemma 3.6],Kh as the set of points constituting the
interior endpoint of a curve γ such that γh is an h-tube contained in Ω\(Σ∪Σ′).
We have that Kh is connected. Let us consider the connected components of
∂Kh. For h small enough, by our previous reasonings, one of this connected
components, which we call αh, is constituted by a set of points whose distance
from ∂Ω is M2h and the others are constituted by points whose distance from
the boudary of Ω is greater than δ/2.

Let βh be one of the connected component of ∂Kh different from αh. Let Q
be the region bounded by βh. For every point z ∈ βh there exists a point w in
Q belonging to either Σ or Σ′ such that |z − w| = M2h.

We claim that there exists a constant c̃ depending on Q such that if c is
the constant value of v (or respectively v′) on any connected component of Σ
(respectively Σ′) contained in Q then we have for every h, 0 < h ≤ h0,

|c̃− c| ≤ E8h
α2 + (E6 + ε)

(

ε

E6 + ε

)exp(−E7/h
2)

(4.41)

where E8 depends on the a priori data only.
We take one of the crack σ belonging to Q such that one of its points has

a distance of M2h from βh (and hence belongs to ∂Gh). We assume, without
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loss of generality, that σ belongs to Σ. If σ is the only crack in Q and c is the
constant value of v on σ then there exists a constant E9, depending on the a

priori data only, such that for any z ∈ βh we have, by (4.23) and (4.40),

|v(z) − c| ≤ E9h
α2

and

|v′(z) − c| ≤ E9h
α2 + (E6 + ε)

(

ε

E6 + ε

)exp(−E7/h
2)

.

Hence, by the maximum principle, we have that (4.40) holds for any z ∈ Q,
possibly with a different constant E5 still depending on the a priori data only.

If σ is not the only crack we fix c̃ = v|σ, then by considerations which are
analogous to the ones used in [4, Lemma 3.6], we infer that we may find a point
w0 ∈ σ ∩ ∂Gh and a point w1 belonging to another connected component σ′

of Σ′ contained in Q, such that |w0 − w1| ≤ 2M2h. Then (4.41) holds for the
constant value c of v′ on σ′. Then, by an iterated use of the above inequality
we find a collection of cracks contained in Q, such that (4.41) holds for this
collection of cracks and any point belonging to βh has a distance of M2h from
a point belonging to this collection. Then we have that for any z ∈ βh

|v(z) − c̃| ≤ E10h
α2 + (E6 + ε)

(

ε

E6 + ε

)exp(−E7/h
2)

and

|v′(z) − c̃| ≤ E10h
α1 + (E6 + ε)

(

ε

E6 + ε

)exp(−E7/h
2)

E10 depending on the a priori data only.
Then (4.40) holds for any z ∈ Q by the maximum principle, given the fact

that v is a single valued stream function satisfying a no flux condition.
We have obtained that (4.40) holds for any z ∈ Ω and any h, 0 < h ≤ h0,

with constants E5, E6, E7, h0 depending on the a priori data only and α2 as in
(4.23).

Then the result will follow by taking the mimimum for all h, 0 < h ≤ h0, of
the right hand side of the equation (4.40). If we set

h(ε) =

(

2E7

log log E6+ε
ε

)1/2

we may notice that for ε small enough, for instance if 0 < ε ≤ ε1 where ε1
depends on the a priori data only, h(ε) ≤ h0.

By inserting h(ε) into (4.40), after easy computations we obtain, for a con-
stant E11 depending on the a priori data only, that for any z ∈ Ω

|v(z)−v′(z)| ≤ E11

(

log log
E6 + ε

ε

)−α2/2

+(E6+ε) exp

[

−
(

log
E6 + ε

ε

)1/2
]

.

The term E11

(

log log E6+ε
ε

)−α2/2
, as ε → 0, is an infinitesimal of the same

order of (log | log ε|)−α2/2 whereas (E6 + ε) exp
[

−
(

log E6+ε
ε

)1/2
]

is an infinites-

imal, again for ε → 0, of higher order. Therefore the conclusion follows for any
ε such that 0 < ε ≤ ε1.
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If ε is greater than ε1, then the proof follows immediately from the a priori

bound on |v − v′| given by (4.26). �

Proof of Part (I) of Theorem 4.1. It follows immediately from Proposi-
tion 4.9 and Proposition 4.11. �

The weakness of the modulus of continuity of the stability estimate for the
Cauchy type problem (4.27) obtained in Proposition 4.11 is due to the fact
that we have to obtain a stability estimate for a Cauchy problem for an elliptic
equation up to the boundary of the domain Ω\(Σ∪Σ′) and this domain can be
very irregular since we have no a priori control on how the two multiple interior
cracks intersect each other.

In order to overcome this difficulty, we shall assume stronger a priori assump-
tions on the two multiple cracks, namely the assumptions of either Part (II) or
Part (III) of Theorem 4.1, and, using the estimate on the Hausdorff distance
between the two multiple interior cracks obtained in Part (I) of Theorem 4.1
and the results developed in Section 2.2, we shall obtain additional information
on the regularity of Ω\(Σ ∪ Σ′).

Then, by the technique developed in [5], which, following [37], we shall gen-
eralize to nonsmooth conductivity tensors A, we shall be able to refine the
estimate on the Cauchy type problem and hence to obtain the other two parts
of Theorem 4.1.

Proposition 4.12 Let the assumptions of Part (II) of Theorem 4.1 be satisfied.

Let u be the solution to (4.16) and u′ the solution to (4.16) where Σ is replaced

by Σ′ and let v and v′ be their stream functions respectively, normalized in such

a way that v = v′ on ∂Ω. Then we have

|v(z) − v′(z)| ≤ η(ε) for any z ∈ Ω, (4.42)

where η is a positive function defined on (0,+∞) that verifies

η(ε) ≤ K5| log ε|−β4 for every ε, 0 < ε < 1/e. (4.43)

Here K5 and β4 are positive constants depending on the a priori data only.

Proof. Let G be the connected component of Ω\(Σ ∪ Σ′) such that ∂Ω ⊂ ∂G.
By Part (I) of Theorem 4.1, we can find a positive constant ε2, depending

on the a priori data only, such that if ε ≤ ε2 then dH(Σ,Σ′) ≤ d0. Therefore,
by Lemma 2.12, by (4.7) and by the uniform interior cone condition satisfied by
Ω, there exist constants ρ > 0 and θ, 0 < θ < π, depending on the a priori data

only, such that for any z ∈ ∂G we can find an open angular sector S of radius
ρ, amplitude θ and vertex in z such that S ⊂ G.

Let S1 be the angular sector with radius ρ/2, amplitude θ/2 and same vertex
and bisecting line as S. Let us call γ the circular arc contained in ∂S1. Then
there exists a constant C1 > 0 depending on θ only such that for any w ∈ γ we
have dist(w, ∂G) ≥ C1ρ.

There exists a positive constant ρ0, depending on the a priori data only,
such that for any r, 0 < r ≤ ρ0, the set (Ω\Σ)r = {z ∈ Ω : dist(z, ∂Ω∪Σ) > r}
is connected.

Let us take ρ1 = (1/2)min(ρ0, C1ρ). We may further assume, without loss
of generality, that dH(Σ,Σ′) ≤ ρ1/4 in order to ensure that (Ω\Σ)ρ1 ⊂ Gρ1/2.



55

We remark that we have chosen ρ1 in such a way that for any z ∈ ∂G if S1 is
the angular sector with vertex in z described before and γ is the circular arc
contained in ∂S1 then γ ⊂ (Ω\Σ)ρ1 .

By the technique described in the proof of Proposition 4.1 in [12, page 338],
we can find two constants, C2 and β5, 0 < β5 < 1, depending on the a priori

data only, such that we have the following estimate

|Φ(z)| ≤ C2ε
β5 for any z ∈ (Ω\Σ)ρ1 . (4.44)

Let us fix z0 ∈ ∂G. To obtain the result is enough, by the maximum principle,
to prove that |v(z0) − v′(z0)| ≤ η(ε) where η(ε) verifies (4.43).

Let us fix the angular sector S1 related to z0. We have to recover a stability
estimate for a Cauchy type problem in the angular sector. As in [37], we shall
make use of the generalization of the classical method of the harmonic measure
technique introduced in Section 2.1, Theorem 2.8.

Let us consider the function Φ in S1. We recall that S1 is an open angular
sector with vertex in z0, radius ρ/2 and amplitude θ/2 which is contained in
the connected component G of Ω\(Σ ∪ Σ′) such that ∂Ω ⊂ ∂G. Moreover γ,
the circular arc contained in ∂S1, is contained in (Ω\Σ)ρ1 . Hence, by (4.44), we
may apply Theorem 2.8 and we obtain that

|Φ(z)| ≤ C
1−ω(z)
3 C

ω(z)
2 εβ5ω(z), (4.45)

for any z in S1, where ω = ω(γ, S1,LA1
), A1 satisfying (2.2), and C3 is an a

priori bound for |Φ| as in (4.26).
Let l be the bisecting line of S1. Let z be any point belonging to l and let

r = |z − z0|. Then we have, by (4.45) and (4.23),

|v(z0) − v′(z0)| ≤ C4(ε
β5ω(z) + rα2 ), (4.46)

where C4 depends on the a priori data only.
We have to evaluate from below ω(z). In order to do this, we shall construct a

sequence of closed discs,Dn, each of them tangential to the following, all of them
with centre belonging to l and such that the disc with same centre and double
radius is contained in S1. This geometric construction, which is illustrated in
Figure 4.1, will allow us, through a repeated use of Harnack’s inequality, to
derive the desired bound.

Let C5 be a constant such that if z ∈ l and r = |z − z0|, then BC5r(z) ⊂ S1.
C5 clearly depends only on θ.

Let w0 ∈ l be the point whose distance from z0 is ρ
2(1+C5)

. By an application

of the maximum principle, we can compute a positive constant c1 depending on
the a priori data only such that ω(w0) ≥ c1. For an analogous procedure see for
instance [4].

Let us call r0 = |z0−w0|. Let us define, by induction, for any positive integer
n, rn = C6rn−1 where C6 = 2−C5

2+C5
.

Let wn ∈ l, n ≥ 0, be the sequence of points such that |wn − z0| = rn.
Let Dn = B(C5/2)rn

[wn], n ≥ 0. Dn is a sequence of closed discs one tangen-
tial to the following and such that BC5rn(wn) is contained in S1.

By Harnack’s inequality we have that there exists a constant c2 > 1 depend-
ing on λ and Λ only such that

max
Dn

ω ≤ c2 min
Dn

ω.
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Let w ∈ l, such that r = |w− z0| ≤ r1. Let n be the smallest positive integer
such that w ∈ Dn. We have that n depends on r in the following way. We should
look for n such that

(1−C5/2)(C6)
n−1r0 = (1−C5/2)rn−1 > r ≥ (1−C5/2)rn = (1−C5/2)(C6)

nr0,

hence we can find a positive constant C7 depending on the a priori data only
such that

−C7(1 + log r) ≤ n < C7(1 − log r). (4.47)

So, setting c3 = 1/c2, we have

ω(w) ≥ min
Dn

ω ≥ c3 max
Dn

ω ≥ min
Dn−1

ω.

Since maxD0
ω ≥ c1, we have that

ω(w) ≥ (c3)
n+1ω(w0) ≥ (c1)(c3)

n+1. (4.48)

Then, setting c4 = β5c1c3, we obtain

|v(z0) − v′(z0)| ≤ C4(ε
c4 exp(n log c3) + rα2).

By (4.47), we infer

|v(z0) − v′(z0)| ≤ C4(ε
c4 exp(C7(1−log r) log c3) + rα2 ),

and eventually

|v(z0) − v′(z0)| ≤ C4(ε
C8r

C7

+ rα2), (4.49)

where C8 is a positive constant which depends on the a priori data only.

γ
S1

σ’
σ

D0D1D2D3z0
w0l

Figure 4.1: geometric construction in S1; sequence of closed discs Dn.
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We have to minimize (4.49) with respect to r. Taking r(ε) = | log ε|−1/(2C7),
for ε small enough, we have

|v(z0) − v′(z0)| ≤ C4(ε
C8| log ε|

−1/2

+ | log ε|−α2/(2C7)),

and hence

|v(z0) − v′(z0)| ≤ C4(exp(−C8| log ε|1/2) + | log ε|−α2/(2C7)).

Since, as ε → 0, exp(−C8| log ε|1/2) is an infinitesimal of higher order in
comparison to | log ε|−α2/(2C7) we immediately deduce the conclusion. �

Proof of Part (II) of Theorem 4.1. This is an immediate consequence of
Proposition 4.9 and Proposition 4.12. �

Proof of Part (III) of Theorem 4.1. For what concerns Part (III) we readily
observe that, by Corollary 2.11 and again by Part (I) of Theorem 4.1, we may
assume without loss of generality, if ε is small enough, that Σ and Σ′ are RLG.
Therefore the conclusion follows from Part (II). Finally, the last part of Part (III)
is an immediate consequence of Lemma 2.10. �





Chapter 5

Stability results for the

determination of a multiple

cavity

In this chapter we shall study the stability issue for the determination of a mul-
tiple cavity. First we shall obtain stability estimates under essentially minimal
assumptions on the data and minimal a priori conditions on the multiple cavity,
then, in Section 5.1, we shall show the optimality of such estimates through an
explicit example.

Let us introduce the main assumptions on the data and the a priori infor-
mation on the unknown cavities which enable us to prove stability estimates.

Assumptions on the domain

Given positive constants δ, M and L, let Ω be a bounded, simply connected
domain in R2 whose boundary ∂Ω is a simple, closed curve which is Lipschitz
with constants δ, M . We also assume that the diameter of Ω is bounded by L.

We recall that Ω satisfies the same kind of properties stated in Chapter 4, in
particular (4.1) holds.

Assumptions on the background conductivity

Given λ, Λ > 0, let A = A(z), z ∈ Ω, be a conductivity tensor which verifies
(2.2).

Assumptions on the boundary datum

The current density on the boundary will be given by a nontrivial function
ψ ∈ L2(∂Ω) with zero mean, that is

∫

∂Ω
ψ = 0.

We define the antiderivative along ∂Ω of ψ as

Ψ(s) =

∫

ψ(s)ds, (5.1)

59
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where the indefinite integral is taken with respect to the arclength on ∂Ω ori-
ented in the counterclockwise direction.

We recall that the function Ψ is defined up to an additive constant. For the
time being, we normalize Ψ in such a way that

∫

∂Ω
Ψ = 0 and for this choice of

the additive constant we prescribe that, for given constants H , H1 > 0, we have

‖ψ‖L2(∂Ω) ≤ H ;
‖Ψ‖L2(∂Ω) ≥ H1.

(5.2)

From the assumptions on the prescribed current density, in particular from (5.2),
we immediately infer

‖ψ‖L2(∂Ω)

‖Ψ‖L2(∂Ω)
≤ H2, (5.3)

where H2 = H/H1 and Ψ has zero average.
Furthermore, by (5.2) and (4.1), Ψ verifies for any z0, z1 ∈ ∂Ω

|Ψ(z0) − Ψ(z1)| ≤ H(length∂Ω(z0, z1))
1/2 ≤ H3|z0 − z1|1/2, (5.4)

where H3 = HM
1/2
1 .

Assumptions on the measurement

Let Γ0 ⊂ ∂Ω be a subarc whose length is greater than δ.

A priori information on the multiple cavity

We shall assume that Σ ⊂ Ω is the union of finitely many, pairwise disjoint,
closed and not empty sets σi, i = 1, . . . , n, n ≥ 1, each of them bounded by a
simple closed curve γi. We shall denote by Γ the finite family of these simple
closed curves. Concerning the regularity of the curves γi, different and alterna-
tive a priori conditions will be considered in the different parts of Theorem 5.1.

Moreover we suppose that the following holds

dist(z, ∂Ω) ≥ δ for any z ∈ Σ. (5.5)

Let us finally recall that, under the stated assumptions, a weak solution to the
Neumann problem







div(A∇u) = 0 in Ω\Σ,
A∇u · ν = 0 on ∂σi, i = 1, . . . , n,
A∇u · ν = ψ on ∂Ω,

(5.6)

that is a function u ∈ W 1,2(Ω\Σ) satisfying

∫

Ω\Σ

A∇u · ∇ϕ =

∫

∂Ω

ψϕ for every ϕ ∈W 1,2(Ω\Σ), (5.6w)

exists and it is unique up to an additive constant.
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Given another multiple cavity Σ′, satisfying the a priori assumptions, with
components σ′

j , j = 1, . . . ,m, m ≥ 1, whose boundaries are simple closed curves
denoted by γ′j , j = 1, . . . ,m, we shall denote by u′ a solution to (5.6) when Σ is

replaced by Σ′. With Γ′ =
⋃m
j=1 γ

′
j we denote the family of boundaries of Σ′.

Before stating the main theorem of this chapter, let us recall that the con-
stants δ, M , L, λ, Λ, H and H1 will be referred to as the a priori data.

Theorem 5.1 Let the above assumptions be satisfied. Suppose that

‖u− u′‖L∞(Γ0) ≤ ε. (5.7)

We have the following results.

(I) If the two families of boundaries γi and γ′j are Lipschitz with constants δ,
M , then

dH(Σ,Σ′) ≤ ω(ε), (5.8)

where ω : (0,+∞) 7→ (0,+∞) may be dominated as follows

ω(ε) ≤ K(log | log ε|)−β for every ε, 0 < ε < 1/e. (5.9)

Here K, β > 0 depend on the a priori data only.

Furthermore we can find a constant ε0 > 0, depending on the a priori data
only, such that if (5.7) holds with ε ≤ ε0, then Σ and Σ′ have the same number

of connected components, which we set equal to n, and, up to rearranging their

order, we have

dH(σi, σ
′
i) ≤ ω(ε) for every i = 1, . . . , n, (5.10)

ω satisfying (5.9).

(II) If γi and γ′j are RLG with constants δ, M , then (5.8) holds where ω is a

positive function which, in this case, verifies

ω(ε) ≤ K1| log ε|−β1 for every ε, 0 < ε < 1/e, (5.11)

K1, β1 > 0 depending on the a priori data only.

As before, if ε ≤ ε0, ε0 > 0 depending on the a priori data only, then

Σ and Σ′ have the same number n of connected components, and, again after

rearranging their order, they verify (5.10) with ω satisfying (5.11).

(III) Fixed k = 1, 2, . . . and α, 0 < α ≤ 1, if γi and γ′j are Ck,α with constants

δ, M then Σ and Σ′ verify (5.8) with ω as in (5.11), K1, β1 > 0 depending on

the a priori data and on k and α only.

Moreover there exists ε0 > 0 depending on the a priori data, on k and on

α only, such that if ε ≤ ε0 both Σ and Σ′ have n connected components, which

ordered in a suitable way verify (5.10) with ω as in (5.11), K1, β1 > 0 depending

on the a priori data and on k and α only. Also, for any i = 1, . . . , n, there exist

regular parametrizations zi = zi(t) and z′i = z′i(t), 0 ≤ t ≤ 1, of γi and γ′i
respectively such that for every α̃, 0 < α̃ < α,

‖zi − z′i‖Ck,α̃[0,1] ≤ K2ω(ε)(α−α̃)/(k+α), (5.12)

where ω still verifies (5.11) and K2 depends on the a priori data, on k, on α
and on α̃ only.
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For the time being, we shall assume that Σ and Σ′ satisfy the a priori

assumptions stated in Part (I) of Theorem 5.1. It is easy to observe that if Σ
and Σ′ verify the assumptions (II) or (III) of Theorem 5.1, then they verify
also (I) of the same theorem. In view of assumption (I), let us remark some
properties of Σ. The same properties are clearly shared also by Σ′. We recall
that the family of boundaries of Σ, that is Γ =

⋃n
i=1 γi, verifies (2.35)–(2.39).

So we have that the boundary γi of any of the components σi of Σ has a length
bounded by a constant depending on the a priori data only. Furthermore there
exist a positive constant δ1 and an integer N , depending on the a priori data

only, such that
dist(σi, σj) ≥ δ1 for every i 6= j, (5.13)

and

n = number of connected components of Σ ≤ N. (5.14)

We wish also to recall that, by (2.54), we obtain that, for a constant C
depending on δ, M and L only,

dH(Σ,Σ′) ≤ CdH(Γ,Γ′). (5.15)

It is easy to observe that

dH(Γ,Γ′) ≤ dH(Σ,Σ′). (5.16)

We have already considered the notion of stream function and, in Proposi-
tion 3.3, we have stated that there exists in the domain Ω\Σ a single valued
stream function v associated to u, u weak solution to (5.6). Let us recall that v
satisfies the Dirichlet type boundary value problem















div(B∇v) = 0 in Ω\Σ,
v = ci on ∂σi, i = 1, . . . , n,
v = Ψ on ∂Ω,
∫

β
B∇v · ν = 0 for every smooth Jordan curve β ⊂ Ω\Σ.

(5.17)

Here the constants ci are unknown, B = (detA)−1AT and Ψ is defined as in
(5.1). We shall always assume that v is extended to Ω by setting v|σi = v|∂σi = ci
for any i = 1, . . . , n.

Then the complex valued function f = u + iv, defined in Ω\Σ, is a k-
quasiconformal function in Ω\Σ, with k < 1 depending on λ, Λ only.

Proposition 5.2 Under the assumptions of Part (I) of Theorem 5.1, let u be

a weak solution to (5.6) and v be its stream function, solution to (5.17). Then

the following representation holds

f = F ◦ χ, (5.18)

where χ : Ω\Σ 7→ D is a quasiconformal mapping satisfying

|χ(x) − χ(y)| ≤ C1|x− y|α1 for any x, y ∈ Ω\Σ (5.19)

and

|χ−1(x) − χ−1(y)| ≤ C1|x− y|α1 for any x, y ∈ D, (5.20)



63

D = B1(0)\⋃ni=1Bri [zi] is a circular domain such that its exterior boundary

is ∂B1(0) and is the image through χ of ∂Ω and the minimal radius and the

separation distance of its multiple cavity are greater than δ2 > 0 and F = U+iV
is a holomorphic function on D. Here C1 > 0, α1, 0 < α1 < 1, and δ2 > 0
depend on the a priori data only.

Proof. We may find a bi-Lipschitz transformation χ1 from C onto itself such
that the image through χ1 of Ω\Σ is a circular domain D̃ such that 0 ∈ D̃,
its exterior boundary ∂B1(0) = χ1(∂Ω) and the minimal radius and separation
distance of its multiple cavity are greater than δ3 > 0, δ3 depending on the a

priori data only. The Lipschitz constants of such a transformation and of its
inverse are dominated by constants depending on δ, M and L only.

The function f̃ = f ◦ χ−1
1 is k1-quasiconformal, where k1 depends only on

k and on the Lipschitz constants of χ1 and χ−1
1 . Then by the Representation

Theorem 2.2, there exist a k1-quasiconformal mapping χ2 from B1(0) onto itself,
with χ2(0) = 0, and a holomorphic function F̃ = Ũ + iṼ on χ2(D̃) such that
the representation f̃ = F̃ ◦ χ2 holds.

By [39, Chapter 3, Theorem 5.2], we may find a conformal mapping χ3

from χ2(D̃) onto a circular domain D still satisfying χ3(0) = 0 and ∂B1(0) =
χ3(∂B1(0)), ∂B1(0) being the exterior boundary of D. Then picking χ = χ3 ◦
χ2 ◦ χ1 and F = U + iV = F̃ ◦χ−1

3 the conclusion is an immediate consequence
of Lemma 2.3. �

Let D, F and χ be as in Proposition 5.2. Then, by the regularity properties
of D and χ, by (5.2) and (5.4) and standard regularity theory we immediately
infer

|F (z1) − F (z2)| ≤ C2|z1 − z2|α2 for every z1, z2 ∈ D, (5.21)

and consequently

|f(z1) − f(z2)| ≤ C3|z1 − z2|α3 for every z1, z2 ∈ Ω\Σ, (5.22)

where C2, C3 and α2, α3, 0 < α2, α3 < 1, depend on the a priori data only.
We remark that if as usual we extend v on Ω in such a way that v|σi =

v|∂σi = ci for any i = 1, . . . , n, then it is easy to show that we have

|v(z1) − v(z2)| ≤ C4|z1 − z2|α3 for every z1, z2 ∈ Ω, (5.23)

C4 depending on the a priori data only.

Theorem 5.3 Under the assumptions of Part (I) of Theorem 5.1, there exists

a positive constant d0, depending on the a priori data only, such that for every

z0 ∈ Ω\Σ and for every d ≤ d0 there exist finitely many points zk ∈ Ω such that

for every z ∈ Ω\
◦

Σ satisfying dist(z, ∂Ω) ≥ d we have

|f(z) − f(z0)| ≥ c(d)
∏

k

( |z − zk|
C5

)bk/α1

(5.24)

where bk are positive integers satisfying

∑

k

bk ≤ C(d), (5.25)
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C5 depending on the a priori data only, α1 as in (5.20) and c(d) > 0 and C(d)
depending on the a priori data and on d only.

Proof. We recall the bi-Lipschitz mapping χ1 : C 7→ C we considered at the
beginning of the proof of Proposition 5.2 which verifies χ1(Ω\Σ) = D̃, where
D̃ is a circular domain. We have that D̃ = B1(0)\⋃ni=1Bri [xi], 0 ∈ D̃, and
there exists δ3 > 0 depending on the a priori data only such that for any
i = 1, . . . , n, ri ≥ δ3 and Bri+δ3(xi)\Bri [xi] is contained in D̃. The function
f̃ = f ◦χ−1

1 which is k1-quasiconformal, k1 depending on the a priori data only,
may be extended to another k1-quasiconformal function, still denoted by f̃ , on
the circular domain D̃1 = B1(0)\⋃ni=1Blri [xi], where l, 0 < l < 1, depends on
δ3 only, in the following way

f̃(z) = f̃(TBri
(xi)(z)) + 2cii for any z ∈ Bri(xi)\Blri [xi], i = 1, . . . , n,

where ci = v|∂σi = ṽ|∂Bri
(xi).

As in the proof of Proposition 5.2 we apply the Representation Theorem 2.2
and Lemma 2.3 to obtain a circular domain D, a holomorphic function on D, F ,
and a quasiconformal mapping χ2 : D̃1 7→ D such that f̃ = F ◦χ2. We recall that
we may assumeD = B1(0)\⋃ni=1 Bsi [yi] and that for any i = 1, . . . , n, si ≥ δ4 >
0, δ4 depending on the a priori data only. Moreover, for any i = 1, . . . , n, we have
that Bsi+δ4(yi)\Bsi [yi] is contained in D. We denote χ = χ2◦χ1 : χ−1

1 (D̃1) 7→ D
and we remark that χ verifies (5.19), (5.20) on χ−1

1 (D̃1) and D respectively and
on Ω\Σ we have f = F ◦ χ.

It is easy to see that we also have

|F (z1) − F (z2)| ≤ C6|z1 − z2|α2 for every z1, z2 ∈ D, (5.26)

C6 depending on the a priori data only.
We take z0 ∈ Ω\Σ. Letting w0 = χ(z0), we set F0 = F (w0) = f(z0). Let

Z = {wk} be the countable set of the zeroes of F − F0 in D. We have that
setting φ = log |F − F0|

∆φ = 0 in D\Z,
and since φ has negatively diverging isolated singularities at each wk, there exist
positive integers bk such that, in the sense of distributions,

∆φ = 2π
∑

k

bkδ(· − wk) in D.

Fixed a positive d we denote

Dd = {z ∈ D : dist(z, ∂D) > d}.

Then, by arguments in [3] based on Harnack’s inequality and the comparison
principle, there exist positive constants C7 and C8 depending on δ4 only such
that

∑

wk∈D2d

bk ≤ C7d
−C8

[

1 + log

(

maxDd
|F − F0|

maxD2d
|F − F0|

)]

. (5.27)

Moreover, there exist positive constants C9, C
′
9 and C10 also depending on δ4

only such that if we set c1(d) = C9d
−C′

9 , which is greater than 1 if d is small
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enough, we have for any w ∈ D3d

|F (w) − F0| ≥ e−c1(d)
[

(maxD3d
|F − F0|)c1(d)

(maxD2d
|F − F0|)c1(d)−1

]

∏

wk∈D2d

( |w − wk|
C10

)bk

.

(5.28)
By (5.26) we readily observe that

max
D

|F − F0| ≤ C11, (5.29)

where C11 depends on the a priori data only. Moreover, if we denote V0 = V (z0),
we have the following estimate

max
D

|F − F0| ≥ max
D

|V − V0| ≥
1

2
oscD|V |.

Then we infer that oscD|V | ≥ osc∂B1(0)|V | and also osc∂B1(0)|V | = osc∂Ω|v| =
osc∂Ω|Ψ|.

Hence, since osc∂Ω|Ψ| ≥ ‖Ψ‖L2(∂Ω)/|∂Ω|, by (5.2) and the assumptions on
the domain Ω, we can find a positive constant C12 depending on the a priori

data only such that
max
D

|F − F0| ≥ C12.

Again by (5.26) we may find d̃0 > 0 depending on the a priori data only
such that for any d, 0 < d ≤ d̃0, we have

max
D3d

|F − F0| ≥ C12/2. (5.30)

Then by the Hölder continuity properties of χ and its inverse, (5.19) and
(5.20), we may find a constant d0 depending on the a priori data only such that
for any d, 0 < d ≤ d0, there exists d̃, 0 < d̃ ≤ d̃0, depending on the Hölder

constant of χ and χ−1 and on d only, such that for every z ∈ Ω\
◦

Σ satisfying
dist(z, ∂Ω) ≥ d we have w = χ(z) ∈ D3d̃.

Then, since |f(z) − f(z0)| = |F (w) − F0|, taking zk = χ−1(wk), by (5.28),
(5.29), (5.30) and by (5.20) it follows

|f(z) − f(z0)| ≥ e−c1(d̃)

[

(C12/2)c1(d̃)

(C11)c1(d̃)−1

]

∏

k

( |z − zk|
C13

)bk/α1

, (5.31)

where C13 depends on the a priori data only and, by (5.27), we clearly have

∑

k

bk ≤ C7d̃
−C8

[

1 + log

(

C11

C12/2

)]

. (5.32)

This clearly concludes the proof. �

Proposition 5.4 Let all the hypotheses of Part (I) of Theorem 5.1, with the

exception of (5.7), be satisfied. Let v and v′ be the stream functions associated

to u and u′ respectively. If we have

‖v − v′‖L∞(Ω) ≤ η, (5.33)
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then the two multiple cavities Σ and Σ′ satisfy

dH(Σ,Σ′) ≤ K3η
β2 , (5.34)

K3 > 0, β2, 0 < β2 < 1, depending on the a priori data only.

Proof. Let p = dH(Σ,Σ′). Let us assume, without losing the generality, that
p = supz∈Σ′ dist(z,Σ).

Then there exist positive constants C14 and C15, depending on the a priori

data only, and a point z0 ∈ Σ′ such that BC14p(z
0) is contained in one of the

connected components of Σ′ and for any w ∈ BC14p(z
0) we have dist(w,Σ) ≥

C15p. Since BC14p(z
0) ⊂ Σ′, recalling (5.5), clearly we also have dist(w, ∂Ω) ≥ δ

for any w ∈ BC14p(z
0).

By the maximum principle, the level set {u = u(z0)} contains a continuum
containing z0 and intersecting ∂BC14p(z

0) in at least two different points. Let us
fix d = min{d0, δ}, d0 as in Theorem 5.3. Let us consider the points zk obtained
in Theorem 5.3 with respect to the point z0 and the positive number d. Their
number, by (5.25), is bounded by a constant N depending on the a priori data

only. There exists a constant C16 > 0 depending on N and on C14 only such
that we may find N + 1 pairwise disjoint open discs with radius C16p that are
contained in BC14p(z

0) and whose centre belongs to {u = u(z0)}. Therefore at
least one of these discs has none of the points zk in its interior. Let z1 be the
centre of this disc. Clearly for any zk we have |z1 − zk| ≥ C16p.

Then by (5.24) we have

|f(z1) − f(z0)| ≥ c(d)
∏

k

( |z1 − zk|
C5

)bk/α1

,

hence, by (5.25) and since |z1 − zk| ≥ C16p,

|f(z1) − f(z0)| ≥ c(d)

(

C16p

C5

)C(d)/α1

.

Since we have that u(z1) = u(z0) and, obviously v′(z1) = v′(z0), we deduce

|f(z0) − f(z1)| = |v(z0) − v(z1)| ≤ |v(z0) − v′(z0)| + |v(z1) − v′(z1)| ≤ 2η.

Putting together the last two equations the conclusion easily follows. �

Let us denote Φ = W + iZ = u − u′ + i(v − v′) : Ω\(Σ ∪ Σ′) 7→ C. We can
normalize Z in order to have that it is identically zero on ∂Ω. Moreover by (5.7)
we obtain |W | ≤ ε on Γ0.

Recalling (5.22) there exists a constant D1 depending on the a priori data

only such that

|Φ(z)| ≤ D1 for any z ∈ Ω\(Σ ∪ Σ′). (5.35)

We shall consider the following Cauchy type problem







Φz = µΦz + νΦz in Ω\(Σ ∪ Σ′),
|Φ| ≤ ε on Γ0,
ℑΦ = 0 on ∂Ω,

(5.36)
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where |µ| + |ν| ≤ k < 1.
Recalling Proposition 5.4, the stability estimate on the inverse problem of

cavities has been reduced to a stability estimate for the Cauchy type problem
(5.36), that is obtaining an upper bound for |Z| on Ω in terms of the boundary
error ε.

We shall obtain different kinds of stability estimates for the Cauchy type
problem (5.36), depending on the assumptions stated in the different parts of
Theorem 5.1.

Proposition 5.5 Let the assumptions of Part (I) of Theorem 5.1 be satisfied

and let v and v′ be the stream functions associated to u and u′ respectively. We

normalize v and v′ in such a way that v = v′ on ∂Ω. Then we have

‖v − v′‖L∞(Ω) ≤ η(ε) (5.37)

where η : (0,+∞) 7→ (0,+∞) satisfies

η(ε) ≤ K4(log | log ε|)−β3 for every ε, 0 < ε < 1/e (5.38)

where K4 and β3 > 0 depend on the a priori data only.

Proof. See the proof of Proposition 4.11 for an analogous procedure. �

Proof of Part (I) of Theorem 5.1. Concerning Part (I) of Theorem 5.1, (5.8)
and (5.9) are a direct consequence of Proposition 5.4 and of Proposition 5.5.
Finally we deduce (5.10) from (5.8) and (5.9) by taking into account (5.13). �

Proposition 5.6 Let the hypothesis of Part (II) of Theorem 5.1 be satisfied.

Then v and v′, the stream functions associated to u and u′ respectively, normal-

ized so that v = v′ on ∂Ω, verify (5.37) where η : (0,+∞) 7→ (0,+∞) satisfies

η(ε) ≤ K5| log ε|−β4 for every ε, 0 < ε < 1/e, (5.39)

K5 and β4 > 0 depending on the a priori data only.

Proof. Let G be the connected component of Ω\(Σ ∪ Σ′) such that Γ0 ⊂ ∂G.
Since γi and γ′j are RLG then we know, by Lemma 2.12, that G satisfies a
uniform interior cone condition, provided that the Hausdorff distance between Γ
and Γ′ is small enough. This can be ensured by using the Part (I) of Theorem 5.1,
which has been already established. Hence without loss of generality we may
suppose that for any point z ∈ ∂G there exists an angular sector S contained
in G, with vertex in z and whose positive radius and amplitude depend on the
a priori data only and do not depend on z.

Therefore by the technique developed in [37] (see also Proposition 4.12) we
are able to obtain

|v(z) − v′(z)| ≤ C17| log ε|−α4 for every z ∈ G, (5.40)

C17 and α4 > 0 depending on the a priori data only. Then, again with the help
of the maximum principle, the conclusion follows. �

Proof of Part (II) of Theorem 5.1. The Part (II) may be obtained through
Proposition 5.4 and Proposition 5.6. �
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Proof of Part (III) of Theorem 5.1. For what concerns Part (III) the proof is
an easy consequence of the previous parts of Theorem 5.1 and of Corollary 2.11.
In fact we have that the two families of curves Γ =

⋃n
i=1 γi and Γ′ =

⋃m
j=1 γ

′
j

which consist of the boundaries of the connected components of Σ and Σ′ re-
spectively satisfy the assumptions of Corollary 2.11.

Then if ε is small enough we have, by Part (I) of Theorem 5.1, dH(Γ,Γ′) ≤ d0

and hence Γ and Γ′ are RLG with given constants. So Part (III) follows from
Part (II).

About the last part of Part (III), this is as usual a consequence of the distance
between the cavities belonging to the same multiple cavity Σ (or respectively
Σ′), (5.13), and, then, of Lemma 2.10. �

5.1 Instability example

Let Ω = B1(0) and let σ0 = B1/2[0]. Let D0 = Ω\σ0. The two connected
components of the boundary of D0 are the two simple closed curves β = ∂Ω =
∂B1(0) and γ0 = ∂σ0 = ∂B1/2(0).

For any n = 1, 2, . . . , let us denote by fn the holomorphic function so defined

fn(z) = z exp[ǫn(z
n − z−n)], z ∈ C\{0}, n = 1, 2, . . . , (5.41)

where ǫn is the following positive real constant

ǫn =
C0

nk2n
, (5.42)

where k is a fixed positive integer and C0 is a positive constant to be chosen
later.

The first derivative of fn is given by

f ′
n(z) = [1 + ǫnn(zn − z−n)] exp[ǫn(z

n − z−n)], z ∈ C\{0}, n = 1, 2, . . . ,

hence we may find a positive constant C0, C0 not depending on n and on k,
such that if (5.42) holds then we have

|f ′
n(z) − 1| ≤ 1/4 for any z ∈ D0, n = 1, 2, . . . , (5.43)

and therefore fn is invertible on a neighbourhood (which may depend on n) of
D0.

From now on we shall assume that this condition is satisfied. For any n =
1, 2, . . . , we call Dn = fn(D0). The boundary of Dn has two connected com-
ponents, the image through fn of β and γ0 respectively. It is easily seen that
fn(β) = β and we shall denote by γn the image through fn of γ0. We remark
that γn is a Jordan curve and we denote by σn the closed region bounded by
γn. Therefore we have that Dn = Ω\σn.

By switching to polar coordinates, we shall characterize more precisely the
behaviour of fn along β and γ0 and hence the regularity properties of γn and,
consequently, of σn.

Let us introduce polar coordinates in the following way. Given z ∈ C\{0}
let (ρ, θ), ρ > 0, satisfy z = ρ exp(iθ). We have that ρ = |z| and θ is defined up
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to equivalence modulus 2π. We call (ρ, θ) the polar coordinates of z. Then, in
these coordinates, fn can be written as

fn(ρ, θ) = (ϕn(ρ, θ), φn(ρ, θ)),

where
ϕn(ρ, θ) = ρ exp[ǫn(ρ

n − ρ−n) cosnθ]

and
φn(ρ, θ) = θ + ǫn(ρ

n + ρ−n) sinnθ.

First of all we notice that if ρ = 1 then ϕn(1, θ) = 1 for any θ ∈ R and we
have

|φn(1, θ) − θ| ≤ 2ǫn for any θ ∈ R. (5.44)

Then we want to estimate the Hausdorff distance between σn and σ0. It is
easy to observe that

dH(σn, σ0) = max
[0,2π]

|ϕn(1/2, θ)− 1/2|.

We may find two constants C1 and C2, 0 < C1 < C2, such that

0 < C1ǫn2
n ≤ dH(σn, σ0) ≤ C2ǫn2

n. (5.45)

Without loss of generality, changing C0 in (5.42) if necessary, we may assume
C2ǫn2

n ≤ 1/4.
Let us fix ρ, 1/2 ≤ ρ ≤ 1, and let us consider the function φn(ρ, ·) : [0, 2π] 7→

R. Then we can find C0 > 0 not depending on n and on k such that if (5.42)
holds then

∣

∣

∂
∂θφn(ρ, θ) − 1

∣

∣ ≤ 1/3 for any ρ ∈ [1/2, 1] and θ ∈ [0, 2π]. By this
estimate we infer that φn(ρ, ·) : [0, 2π] 7→ [0, 2π] is bi-Lipschitz with Lipschitz
constants not depending on n, on k and on ρ.

Moreover, for any integer i ≥ 2 we notice that
∣

∣

∣

∣

∂i

∂θi
φn(ρ, θ)

∣

∣

∣

∣

≤ ǫn(ρ
n + ρ−n)ni.

If we fix the positive integer k and we define ǫn as in (5.42) with C0 > 0
satisfying the previously stated conditions, it is straightforward to prove that
for any n = 1, 2, . . . , γn is a Ck simple closed curve with constants δ, M not
depending on n. Here the notion of a Ck curve with constants δ, M is in the
sense specified at the beginning of Section 2.2, with the obvious modification of
replacing the Ck,α-norm with the one in Ck.

For any n = 0, 1, 2, . . . , let us consider, as usual, the following Sobolev spaces
H1(Dn) = {u ∈ L2(Dn) : ∇u ∈ L2(Dn)}. We denote byH1/2(β) its correspond-
ing trace space on β. By H−1/2(β) we shall denote the dual space to H1/2(β).
With 0H

1/2(β) and 0H
−1/2(β) the corresponding subspaces of elements with

zero means are considered. We remark that 0H
1/2(β) and 0H

−1/2(β) are dual
to each other. With 0L

2(β) we denote the L2 functions on β with zero average.
We remark that the dual of 0L

2(β) is the space itself. Finally, if X and Y are
two Banach spaces we shall denote by B(X,Y ) the space of all bounded linear
operators from X to Y , with the usual norm.

Concerning trace spaces, fractional Sobolev spaces and interpolation inequal-
ities, which will be used several times in the sequel of this section, we refer to
[1] and [34].
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Let η ∈ 0H
−1/2(β). Then for any n = 0, 1, 2, . . . , let us consider the following

Neumann type boundary value problem















∆un = 0 in Dn,
∇un · ν = 0 on γn,
∇un · ν = η on β,

un|β ∈ 0H
1/2(β)

(NPn)

The weak formulation of the problem is the following. To find un ∈ H1(Dn)
such that un|β ∈ 0H

1/2(β) and the following holds

∫

Dn

∇un · ∇φ = η[φ|β ] for any φ ∈ H1(Dn).

We have that the solution to (NPn) exists and is unique and we may find a
constant C not depending on n such that if D = B1\B4/5 then

‖un‖H1(D) ≤ C‖η‖H−1/2(β). (5.46)

For any n = 0, 1, 2, . . . , let Nn : 0H
−1/2(β) 7→ 0H

1/2(β) be the Neumann-
to-Dirichlet map defined in the following way

Nn(η) = un|β for any η ∈ 0H
−1/2(β), (5.47)

where un is the solution to (NPn).
From (5.46) we have that

‖Nn(η)‖
0H1/2(β) ≤ C‖η‖

0H−1/2(β) for any η ∈ 0H
−1/2(β), (5.48)

where C is a positive constant which does not depend on n.
Let us state our instability result.

Theorem 5.7 Let us fix a positive integer k. Then there exists a constant C0 >
0 such that if (5.42) holds then for any n = 0, 1, 2, . . . , γn is a Ck simple

closed curve with positive constants δ, M not depending on n and the following

inequality holds

dH(σn, σ0) ≥ C
∣

∣log ‖Nn −N0‖B(0H−1/2(β),0H1/2(β))

∣

∣

−k
(5.49)

where C is a positive constant which does not depend on n.

Remark 5.8 Let us observe that in inequality (5.49) some kind of dependence
on k, the number of derivatives of the curves γn which are a priori uniformly
bounded, should be expected. In fact, in a similar setting, [23], Hölder type
dependence on a suitably chosen boundary measurement was proved if an ana-
lyticity condition on the unknown curve γ holds.

The proof of Theorem 5.7 will be obtained through three lemmas.

Lemma 5.9 There exists a positive constant C such that for any η ∈ 0L
2(β)

we have

‖N0η‖H1(β) ≤ C‖η‖L2(β). (5.50)
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Proof. We have already observed, (5.48), that

‖N0(η)‖
0H1/2(β) ≤ C‖η‖

0H−1/2(β) for any η ∈ 0H
−1/2(β). (5.51)

Moreover it is not difficult to show that if u0 is the solution to (NP0) then
we have, for a positive constant C,

‖u0‖H1(D0) ≤ C‖η‖
0H−1/2(β) for any η ∈ 0H

−1/2(β).

By standard regularity results, see for instance [38], we have that if η ∈
0H

1/2(β) then u0 belongs to H2(D0) and the following estimate holds

‖u0‖H2(D0) ≤ C(‖η‖
0H1/2(β) + ‖u0‖H1(D0)) for any η ∈ 0H

1/2(β).

Then we immediately deduce

‖N0(η)‖H3/2(β) ≤ C‖η‖
0H1/2(β) for any η ∈ 0H

1/2(β). (5.52)

Therefore the result may be obtained through (5.51) and (5.52) by using
standard interpolation inequalities. �

Lemma 5.10 There exists a positive constant C not depending on n such that

‖(Nn −N0)η‖L2(β) ≤ Cǫ1/2‖η‖L2(β) for any η ∈ 0L
2(β), n = 1, 2, . . . (5.53)

Proof. For any n = 0, 1, 2, . . . , let us consider the linear operatorNn : 0L
2(β) 7→

0L
2(β). We have that Nn, with respect to these two spaces, is bounded and self-

adjoint. This can be easily deduced by the weak formulation of our boundary
value problem.

Let hn : Dn 7→ D0 be the inverse map of fn. The function hn can be extended
to the closure of Dn and let us recall some properties of the restriction of hn to
β.

We have that hn|β : β 7→ β is invertible, bi-Lipschitz with constants not
depending on n and the following estimates holds

|hn(z) − z| ≤ Cǫn, (5.54)

where C does not depend on n.
For any n = 1, 2, . . . , let us define the linear operator Tn : L2(β) 7→ L2(β)

in the following way

Tn(η)(z) = η(hn(z)) for any z ∈ β, η ∈ L2(β).

These linear operators are continuous with norm independent on n, that is

‖Tn(η)‖L2(β) ≤ C‖η‖L2(β) for any η ∈ L2(β), n = 1, 2, . . . , (5.55)

they are invertible,

(Tn)
−1(η)(z) = η(fn(z)) for any z ∈ β, η ∈ L2(β),

and their inverses are continuous with norm independent on n.



72 CHAPTER 5. MULTIPLE CAVITY

Let T ∗
n be the adjoint operator to Tn, n = 1, 2, . . ., then T ∗

n : L2(β) 7→ L2(β)
is defined

T ∗
n(η) = (Tn)

−1

(

1

|dhn/ds|
η

)

for any η ∈ L2(β),

dhn/ds being the derivative of hn along β. Finally let us observe that if η ∈
0L

2(β) then also T ∗
n(η) ∈ 0L

2(β).
Let P : L2(β) 7→ 0L

2(β) be the projection of L2(β) onto 0L
2(β) given by

P (η) = η − 1

2π

∫

β

η for any η ∈ L2(β).

Clearly P is a linear bounded operator with norm 1.
We claim that the following representation holds

Nn(η) = P [TnN0T
∗
n(η)] for any η ∈ 0L

2(β). (5.56)

Let un be the solution to (NPn) with Neumann datum η ∈ 0L
2(β). Let us

denote vn = un ◦ fn. Then vn solves






∆vn = 0 in D0,
∇vn · ν = 0 on γ0,
∇vn · ν = T ∗

nη on β.
(5.57)

Therefore we have un|β = Tn(vn|β) and vn|β is equal to N0T
∗
n(η) up to an

additive constant. Hence Nn(η) = un|β = TnN0T
∗
n(η) + cn.

By the fact that Nn(η) ∈ 0L
2(β) we can immediately infer that cn =

− 1
2π

∫

β TnN0T
∗
n(η) and hence (5.56) follows.

Now let us take ψ ∈ H1(β). We want to estimate ‖(Tn− I)ψ‖L2(β). We have
that

‖(Tn − I)ψ‖2
L2(β) =

∫ 2π

0

|ψ(hn(θ)) − ψ(θ)|2dθ.

Then by (5.54) we deduce that |ψ(hn(θ))−ψ(θ)| ≤ Cǫ
1/2
n ‖ψ‖H1(β) and hence

we obtain

‖(Tn − I)ψ‖L2(β) ≤ Cǫ1/2n ‖ψ‖H1(β) for any η ∈ H1(β), (5.58)

C not depending on n.
Therefore by Lemma 5.9 we may find a constant C which does not depend

on n such that

‖(TnN0 −N0)η‖L2(β) ≤ Cǫ1/2n ‖η‖L2(β) for any η ∈ 0L
2(β). (5.59)

By duality we have, with the same constant C,

‖(N0T
∗
n −N0)η‖L2(β ≤ Cǫ1/2n ‖η‖L2(β) for any η ∈ 0L

2(β). (5.60)

Obviously PN0 = N0, then Nn −N0 = P (TnN0T
∗
n −N0) and hence for any

η ∈ 0L
2(β) we have

‖(Nn −N0)η‖L2(β) ≤ ‖(TnN0T
∗
n −N0)η‖L2(β).

Since

‖(TnN0T
∗
n −N0)η‖L2(β) ≤ ‖Tn(N0T

∗
n −N0)η‖L2(β) + ‖(TnN0 −N0)η‖L2(β)

the conclusion follows from (5.55), (5.59) and (5.60). �
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Lemma 5.11 For any n = 1, 2, . . ., the operator Nn − N0 is an infinitely

smoothing operator, that is for any positive integer i there exists a constant

C = C(i) not depending on n such that we have

‖(Nn −N0)η‖Hi(β) ≤ C(i)‖η‖
0H−1/2(β) for any η ∈ 0H

1/2(β).

Proof. Let us fix η ∈ 0H
1/2(β) and let un and u0 be the solutions to (NPn)

and (NP0) respectively. By (5.46) and the mean value property of harmonic
functions it is clear that for any z such that |z| = 7/8 there exists a constant C
not depending on n and on η such that

|(un − u0)(z)| ≤ C‖η‖
0H−1/2(β). (5.61)

Then we notice that, along β, un − u0 satisfies a homogeneous Neumann
condition. Therefore we may extend un − u0 on B8/7\B7/8 according to the
following reflection rule

(un − u0)(z) = (un − u0)(1/z) for any z ∈ B8/7\B7/8.

We have that un − u0 is harmonic in B8/7\B7/8, by the maximum principle
and (5.61), on the same domain is bounded by C‖η‖

0H−1/2(β), therefore the
result easily follows. �

Proof of Theorem 5.7. By Lemma 5.10 and Lemma 5.11 applied with i = 2
and standard interpolation results we immediately infer

‖(Nn −N0)η‖H1(β) ≤ Cǫ1/4n ‖η‖L2(β) for any η ∈ 0L
2(β).

By duality we have

‖(Nn −N0)η‖L2(β) ≤ Cǫ1/4n ‖η‖H−1(β) for any η ∈ 0H
−1(β).

Then, again by interpolation inequalities, we deduce

‖(Nn −N0)(η)‖
0H1/2(β) ≤ Cǫ1/4n ‖η‖

0H−1/2(β) for any η ∈ 0H
−1/2(β),

with C a constant not depending on n.
A straightforward computation, by recalling the definition of ǫn, (5.42), and

the lower bound on dH(σn, σ0), (5.45), leads to the result. �





Chapter 6

Stability results for the

determination of a multiple

surface crack

In this chapter we shall treat the stability issue for the determination of surface
cracks. We shall prove stability estimates for the determination of a finite family
of surface cracks. Then, in Section 6.1, we shall obtain Lipschitz stability results
for the determination of a single linear surface crack.

We begin by stating the assumptions on the data and the a priori conditions
on the unknown cracks for the determination of a multiple surface crack.

Assumptions on the domain

Let Ω be a bounded, simply connected domain in R2 and let its boundary ∂Ω
be a simple, closed curve which is Lipschitz with positive constants δ, M . We
also assume that the diameter of Ω is bounded by a positive constant L.

We recall that from the assumptions on Ω, we can find a constant M1 depending
on δ, M and L only such that for all z0, z1 belonging to ∂Ω the following
inequality holds

length∂Ω(z0, z1) ≤M1|z0 − z1|. (6.1)

Assumptions on the background conductivity

Given λ, Λ > 0, let A = A(z), z ∈ Ω, be a 2×2 matrix with bounded measurable
entries which verifies (2.2).

Assumptions on the boundary data

Let γ0, γ1, γ2 be three fixed simple arcs in ∂Ω such that

dist(γi, γj) ≥ δ, i, j = 0, 1, 2, i 6= j. (6.2)

75
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Let us fix three functions η0, η1, η2 ∈ L2(∂Ω) satisfying (4.2) for a given
constant H .

We prescribe the current densities on the boundary ψ1, ψ2 as in (3.1) and
we have that

∫

∂Ω
ψi = 0 for every i = 1, 2 and that ‖ψi‖L2(∂Ω) ≤ 2H for every

i = 1, 2.

Assumptions on the measurements

Let Γ0 ⊂ ∂Ω be a subarc whose length is greater than δ.

A priori information on the multiple surface crack

A multiple surface crack Σ in Ω is a finite collection of (not empty) surface-
breaking cracks σj , j = 1, . . . , n, n ≥ 1, in Ω. For any surface crack of Σ,
σj , let Vj be its surface tip. Given constants δ > 0 and θ, 0 < θ < π, we
prescribe the following condition. There exists two angular sectors S1, S2 of
radius δ, amplitude θ and vertex Vj which are contained in Ω\σj such that
any curve contained in Bδ(Vj) connecting two points z1, z2 belonging to S1, S2

respectively has to cross either ∂Ω or σj . Moreover we shall assume that there
exists a constant δ1 such that we have

dist(z, ∂Ω) ≥ δ1 for any z ∈ σj : |z − Vj | ≥ δ. (6.3)

We shall describe the regularity assumptions on the multiple surface crack
Σ in the hypothesis of Theorem 6.1.

For any i = 1, 2, let ui ∈ W 1,2(Ω\Σ) be the weak solution to the following
Neumann type boundary value problem







div(A∇ui) = 0 in Ω\Σ,
A∇ui · ν = 0 on either side of σj , j = 1, . . . , n,
A∇ui · ν = ψi on ∂Ω,

(6.4)

where ν denotes the unit normal, with the outward orientation when on ∂Ω.
More precisely we mean that ui satisfies

∫

Ω\Σ

A∇ui · ∇ϕ =

∫

∂Ω

ψiϕ for every ϕ ∈W 1,2(Ω\Σ). (6.4w)

If Σ′ =
⋃m
l=1 σ

′
l, m ≥ 1, is another multiple surface crack satisfying the a

priori information, we denote by u′i the solutions to (6.4) when Σ is replaced
by Σ′.

The set of constants δ, M , L, λ, Λ, H , θ and δ1 will be referred to as the a

priori data.
We are now in position to state the main theorem of this chapter.

Theorem 6.1 Under the previously stated assumptions, let ε > 0 be such that

max
i=1,2

‖ui − u′i‖L∞(Γ0) ≤ ε, (6.5)
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then the following results hold.

(I) Suppose that the two multiple surface cracks are Lipschitz families of simple

open curves with constants δ, M , then

dH(Σ,Σ′) ≤ ω(ε), (6.6)

where ω : (0,+∞) 7→ (0,+∞) satisfies

ω(ε) ≤ K(log | log ε|)−β for every ε, 0 < ε < 1/e (6.7)

K, β > 0 depending on the a priori data only.

There exists a constant ε0 > 0, which depends on the a priori data only,

such that if we have ε ≤ ε0 then the number of connected components of Σ and

Σ′ is the same, let us say equal to n, and, possibly after rearranging their order,

we have

dH(σj , σ
′
j) ≤ ω(ε) for every j = 1, . . . , n, (6.8)

ω verifying (6.7).

(II) We assume that the two families of simple open curves constituting Σ and

Σ′ respectively are RLG with constants δ, M .

Furthermore we assume the following technical condition. If V1 and V ′
1 are

surface tips of the surface cracks σ ⊂ Σ and σ′ ⊂ Σ′ respectively such that

|V1 − V ′
1 | ≤ δ/4, then we may find a Cartesian coordinate system (x, y) with

origin in V1 satisfying for given constants θ0 and θ1, 0 < θ1 < θ0 < π, these

properties

(i) with respect to these coordinates σ and σ′ are Lipschitz graphs with con-

stant M in Bδ(V1);

(ii) the angular sectors P0 and P1 with vertex in V1, bisecting line l = {(x, y) :
x ≥ 0, y = 0}, radius δ/2 and amplitude θ0 and θ1 respectively verify

P0 ⊂ Ω and (Bδ/2(V1) ∩ Σ) ⊂ P1; (6.9)

(iii) the angular sectors P ′
0 and P ′

1 with vertex in V ′
1 , bisecting line parallel to

l, radius δ/2 and amplitude θ0 and θ1 respectively verify

P ′
0 ⊂ Ω and (Bδ/2(V

′
1) ∩ Σ′) ⊂ P ′

1. (6.10)

Then the two multiple defects satisfy (6.6) with ω : (0,+∞) 7→ (0,+∞)
dominated as follows

ω(ε) ≤ K1| log ε|−β1 for every ε, 0 < ε < 1/e (6.11)

and K1, β1 > 0 depend on the a priori data and on θ0 and θ1 only.

We may find ε0 > 0 depending on the a priori data and on θ0 and θ1
only such that if ε ≤ ε0, then Σ and Σ′ have the same number of connected

components, and, again after rearranging their order, we have (6.8) with ω as

in (6.11).
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(III) If, for some k = 1, 2, . . . and some α, 0 < α ≤ 1, the families σj, j =
1, . . . , n, and σ′

l, l = 1, . . . ,m, are Ck,α with constants δ, M then Σ and Σ′

verify (6.6), ω as in (6.11) with K1, β1 > 0 depending on the a priori data and

on k and α only.

Again, we may find ε0 > 0 depending on the a priori data, on k and on

α only, so that assuming ε ≤ ε0 both Σ and Σ′ have n connected components.

Moreover, if we order them in a suitable way, we have (6.8), ω as in (6.11), K1,

β1 > 0 depending on the a priori data and on k and α only. Furthermore, for

any j = 1, . . . , n, there exist regular parametrizations zj = zj(t) and z′j = z′j(t),
0 ≤ t ≤ 1, of σj and σ′

j respectively such that for every α̃, 0 < α̃ < α,

‖zj − z′j‖Ck,α̃[0,1] ≤ K2ω(ε)(α−α̃)/(k+α), (6.12)

with ω bounded as in (6.11) and K2 depending on the a priori data, on k, on α
and on α̃ only.

First of all we shall assume that the hypothesis of Part (I) of Theorem 6.1
are satisfied and we obtain some properties of our multiple surface crack. We
remark that, in Theorem 6.1, the assumptions of Part (II) or Part (III) are
stronger that those of Part (I). The multiple surface crack Σ (and clearly also
Σ′) satisfies (2.35)–(2.38) with constants depending on δ, M and L only. We
recall that this means that we have lower and upper bound on the length of σj ,
for any j = 1, . . . , n, that there exists a constant δ2 > 0 depending on δ, M only
such that

dist(σi, σj) ≥ δ2 for every i 6= j (6.13)

and that
n ≤ N, (6.14)

n being the number of surface cracks composing Σ and N being a constant
depending on δ, M and L only.

We wish to notice that our a priori conditions imply also that there exists a
constantM2 depending on δ, θ and δ1 only such that for any z ∈ σj , j = 1, . . . , n,
we have

dist(z, ∂Ω) ≥M2 min{δ, |z − Vj |}. (6.15)

For the time being we fix i, j ∈ {0, 1, 2}, i 6= j, and we define ψ = ηi − ηj .
Let us consider the antiderivative along ∂Ω of ψ

Ψ(s) =

∫

ψ(s)ds

the indefinite integral taken, as usual, with respect to arclength on ∂Ω in the
counterclockwise direction. The function Ψ is defined up to additive constants
and, by (6.1), satisfies

|Ψ(z0) − Ψ(z1)| ≤ H1|z0 − z1|1/2 (6.16)

for any z0, z1 ∈ ∂Ω, where H1 depends on the a priori data only.
We shall denote by u the solution to (6.4) with ψ in place of ψi, that is the

solution to the following






div(A∇u) = 0 in Ω\Σ,
A∇u · ν = 0 on either side of σj , j = 1, . . . , n,
A∇u · ν = ψ on ∂Ω.

(6.17)
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By Proposition 3.3 or by observing that Ω\Σ is simply connected, we know
that there exists a global stream function v associated to u and that v satisfies







div(B∇v) = 0 in Ω\Σ,
v = cj on σj , j = 1, . . . , n,
v = Ψ on ∂Ω,

(6.18)

where B = (detA)−1AT , cj are unknown constants and Ψ is the antiderivative
of ψ.

We shall also consider the complex valued function f = u+iv which is clearly
k-quasiconformal with k depending on λ and Λ only.

We shall need the following construction. We recall that a bi-Lipschitz map
χ is a homeomorphism such that χ and its inverse belong to W 1,∞.

Lemma 6.2 Let Ω be a simply connected bounded open set which verifies the

assumptions on the domain stated before and let Σ be a multiple surface crack

in Ω which satisfies the a priori information and the assumptions of Part (I)
of Theorem 6.1. Then there exists a sense-preserving bi-Lipschitz map χ from

Ω\Σ onto B1(0) such that the W 1,∞-norms of χ and its inverse are dominated

by constants depending on the a priori data only.

Proof. See Lemma 4.4 for an analogous procedure. �

We denote f̃ = f ◦χ−1. We can apply to f̃ the Representation Theorem 2.2
and we obtain that f̃ = F ◦ χ1 where χ1 is a homeomorphism from B1(0)
onto itself such that χ1 and its inverse are Hölder continuous, with constants
depending on the a priori data only, and F is holomorphic. Let us set F = U+iV .

By (6.16) and by classical results of regularity theory we obtain that V is
Hölder continuous up to the boundary of B1(0). By Privaloff’s Theorem (see
[19, Part II, Chapter 6, Theorem 5, page 279]) we have that also U is Hölder
continuous up to the boundary of B1(0).

By this property, by the regularity of χ and χ1 and by the fact that v is
constant on each σj , j = 1, . . . , n, we have that v is Hölder continuous on Ω with
constants depending on the a priori data only whereas u is Hölder continuous
with constants depending on the a priori data only with respect to the geodesic
distance in Ω̃ (see Definition 4.2 for a rigorous definition of Ω̃ and of its geodesic
distance).

Lemma 6.3 Under the assumptions of Part (I) of Theorem 6.1, let u be the

solution to (6.17) and let v be its stream function, solution to (6.18). We nor-

malize v in such a way that

max
∂Ω

v = 1. (6.19)

Then we have that

dist(z, ∂(Ω\Σ)) ≤ C1(1 − v(z))α1 for any z ∈ Ω, (6.20)

where C1 and α1 > 0 depend on the a priori data only.

Proof. With the notations introduced before, we have that F is Hölder con-
tinuous up to the boundary of B1(0), with constants C2 and α2, 0 < α2 < 1,
depending on the a priori data only.
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By the assumptions on the boundary data and by (6.19), we have that 0 ≤
V ≤ 1 and both 0 and 1 are attained by V on the boundary of B1(0).

Let 0 < r < 1. Let m(r) = infBr(0) V and M(r) = supBr(0) V . By Harnack’s
inequality we have

M(r) ≤
(

1 + r

1 − r

)2

m(r);

1 −m(r) ≤
(

1 + r

1 − r

)2

(1 −M(r)).

We can find r0, 0 < r0 < 1 depending on the a priori data only, such that
C2(1 − r0)

α2 ≤ 1/2. Without loss of generality we restrict our analysis to the
case r ≥ r0. For these r we have that m(r) ≤ 1/2 ≤M(r).

So we have

m(r) ≥ 1/8(1 − r)2;

M(r) ≤ 1 − 1/8(1 − r)2.

Fix η ∈ (0, 1) and let z ∈ Ω be such that v(z) ≥ 1 − η then w = (χ1 ◦ χ)(z)
is such that V (w) ≥ 1 − η, hence |w| ≥ 1 − 2(2η)1/2, that is dist(w, ∂B1(0)) ≤
2(2η)1/2.

Since χ−1 ◦ χ−1
1 is Hölder continuous up to the boundary of B1(0), with

constants depending on the a priori data only, we obtain the conclusion. �

Let u be the solution to (6.17) and u′ the solution to the same problem when
Σ is replaced by Σ′. Let v and v′ be their stream functions respectively.

We denote Φ = W + iZ = u − u′ + i(v − v′) : Ω\(Σ ∪ Σ′) 7→ C. We may
normalize v and v′ in such a way that (6.19) holds and therefore Z is identically
zero on ∂Ω. We have also that |W | ≤ 2ε on Γ0, that is Φ satisfies the following
Cauchy type problem







Φz = µΦz + νΦz in Ω\(Σ ∪ Σ′),
|Φ| ≤ 2ε on Γ0,
ℑΦ = 0 on ∂Ω,

(6.21)

where |µ| + |ν| ≤ k < 1.
Our aim is to estimate |Z| in terms of ε.

Proposition 6.4 Assume all the hypotheses of Part (I) of Theorem 6.1 are

satisfied. Let us fix z0 ∈ Σ′. There exists i, j = 0, 1, 2, i 6= j, such that if

ψ = ηj−ηi, u is the solution to (6.17) and u′ is the solution to the same problem

when Σ is replaced by Σ′ and v and v′ are their stream functions respectively,

both normalized in such a way that (6.19) holds, then we have

|1 − v(z0)| ≤ η(ε) (6.22)

where η(ε) is a positive function on (0,+∞) that verifies

η(ε) ≤ K3(log | log ε|)−β2 for every ε, 0 < ε < 1/e. (6.23)

Here K3 and β2 are positive constants depending on the a priori data only.
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Proof. By shrinking Γ0 if necessary we may assume that the distance of Γ0

from any surface point of Σ and Σ′ is greater than a constant δ3 > 0 depending
on the a priori data only.

As in the proof of Proposition 4.11, we construct so-called h-tubes beginning
at Γ0.

We say that z is h-accessible if it belongs to the closure of an h-tube contained
in Ω\(Σ ∪ Σ′). We define Gh the set of h-accessible points of G.

Again by the technique used in Proposition 4.11, we have for any z ∈ Gh
and any h, 0 < h ≤ h0, the following estimate

|v(z) − v′(z)| ≤ C3h
α3 + (C4 + ε)

(

ε

C4 + ε

)exp(−C5/h
2)

(6.24)

with constants C3, C4, C5, h0 > 0 and α3, 0 < α3 < 1, depending on the a

priori data only. We recall that here α3 is the Hölder exponent of the Hölder
continuity of v.

Let us introduce, as before, Kh as the set of points constituting the interior
endpoint of a curve γ such that γh is an h-tube contained in Ω\(Σ∪Σ′). We have
that Kh is simply connected. Let us consider its boundary ∂Kh and its subset
αh = {z ∈ ∂Kh : dist(z,Σ ∪ Σ′) = M2h}. Let βh be a connected component of
αh. We have that for any z ∈ βh there exists a point w belonging to either Σ or
Σ′ such that |z − w| = M2h. We fix an arbitrary point z ∈ βh and take a point
w ∈ Σ∪Σ′ satisfying |z−w| = M2h. Without loss of generality we may assume
w ∈ Σ. We may choose ψ in such a way that v(w) = 1.

Then, by the same technique used in the proof of Proposition 4.11, there
exists a collection of cracks (possibly depending on h) such that any point
belonging to βh has a distance of M2h from a point belonging to this collection
and the following is satisfied. If c is the constant value of v (or respectively v′)
on any crack belonging to Σ (respectively to Σ′) contained in this collection
then we have, for every h, 0 < h ≤ h0,

|1 − c| ≤ C6h
α3 + (C4 + ε)

(

ε

C4 + ε

)exp(−C5/h
2)

(6.25)

where C6 depends on the a priori data only.
Therefore we obtain that for any z ∈ βh

|v(z) − 1| ≤ C7h
α3 + (C4 + ε)

(

ε

C4 + ε

)exp(−C5/h
2)

and

|v′(z) − 1| ≤ C7h
α3 + (C4 + ε)

(

ε

C4 + ε

)exp(−C5/h
2)

C7 depending on the a priori data only.
Given this result we proceed as follows. We may find two points z1, z2 belong-

ing to βh and two points w1 and w2 belonging to ∂Ω such that |zi−wi| = M2h
for any i = 1, 2 and the following property is verified. If we call Γ2 the subarc of
∂Ω connecting w1 to w2 whose intersection with Γ0 is empty, then the domain
Q, bounded by the curve obtained by joining βh, the segments connecting zi to
wi and Γ2, is contained in Ω\Gh and contains the collection of cracks described
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before. We shall call Γ1 the subarc obtained by removing from ∂Ω the subarc
Γ2 and Q′ the domain Ω\Q.

By our previous considerations and by the Hölder continuity of v, we imme-
diately infer that for any z ∈ ∂Q\∂Ω and every h, 0 < h ≤ h0, we have

|v(z) − 1| ≤ C8h
α3 + (C4 + ε)

(

ε
C4+ε

)exp(−C5/h
2)

|v′(z) − 1| ≤ C8h
α3 + (C4 + ε)

(

ε
C4+ε

)exp(−C5/h
2)

(6.26)

C8 depending on the a priori data only. These last equations hold also for w1

and w2.
Then we consider the values attained by Ψ on Γ1 and Γ2. We have that, by

our assumptions on the boundary data, either for any z ∈ Γ1 or for any z ∈ Γ2

|Ψ(z) − 1| ≤ C8h
α3 + (C4 + ε)

(

ε

C4 + ε

)exp(−C5/h
2)

. (6.27)

From this we infer that, by the maximum principle, given the fact that v is a
single valued stream function satisfying a no flux condition, (6.26) holds either
for any z ∈ Q or for any z ∈ Q′.

Next we consider the following reasoning. We have that Q′ contains Gh and
hence, by the properties of Γ0 and by the a priori information on the multiple
surface cracks, contains a set of points (at least for h small enough) whose
distance from ∂Ω ∪ Σ ∪ Σ′ is greater that δ4 > 0, δ4 depending on the a priori

data only.
We fix z0 ∈ Σ′ and we set h(ε) as we did in the proof of Proposition 4.11. We

have that z0 belongs to one of the domains Q we have constructed before. Hence
by our previous arguments we may choose ψ, ψ depending on Q, such that (6.26)
holds with h = h(ε) either for any z belonging to Q or for any z belonging to
Q′. However this second possibility can not occur if ε is small enough. In fact,
by Lemma 6.3, we would obtain that for any z ∈ Q′ the distance from ∂Ω ∪ Σ
would be less than a function η1(ε) where η1(ε) is a positive function satisfying
(6.7) with constants depending on the a priori data only. And this, if ε is smaller
than a constant depending on the a priori data only, contradicts the fact that
we have points belonging to Q′ whose distance from ∂Ω∪Σ∪Σ′ is greater that
δ4 > 0.

So the conclusion follows. �

Proof of Part (I) of Theorem 6.1. Let us fix σ′ ⊂ Σ′. Let us call V ′ the
surface tip of σ′. We take z0 ∈ σ′ and let p = dist(z0,Σ). We choose ψ as in
Proposition 6.4.

Then by Lemma 6.3 we have that dist(z0, ∂(Ω\Σ)) ≤ C1η(ε)
α1 . So we obtain

that either p ≤ C1η(ε)
α1 or dist(z0, ∂Ω) ≤ C1η(ε)

α1 .
In this second case, for ε ≤ ε1, ε1 > 0 depending on the a priori data only,

we have that z0 ∈ Bδ/2(V
′).

Let us assume |z0 − V ′| > C1

M2

η(ε)α1 , M2 as in (6.15). Then by the a priori

information on Σ′, in particular by (6.15), we have that dist(z0, ∂Ω) > C1η(ε)
α1

and so we obtain that p ≤ C1η(ε)
α1 . Hence there exists a constant C9 depending

on the a priori data only such that for any z ∈ σ′ we have dist(z,Σ) ≤ C9η(ε)
α1 .
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The proof then follows by considering any connected components of Σ′ and
by reversing the role of Σ and Σ′. �

Let us proceed now to the proof of Part (II) of Theorem 6.1. With the
additional information on the multiple surface cracks, with the aid of the results
developed in Section 2.2, we are able to refine the result of Proposition 6.4 and
hence to obtain Part (II) of Theorem 6.1.

Proposition 6.5 Under the assumptions of Part (II) of Theorem 6.1, for any

z0 ∈ Σ′ there exists ψ = ηi − ηj, i, j ∈ {0, 1, 2}, i 6= j, such that if u solves

(6.17) and u′ solves (6.17) when Σ is replaced by Σ′ and v and v′ are their

stream functions, normalized such that v = v′ on ∂Ω and (6.19) holds, we have

|1 − v(z0)| ≤ K4| log ε|−β3 for every ε, 0 < ε < 1/e, (6.28)

where K4 and β3 are positive constants depending on the a priori data and on

θ0 and θ1 only.

Proof. The idea of the proof is similar to the one used to prove Proposition 4.12.
The main difference is that in the case of surface cracks is more difficult to
estimate |v − v′| near the surface tips of the cracks.

We shall consider the following construction. First of all, by Part (I), we
may assume, without loss of generality, that the two multiple cracks have the
same number of connected components, let us say equal to n. We may also
assume that we may order them so that (6.8) holds with ω(ε) which is less than
δ2/4, δ2 as in (6.13). In this way for any connected component σ of Σ we may
find σ′, a connected component of Σ′, such that dH(σ, σ′) ≤ δ2/4 and any other
connected component belonging to any of the two multiple cracks has a distance
from σ and σ′ greater than δ2/2. In this way we identify n different couples of
cracks, one of them belonging to Σ and the other belonging to Σ′. By this lower
bound on the separation distance of these couples, we are able to treat them
indipendently one from each other.

We fix z0 ∈ Σ′ and we take the couple σ and σ′ to which z0 belongs. Let
V1 and V ′

1 be the surface tips of σ and σ′ respectively. Let Γ2 be the subarc of
∂Ω connecting V1 to V ′

1 whose intersection with Γ0 is empty. It is not difficult
to choose ψ in such a way that Ψ|Γ2

= 1 = max∂Ω Ψ. We recall that we have
normalized v and v′ in such a way that v = v′ = Ψ on ∂Ω.

With these considerations in mind, we may assume, for the sake of simplicity,
that Σ and Σ′ are composed only by one connected component, namely the
couple σ and σ′. Then we may proceed as in [37] and by the same construction
the multiple cracks case follows easily. Let us recall the construction developed
in [37].

Let G be the connected component of Ω\(σ ∪ σ′) such that Γ0 ⊂ ∂G. We
recall that we have chosen ψ such that the value of Ψ on Γ2 is equal to 1 and to
max∂Ω Ψ. Since v = v′ = Ψ on ∂Ω, we have v|σ = 1 = v′|σ′ , so, by the maximum
principle, it is enough to prove the following estimate

|v(z) − v′(z)| ≤ K4| log ε|−β3 , (6.29)

for any z ∈ ∂G.
Our aim is the following. Assuming dH(σ, σ′) small enough, then for any

z ∈ ∂G we would like to find an open set S ⊂ G, whose shape is given and
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whose size depends on the a priori data only, such that z ∈ ∂S and there exists
γ, a subarc of ∂S, such that for any w ∈ γ we have dist(w, ∂G) ≥ E1, where E1

is a positive constant depending on the a priori data only.
Therefore, with essentially the same procedure used to obtain (4.44), we

could deduce the following estimate

|f(w) − f ′(w)| ≤ E2ε
α4 for any w ∈ γ, (6.30)

where E2 and α4, 0 < α4 < 1, depend on the a priori data only.
Then, since the shape of S is known, by the same kind of procedure used in

the proof of Proposition 4.12 we shall obtain (6.29) for any z ∈ ∂G.
We remark that, in the case of interior cracks, by the aid of Lemma 2.12, we

were able to choose as S a suitable angular sector with vertex in z and given
radius and amplitude. In the case of surface cracks, for points which are near
the crack tips of the two cracks, the construction of such a domain S, which is
the essential part of the proof, is obtained as follows (see also Figure 6.1).

By Part (I) of Theorem 6.1 and Lemma 2.12, we can assume, without loss of
generality, that there exist constants ρ0 > 0 and θ2, 0 < θ2 < π, depending on
the a priori data only, such that for any z ∈ (σ∪σ′) we can find an open angular
sector S0 of radius ρ0, amplitude θ2 and vertex in z such that S0 ∩ (σ ∪σ′) = ∅.

However, if z is near to one of the surface tips then S0 may be crossed by
∂Ω. In order to solve this difficulty we shall consider the following construction.

We note that, without loss of generality, we suppose that |V1 − V ′
1 | ≤ δ/4.

Then by recalling the assumptions and the notations introduced in Part (II)
of Theorem 6.1, we may find a coordinate system (x, y) such that properties
(i)–(iii) are satisfied. Then by (6.9) and (6.10) it is not difficult to show that
we may construct two angular sectors P2 and P ′

2 contained in G, with the same
radius and amplitude depending on θ0 and θ1 only, whose vertex is V1 or V ′

1

respectively and whose bisecting line intersects the x-axis with an angle of ϑ1

and −ϑ1 respectively, 0 < |ϑ1| < π/2 depending on θ0 and θ1 only.
Let γ and γ′ be the circular arcs contained in ∂P2 and ∂P ′

2 respectively. We
may assume, shrinking P2 and P ′

2 if necessary, keeping, however, their vertices
and bisecting lines as before and the dependence of their radius ρ1 > 0 and
amplitude ϑ2, 0 < ϑ2 < π, on the a priori data only, that for any w ∈ γ ∪ γ′ we
have dist(w, ∂G) ≥ E3, where E3 > 0 depends on the a priori data only.

We have already remarked that for any z ∈ σ ∪ σ′ we can find the angular
sector S0 of radius ρ0, amplitude θ2 and vertex in z such that S0 ∩ (σ ∪σ′) = ∅.
Furthermore there exists δ5 > 0, depending on the a priori data only, such that
if z ∈ Bδ5(V1) ∩ (σ ∪ σ′) then we can choose S0 such that, in the coordinate
system introduced before, its bisecting line is parallel to the y-axis.

There exists a constant δ6, 0 < δ6 < δ5 depending on the a priori data only,
such that for any z ∈ (σ ∪ σ′) satisfying |z− V1| ≥ δ6 we have dist(z, ∂Ω) ≥ E4,
where E4 > 0 depends on the a priori data only. So we may find constants
ρ2 > 0, θ3, 0 < θ3 < π, and E5 > 0, depending on the a priori data only, such
that for any z ∈ (σ ∪ σ′) verifying |z − V1| ≥ δ6 there exists an angular sector
S ⊂ G with vertex in z, radius ρ2 and amplitude θ3 such that if γ is the circular
arc contained in ∂S then for any w ∈ γ we have dist(w, ∂G) ≥ E5.

Let z ∈ (σ ∪ σ′) such that |z − V1| ≤ δ6. Let us consider the angular sector
S0 defined before, with vertex in z and whose bisecting line is parallel to the
y-axis. This bisecting line intersects the bisecting line either of P2 or of P ′

2, let us
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say without loss of generality P2. Let S1 be the connected component of S0\P2

which is adherent to z. Let S be the region obtained by the union of P2 and S1.
In this case we shall denote by γ the circular arc contained in ∂P2.

V1V1’

σ σ’

S

∂Ω

z

γ
P2

S0

Figure 6.1: construction of domain S for a point close to the crack tips.

We can find ρ3 > 0 such that for any r, 0 < r ≤ ρ3, the set {z ∈ Ω :
dist(z, ∂Ω ∪ σ) > r} is connected. Here ρ3 depends on the a priori data only.

Let us take ρ4 = (1/2)min(ρ3, E3, E5). Let us also assume, by Part (I) of
Theorem 6.1, that dH(σ, σ′) ≤ ρ4/4. In such a way we have (Ω\σ)ρ4 ⊂ (G)ρ4/2.
Observe that ρ4 was chosen in order to have that for any z ∈ σ ∪ σ′ if S and γ
are as described before then γ ⊂ (Ω\σ)ρ4 .

Let z ∈ σ ∪ σ′ and S and γ be constructed as before. We have that (6.30)
holds for any w ∈ γ with constants depending on the a priori data only. To
estimate |v(z)− v′(z)| we shall apply to the domain S the generalization of the
harmonic measure technique developed in the proof of Proposition 4.12.

The estimate from below on ω, the LA1
-harmonic measure of γ with respect

to S, will be made in the same way as in the proof of Proposition 4.12 if the
domain S is an angular sector. However, if z is near the surface tips and S is,
essentially, the union of two angular sectors, P2 (or P ′

2) and S1, then we can
construct a sequence of discs which satisfies the same qualitative properties as
the one used in the case of the angular sector to evaluate ω from below.

Therefore, by using the same technique considered during the proof of Propo-
sition 4.12, one can obtain (6.29) with constants depending on the a priori data

only for any z ∈ σ ∪ σ′. �

Proof of Part (II) and Part (III) of Theorem 6.1. The Part (II) follows
immediately from Proposition 6.5 and Lemma 6.3 by the reasoning used to prove
Part (I).

About Part (III), we notice that Part (I) and Corollary 2.11 allow us to
assume, without loss of generality, that Σ and Σ′ are RLG. We need only to
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prove that, if dH(Σ,Σ′) is small enough then the additional technical condition
assumed in Part (II) of Theorem 6.1 is satisfied.

Let us fix the cracks σ ⊂ Σ and σ′ ⊂ Σ′ and let V1 and V ′
1 be their surface

tips respectively. By the same kind of reasoning already used many times, we
have that either |V1 − V ′

1 | is greater than δ/4 or, by Part (I), |V1 − V ′
1 | may

be assumed smaller than any given positive constant provided that ε is small
enough. We assume that |V1 − V ′

1 | ≤ δ/4. Let τ0 be the unit vector which is
tangent to σ in V1. Let us choose a Cartesian coordinate system (x, y) such that
V1 = (0, 0) and τ0 = (1, 0). Finally, let l = {(x, y) : x ≥ 0, y = 0}.

Then by the Ck,α regularity assumptions on the two cracks, we can find
r1 > 0, M3 and ϑ3, 0 < ϑ3 < π, depending on the a priori data, on k and on
α only, such that the following holds. The curve σ is a Lipschitz graph with
constant M3 in Br1(V1) with respect to the coordinates (x, y) and, if P0 and P1

are the angular sectors with radius r1/2, vertex in V1, l as bisecting line and
amplitude ϑ3 and ϑ3/4 respectively, we have

P0 ⊂ Ω and (Br1/2(V1) ∩ σ) ⊂ P1. (6.31)

Let V ′
1 = (x1, y1) be the surface tip of σ′ and let us consider the translation

map g : R2 7→ R2 so defined

g((x, y)) = (x+ x1, y + y1).

Let P ′
0 and P ′

1 be the image through g of P0 and P1 respectively.
By the Ck,α regularity assumptions on the two cracks, Part (I) of Theo-

rem 6.1 and Lemma 2.10 we may assume, without loss of generality, dH(σ, σ′)
small enough in order to ensure that |V1 − V ′

1 | ≤ r1/4, σ′ is a Lipschitz graph
with constant M3 in Br1(V1) with respect to the coordinates (x, y) and

P ′
0 ⊂ Ω and (Br1/2(V

′
1) ∩ σ′) ⊂ P ′

1. (6.32)

So the assumptions of Part (II) are satisfied and the conclusion follows. �

6.1 Lipschitz stability for the determination of

a single linear surface crack

In this section we shall prove some Lipschitz stability estimates for the deter-
mination of a single linear surface crack in a homogeneous conductor.

Given the positive constants α, 0 < α < 1, M , δ, L, H , δ1 and δ2, which as
usual will be called the a priori data, let us consider the following assumptions
on the data and a priori information on the unknown linear surface crack.

Assumptions on the data

Let Ω be a simply connected bounded domain contained in R2 such that ∂Ω is
a C2,α simple closed curve such that if z = z(s), 0 ≤ s ≤ l, is the arclength
parametrization of ∂Ω then

‖z‖C2,α[0,l] ≤M. (6.33)



6.1. LIPSCHITZ STABILITY FOR A LINEAR SURFACE CRACK 87

Moreover for any z ∈ ∂Ω there exist two circles of radius δ, which are tangent
in z, one contained in the closure of Ω and the other in its complement and we
also assume that the diameter of Ω is bounded by L.

We shall assume that the conductor is homogeneous, that is the background
conductivity is the identity matrix.

Let γ0, γ1, γ2 be three fixed simple arcs in ∂Ω such that

dist(γi, γj) ≥ δ, i, j = 0, 1, 2, i 6= j. (6.34)

Let us fix three functions η0, η1, η2 ∈ C1,α(∂Ω) such that for every j = 0, 1, 2

ηj ≥ 0 on ∂Ω; supp(ηj) ⊂ γj ;
∫

∂Ω ηj = 1; ‖ηj‖C1,α(∂Ω) ≤ H.
(6.35)

Then, as usual, we prescribe the current densities on the boundary as ψ1 =
η0 − η1, ψ

2 = η0 − η2 and ψ3 = η2 − η1(= ψ1 −ψ2). The function Ψi, i = 1, 2, 3,
will denote the antiderivative of ψi. By the regularity of the domain and the
current densities, for any i = 1, 2, 3, Ψi is a C2,α(∂Ω) function whose norm is
bounded by a known constant.

A priori information on the single linear surface crack

For what concerns the linear surface crack σ0 we shall assume that σ0 is a line
segment contained in Ω with endpoints V0 and W0 such that σ0 ∩ ∂Ω = {V0},
δ ≤ |V0 −W0| ≤ L and if ν is the outer normal with respect to Ω at the point
V0, then

|(W0 − V0) · ν|
|W0 − V0|

≥ δ1. (6.36)

Moreover we assume that if z ∈ σ0, |z − V0| ≥ δ/2, then

dist(z, ∂Ω) ≥ δ2 > 0. (6.37)

For any i = 1, 2, let ui0 ∈ W 1,2(Ω\σ0) be the weak solution to the following
Neumann type boundary value problem







∆ui0 = 0 in Ω\σ0,
∇ui0 · ν = 0 on either side of σ0,
∇ui0 · ν = ψi on ∂Ω,

(6.38)

where ν denotes the unit normal, with the outward orientation when on ∂Ω.
We shall obtain the following two results.

Theorem 6.6 Under the previously stated assumptions let σ0 and σ1 be two

linear surface cracks whose surface points coincide. Let ui0 be the solutions to

(6.38) and ui1 the solutions to (6.38) where σ0 is replaced by σ1.

Let Γ0 be a simple arc whose length is greater than δ contained in ∂Ω.

Then there exists a constant K depending on the a priori data only such that

dH(σ0, σ1) ≤ K max
i=1,2

‖ui0 − ui1‖L2(Γ0). (6.39)
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Remark 6.7 In the hypothesis of Theorem 6.6, the surface point of the two
cracks could be unknown. If we assume knowledge of the position where the
fracture reaches the boundary then one suitable chosen measurement is suffi-
cient to have a stable determination of the crack. In fact we have the following
corollary.

Corollary 6.8 Under the assumptions of Theorem 6.6, if V0 ∈ ∂Ω, the surface

point of σ0 and σ1, is known then, choosing ψ1 such that dist(supp(ψ1), {V0}) ≥
δ, we have

dH(σ0, σ1) ≤ K‖u1
0 − u1

1‖L2(Γ0), (6.40)

where K depends on the a priori data only.

Theorem 6.9 Under the previously stated assumptions let σ0 and σ1 be two

linear surface cracks. Let ui0 be the solutions to (6.38) and ui1 the solutions to

(6.38) where σ0 is replaced by σ1.

There exists a constant K depending on the a priori data only such that

dH(σ0, σ1) ≤ K max
i=1,2

‖ui0 − ui1‖L2(∂Ω). (6.41)

For the time being we assume the hypothesis of the Theorem 6.9 holds (that
is we do not know the surface point of the crack) and we suppose to have mea-
sured the potentials on Γ0, a subarc of ∂Ω of length at least δ. At the end
of the section we shall see how the additional information (either the location
of the surface point or the error on the measurements on ∂Ω\Γ0) allows us to
prove Theorem 6.6 and 6.9 respectively. Due to the different behaviour of the
electrostatic potential ui0, the solution to (6.38), near the interior and near the
surface endpoint respectively, Proposition 6.11, we shall use two different meth-
ods whether the Hausdorff distance between the two linear cracks coincides with
the distance between the two interior endpoints or with the distance between
the two crack tips. In the first case we shall follow the scheme developed in [7]
for interior linear cracks, the main novelty being in the fact that the one pa-
rameter family of diffeomorphisms constructed in Lemma 6.12, which will allow
us to evaluate the derivative of the potential ui0 with respect to the crack σ0,
depends on the portion of ∂Ω where the crack tip is located. In the second case
a different argument will be developed, see the proof of Theorem 6.9, page 95.

Remark 6.10 First of all let us recall that under the hypothesis described
above we have

dH(σ0, σ1) ≤ ω

(

max
i=1,2

‖ui0 − ui1‖L2(Γ0)

)

, (6.42)

where ω : [0,+∞) 7→ [0,+∞) is a known continuous increasing function such
that ω(0) = 0. In fact we have obtained previously in this chapter a stability
estimate of this kind, where the error on the measurements was given in the
L∞-norm. By the regularity assumptions on the domain and the conductivity
we can deduce the same result with the error in the L2-norm. We can find a
smooth subdomain Ω1 of Ω such that dist(Ω1, σ0 ∪ σ1) ≥ δ3 and ∂Ω1 intersects
Γ0 on a subarc Γ1 of length at least δ3. Here δ3 depends on the a priori data

only. By the use of the harmonic conjugates, whose values on ∂Ω coincide with
Ψi, and of classical regularity estimates we have that ui0 and ui1 on Γ1 are of
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class C2,α and we also have an upper bound on the C1,α-norm on Γ1 of the
tangential derivative of (ui0 − ui1). With the aid of the interpolation inequality

‖ui0 − ui1‖L∞(Γ1) ≤ C(‖ui0 − ui1‖H2(Γ1))
1/2(‖ui0 − ui1‖L2(Γ1))

1/2

we can find a constant C1 depending on the a priori data only such that

‖ui0 − ui1‖L∞(Γ1) ≤ C1(‖ui0 − ui1‖L2(Γ1))
1/2.

By Remark 6.10, taking ε = maxi=1,2 ‖ui0 − ui1‖L2(Γ0) small enough we can
assume, without loss of generality, that there exists a positive constant δ4 such
that |V0 − V1| ≤ δ4, dist(Γ0, {V0, V1}) ≥ δ4 and there exists i ∈ {1, 2, 3} such
that the following holds

dist(supp(ψi), {V0, V1}) ≥ δ4 and Ψi(V0) = Ψi(V1) = max
∂Ω

Ψi = 1. (6.43)

We denote ψ = ψi, i as in (6.43), and we drop from now on all the su-
perscripts. In fact the Cauchy data corresponding to this current density are
enough to obtain the stability estimate.

In the next proposition we want to describe the behaviour of u0 along the
crack σ0. We shall prove that, at the inner endpoint W0, |∇u0| has a singularity
of the type z−1/2 whereas at the surface endpoint V0 the function u0 has a jump
discontinuity across the crack.

Proposition 6.11 Let u0 be the solution to (6.38) where ψi is replaced with ψ,

ψ verifying (6.43). Then there exist positive constants C2 and ρ, depending on

the a priori data only, such that

|∇u0(z)| ≥ C2|z −W0|−1/2 for every z ∈ Bρ(W0)\σ0, (6.44)

and also

|u0(V
+
0 ) − u0(V

−
0 )| ≥ C2, (6.45)

where u0(V
+
0 ) and u0(V

−
0 ) denote the limit values of u0 approaching V0 from

either side of σ0.

Proof. We recall that, as usual, we denote by v0 the harmonic conjugate to u0.
First of all we choose a coordinate system such that W0 = (0, 0) = 0 and

V0 = (l, 0), l > 0. Let g(z) =
√
z. The domain Ω1 = g(Ω\σ0) is simply connected

and its boundary is composed by the segment line s connecting the points
P = (−

√
l, 0) and Q = (

√
l, 0) and a C2,α simple curve γ connecting the same

endpoints P , Q.
Let ũ0(z) = u0(z

2). At this point we want to note that by u0(V
−
0 ) and

u0(V
+
0 ) we mean ũ0(P ) and ũ0(Q) respectively.

Since the angle between γ and s at P and Q can be controlled by known
constants we can deform Ω1 by a bi-Lipschitz map χ1 such that Ω2 = χ1(Ω1)
is a domain whose boundary is a C2,α simple closed curve and χ1(z) = z for
any z outside suitable neighbourhoods of P and Q. Then by a C2,α conformal
mapping χ2 we map Ω2 onto B1(0). Let P1 and Q1 ∈ ∂B1(0) be the image
through χ2 ◦χ1 of P and Q respectively and s1 ⊂ ∂B1(0) be the image through
χ2 ◦ χ1 of s. Furthermore we shall denote S = χ2 ◦ χ1(0).
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Let us consider the change of coordinates χ3 = χ2 ◦χ1 ◦ g. Let û0 = u0(χ
−1
3 )

and v̂0 = v0(χ
−1
3 ). Then v̂0 satisfies in a weak sense in B1(0) the elliptic equation

div(A∇v̂0) = 0 where A = A(z), z ∈ B1(0), is a 2×2 uniformly positive definite
matrix whose entries are Lipschitz and such that A(z) = I for any z outside
Bρ1(P1) and Bρ1(Q1). The change of coordinates χ1 can be constructed, without
loss of generality, in such a way that there exists a positive constant ρ2 such
that the length of the arc s2 = s1\(B2ρ1(P1)∪B2ρ1 (Q1)) is greater than ρ2 and
S ∈ s2. We denote by P2 and Q2 the endpoints of s2.

We have that v̂0|∂B1(0) is a C2,α function such that v̂0|s1 ≡ 1 = max∂B1(0) v̂0.
This implies, for instance, that u0 is Hölder continuous, with constants depend-
ing on the a priori data only, with respect to the geodesic distance in Ω\σ0.

Then by Harnack’s inequality and Hopf’s maximum principle, there exists a
positive constant C3 such that

∇v̂0 · ν(z) ≥ C3 for any z ∈ s2. (6.46)

From (6.46) and from standard regularity theory we obtain that there exists
ρ3 > 0 such that

|∇v̂0|(z) = |∇û0|(z) ≥ C3/2 for any z ∈ Bρ3(S). (6.47)

Then (6.44) follows easily by recalling that u0 = û0(χ2 ◦χ1 ◦ g) and g(z) =
√
z.

We denote by τ the tangent to the boundary oriented in the clockwise di-
rection, that is τ = −(ν)⊥.

Then, since v̂0 is the stream function related to û0,

∇û0 · τ(z) ≥ C3 for any z ∈ s2 (6.48)

and this implies that

|û0(P2) − û0(Q2)| ≥ C3ρ2. (6.49)

Since ∇ũ0 · τ(z) ≥ 0 for any z ∈ s, then |ũ0(P )− ũ0(Q)| ≥ |û0(P2)− û0(Q2)|
and so (6.45) follows from (6.49). �

Let σt, 0 ≤ t ≤ 1, be the following surface crack. Let Pt = V0+t(V1−V0) and
Wt = W0 + t(W1 −W0). We shall denote by γt the segment line with endpoints
Wt and Pt. Let r = {Wt+s(Pt−Wt) : s ≥ 0} and let Vt be the first intersection
point of r and ∂Ω. We denote by σt the linear surface crack with endpoints Vt
and Wt.

Lemma 6.12 For any ρ > 0 there exist C4, δ5 > 0, depending on the a priori
data and on ρ only, such that, if dH(σ0, σ1) ≤ δ5 then there exists a one param-

eter family of C2,α diffeomorphisms ζt : Ω 7→ Ω, 0 ≤ t ≤ 1, with the following

properties

(i) ζt(σt) = σ0 for any t, 0 ≤ t ≤ 1;

(ii) in Bρ(W0), ζt is the restriction of a complex linear function for any t,
0 ≤ t ≤ 1;

(iii) ζt(z) = z for any z ∈ Ω\B2ρ(σ0) and for any t, 0 ≤ t ≤ 1;
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(iv) ζt is twice continuously differentiable with respect to t and we have

∣

∣

∣

∣

d

dt
ζt(z)

∣

∣

∣

∣

=
∣

∣

∣
ζ̇t(z)

∣

∣

∣
≤ C4dH(σ0, σ1), (6.50)

∣

∣

∣

∣

d2

dt2
ζt(z)

∣

∣

∣

∣

=
∣

∣

∣
ζ̈t(z)

∣

∣

∣
≤ C4(dH(σ0, σ1))

2. (6.51)

Proof. We follow the procedure described in the proof of Lemma 4.1 in [7], with
suitable adaptations near the surface tip.

Let T1 be the complex valued linear transformation

T1z =
V1 −W1

V0 −W0
z +

V0W1 − V1W0

V0 −W0
. (6.52)

Then we have T1(σ0) = σ1. We set Tt = I + t(T1 − I) and we obtain that
T−1
t (γt) = σ0 for any t, 0 ≤ t ≤ 1,

‖T−1
t − I‖ ≤ C5dH(σ0, σ1)t (6.53)

and
d

dt
T−1
t = T−1

t (I − Tt)T
−1
t , 0 ≤ t ≤ 1. (6.54)

We set

nt =
Wt − Vt
|Wt − Vt|

.

Consider the Cartesian coordinate system such that V0 = (0, 0) and ν(V0) =
(0,−1). By the assumptions on Ω, there exists a known constant δ6 such that
∂Ω∩Bδ6(V0) is the graph of a C2,α function f , that is ∂Ω∩Bδ6(V0) = {(x, y) ∈
Bδ6(V0) : y = f(x)}.

By the assumptions on the domain Ω and the a priori information on the
admissible cracks, in particular by (6.36), we can find an explicit constant δ7 <
δ6 such that, assuming dH(σ0, σ1) ≤ δ7, if we set x(t) such that (x(t), f(x(t)) =
Vt, then [0, 1] ∋ t 7→ x(t) is a C2 function such that

|ẋ(t)| ≤ C6dH(σ0, σ1), |ẍ(t)| ≤ C6(dH(σ0, σ1))
2, (6.55)

where C6 depends on the a priori data only.
For any (r, s) in a suitable neighbourhood of the origin we can define, for

any t, 0 ≤ t ≤ 1,

ξt(r, s) = (r, f(r)) + snt.

Locally near the origin ξt is invertible. Using (6.36) again, we can choose δ6
in such a way that ξ−1

t , for any 0 ≤ t ≤ 1, is a C2,α diffeomorphism of Bδ6(V0)
onto a neighbourhood of the origin. Remark also that ξt(r, s) belongs to Ω if
and only if s > 0.

Now we set δ8 as the minimum between ρ/2 and δ6 and we set δ5 as the
minimum between δ7 and δ8/8. Assume dH(σ0, σ1) ≤ δ5.

For the time being we denote by I the interval [−δ8, δ8]. Let us fix a non neg-
ative smooth function η(t) : I 7→ R whose support is contained in [−δ8/4, δ8/4]
and such that η(0) = 1.
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Let ϕt : I 7→ I be defined as

ϕt(r) = r + x(t)η(r) for any r ∈ I and for any t ∈ [0, 1].

We have that ϕt is invertible, for any t, 0 ≤ t ≤ 1, and for any r ∈ I

∣

∣

∣

∣

d

dt
(ϕ−1
t )(r)

∣

∣

∣

∣

≤ C7dH(σ0, σ1),

∣

∣

∣

∣

d2

dt2
(ϕ−1
t )(r)

∣

∣

∣

∣

≤ C7(dH(σ0, σ1))
2, (6.56)

C7 depending on the a priori data only.
Let (r, s) = ξ−1

0 (x, y). Then we define

St(x, y) = ξt(ϕt(r), s). (6.57)

We have that St is invertible and S−1
t locally transforms points belonging to

σt into points of σ0.
In order to obtain the desired change of coordinates ζt we combine T−1

t , S−1
t

and the identity map as follows.
Let φ1 be a smooth, non negative function whose support is contained in

Bδ8(V0) and such that φ1 ≡ 1 in B3δ8/4(V0) and φ2 be smooth, non negative
and such that its support is contained in B3δ8/4(σ0) and φ2 ≡ 1 in Bδ8/2(σ0).

We set
ζt(z) = (1 − φ2)z + φ2[(1 − φ1)T

−1
t + φ1S

−1
t ]. (6.58)

It is easy to show that T−1
t , by (6.53), and S−1

t , by construction, are per-
turbations of order dH(σ0, σ1) of the identity, hence it follows that ζt(z) is
invertible.

By direct computation we can prove (6.50) and (6.51). The remaining part
of the result follows from the construction. �

We choose ρ, in Lemma 6.12, small enough to guarantee that ζt is the identity
in a neighbourhood of Γ0.

For any 0 ≤ t ≤ 1 let ζ̃t = χ3 ◦ ζt, where χ3 is the change of coordinates
built in the proof of Proposition 6.11 in order to transform Ω\σ0 onto B1(0).

Let wt be any solution to the following problem







∆wt = 0 in Ω\σt,
∇wt · ν = 0 on either side of σt,
∇wt · ν = ψ on ∂Ω.

(6.59)

Set w̃t = wt ◦ ζ̃−1
t . Then w̃t is a weak solution to

{

divAtw̃t = 0 in B1(0),

At∇w̃t · ν = ψ̃ on ∂B1(0),
(6.60)

where At, for any t ∈ [0, 1], is uniformly elliptic and bounded, with constants
depending on the a priori data only, and ψ̃ is a smooth, zero average function
on ∂B1(0).

We wish to remark that At = I for any 0 ≤ t ≤ 1 in a known neighbourhood
of S and outside a known neighbourhood of s1. We recall that, as in the proof of
Proposition 6.11, S and s1 denote the image through χ3 of the interior endpoint
of σ0 and of σ0 itself, respectively.
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So At is different from the identity in a region contained in a sector of an
annulus which we shall denote by K. Furthermore we have that for any t ∈ [0, 1]

∣

∣

∣
Ȧt(z)

∣

∣

∣
≤ C8dH(σ0, σ1) for a.e. z ∈ K, (6.61)

and for any t0, t1 ∈ [0, 1]
∣

∣

∣

(

Ȧt0 − Ȧt1

)

(z)
∣

∣

∣
≤ C8(dH(σ0, σ1))

1+α|t0 − t1|α for a.e. z ∈ K. (6.62)

Here C8 depends on the a priori data only.

Remark 6.13 We wish to observe that the regularity of At with respect to t
depends on the smoothness of ∂Ω near the surface tips of the cracks σt. Assuming
∂Ω ∈ C2,α, Ȧt is Hölder continuous but not necessarily Lipschitz continuous
with respect to t. Hence we have estimated, (6.62), the Hölder constants of Ȧt
instead of its Lipschitz constant as in [7].

We know that (6.60) admits a unique solution up to an additive constant.
We normalize such a constant for any t by imposing

∫

B1(0)

w̃t = 0. (6.63)

From now on w̃t will denote the particular solution satisfying (6.60) and
(6.63) and we set wt = w̃t ◦ ζ̃t.

Lemma 6.14 Let dH(σ0, σ1) ≤ δ5. Then the mapping [0, 1] ∋ t 7→ w̃t ∈
H1(B1(0)) is differentiable and its derivative ˙̃wt is Hölder continuous with re-

spect to t. Moreover there exists a constant C9 depending on the a priori data
only such that for any t ∈ [0, 1]

∥

∥ ˙̃wt
∥

∥

H1(B1(0))
≤ C9dH(σ0, σ1), (6.64)

and for any t0, t1 ∈ [0, 1]
∥

∥ ˙̃wt0 − ˙̃wt1
∥

∥

H1(B1(0))
≤ C9(dH(σ0, σ1))

1+α|t0 − t1|α. (6.65)

Proof. First of all it is easy to remark that there exists a constant C10 such
that

‖w̃t‖H1(B1(0)) ≤ C10. (6.66)

Then by (6.61) and (6.62) and by taking finite differences with respect to
t in (6.60) we obtain (6.64) and (6.65). See [7, Lemma 4.3] for an analogous
argument. �

Let c0 = u0 − w0 and c1 = u1 − w1. Then we define

ut = wt + c0 + t(c1 − c0).

Lemma 6.15 Let dH(σ0, σ1) ≤ δ5. Then there exists a constant C11 depending

on the a priori data only such that the following estimates hold

‖u̇t‖L2(Γ0) ≤ C11dH(σ0, σ1), (6.67)

‖u̇t0 − u̇t1‖L2(Γ0) ≤ C11(dH(σ0, σ1))
1+α|t0 − t1|α. (6.68)
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Proof. We consider the following procedure. First of all we prove the previous
estimates for wt. There exists an open and smooth neighbourhood U of Γ0 in Ω
such that ζ̃t on U does not depend on t and is a smooth diffeomorphism between
U and U1 ⊂ B1(0).

Since wt = w̃t ◦ ζ̃t, then by formula (4.17) in [7] and Lemma 6.14 above we
obtain for a constant C12 depending on the a priori data only

‖ẇt‖H1(U) ≤ C12dH(σ0, σ1), (6.69)

‖ẇt0 − ẇt1‖H1(U) ≤ C12(dH(σ0, σ1))
1+α|t0 − t1|α. (6.70)

Hence we infer immediately

‖ẇt‖L2(Γ0) ≤ C13dH(σ0, σ1), (6.71)

‖ẇt0 − ẇt1‖L2(Γ0) ≤ C13(dH(σ0, σ1))
1+α|t0 − t1|α. (6.72)

It remains to evaluate c1 − c0. We argue in this way. We have that

|c1 − c0| ≤ C14(‖u1 − u0‖L2(Γ0) + ‖w1 − w0‖L2(Γ0)).

By (6.71) and by our hypothesis on the error we have

|c1 − c0| ≤ C14(ε+ dH(σ0, σ1)).

So without loss of generality we can assume |c1 − c0| ≤ C15dH(σ0, σ1) and
this completes the proof of the lemma. �

We have obtained that [0, 1] ∋ t 7→ ut ∈ L2(Γ0) is C1,α and by the Taylor
formula, (6.67) and (6.68) we have

u1 − u0 = u̇0 +R on Γ0, (6.73)

where R satisfies
‖R‖L2(Γ0) ≤ C16(dH(σ0, σ1))

1+α. (6.74)

Let us consider the following result.

Lemma 6.16 There exists a constant C17 > 0 depending on the a priori data
only such that if |W0 −W1| = dH(σ0, σ1) then

‖u̇0‖L2(Γ) ≥ C17dH(σ0, σ1). (6.75)

We defer the proof of this lemma to the end of the section and we prove the
two main theorems of the section.

Proof of Theorem 6.6. Since in the hypothesis of Theorem 6.6 we assume
V0 = V1, |W0 −W1| = dH(σ0, σ1) is clearly satisfied. Then by (6.73), (6.74) and
the previous lemma we obtain

‖u1 − u0‖L2(Γ0) ≥ dH(σ0, σ1)(C17 − C16(dH(σ0, σ1))
α).

Then by a simple application of Remark 6.10 we obtain the conclusion. �
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Proof of Corollary 6.8. By hypothesis, we have that ψ1 is such that (6.43)
holds. Hence the conclusion follows as in the proof of Theorem 6.6. �

Proof of Theorem 6.9. If |W0 −W1| = dH(σ0, σ1) then by the same method
described above we deduce the Lipschitz estimate. So, without loss of generality,
we assume |V0 − V1| = dH(σ0, σ1).

We recall that, by (6.45), for any j = 0, 1, uj jumps at least of a constant
C2 > 0 across the point Vj . We recall also that in the proof of Proposition 6.11
we have proved that uj is Hölder continuous, with constants depending on the
a priori data only, with respect to the geodesic distance in Ω\σj .

Hence if |V0−V1| = dH(σ0, σ1), in a dH(σ0, σ1) neighbourhood U of V1, u0 is
Hölder continuous and its oscillation, choosing for a known δ9 > 0 dH(σ0, σ1) ≤
δ9, on this neighbourhood can be a priori bounded by C2/8.

On the other hand let us consider the subarc of ∂Ω contained in U . This curve
is divided into two parts, γ1 and γ2, by V1. Separately, u1 is Hölder continuous
on γ1 and γ2 and its oscillation on any of these two curves can be bounded by
C2/8.

Then for one of the two curves, say γ1, we have

|u0(z) − u1(z)| ≥ C2/4 for every z ∈ γ1. (6.76)

Since the length of γ1 is of the same order of dH(σ0, σ1) we infer

‖u0 − u1‖L2(γ1) ≥ C18dH(σ0, σ1)
1/2. (6.77)

So the conclusion follows. �

Remark 6.17 We would like to notice that (6.77) implies that there exists a
constant C19 depending on the a priori data only such that

|V0 − V1| ≤ C19‖u0 − u1‖2
L2(∂Ω).

Also we remark that, by (6.45), there exists a constant ε0 such that if ‖u0 −
u1‖L∞(∂Ω) ≤ ε0 then V1 = V0 and this should justify the quadratic estimate
above.

Proof of Lemma 6.16. The proof relies on the proof of Proposition 4.1 in [7],
with little modification.

First of all we claim that there exist r0, C20 > 0, depending on the a priori

data only, and a point z0 such that Br0(z0) ⊂ Ω\σ0 and

|u̇0(z0)| ≥ C20dH(σ0, σ1). (6.78)

Let ŵt = wt ◦ ζ−1
t . Let ξt and ηt be the two components of ζt. Then we can

evaluate, for a point z0 near W0,

|u̇0(z0)| ≥
∣

∣

∣

∣

∇ŵ0(ζ0(z0)) ·
(

ξ̇0
η̇0

)∣

∣

∣

∣

−
∣

∣

∣

˙̂w0(ζ0(z0))
∣

∣

∣
− |c1 − c0|.

Since in a neighbourhood of W0 our definition of ζt coincides with the one in
[7] and u0 has the same kind of behaviour we can find, for any r small enough,
a point zr such that |zr −W0| = r and the following holds

∣

∣

∣

∣

∇ŵ0(ζ0(z0)) ·
(

ξ̇0
η̇0

)∣

∣

∣

∣

≥ dH(σ0, σ1)
(

Ar−1/2 −B − Cr1/2
)

.
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We have already noticed that we can assume |c1 − c0| ≤ C15dH(σ0, σ1).

For what concerns the term
∣

∣

∣

˙̂w0(z0)
∣

∣

∣
(recall that ζ0(z) = z) we argue in this

way.
There exists a known neighbourhood U of W0 such that for any z ∈ U\σ0

we have
∣

∣

∣

˙̂w0(z)
∣

∣

∣
=
∣

∣ ˙̃w0(χ3(z))
∣

∣ ≤ C21dist(χ3(z), ∂B1(0))−1/2
∥

∥ ˙̃w0

∥

∥

H1(B1(0))
,

where C21 depends on the a priori data only.
By the definition of χ3 and by (6.64) we obtain

∣

∣

∣

˙̂w0(zr)
∣

∣

∣
≤ C22r

−1/4dH(σ0, σ1)

and hence the claim.
Let Ω1 = Ω\Br0/2(W0). It is easy to show that u̇0 is a harmonic function in

Ω\σ0 and u̇0 satisfies a homogeneous Neumann condition on Γ0. Furthermore,
by (6.64), we have that

‖u̇0‖L2(Ω1) ≤ C23dH(σ0, σ1). (6.79)

There exist constants C24 > 0 and β, 0 < β < 1, such that the following
stability estimate for the Cauchy problem holds true

|u̇0(z0)| ≤ C24‖u̇0‖βL2(Ω1)
‖u̇0‖1−β

L2(Γ0). (6.80)

Thus by (6.78), (6.79) and (6.80) the proof of the lemma follows. �



Chapter 7

Stability results for the

determination of a multiple

boundary material loss

In this last chapter we develop the stability results for the determination of a
multiple boundary material loss. Let us state, as usual, the assumptions and the
a priori information.

Assumptions on the domain

Let Ω be a bounded, simply connected domain in R2 and let its boundary ∂Ω
be a simple, closed curve which is Lipschitz with positive constants δ, M . We
also assume that the diameter of Ω is bounded by a positive constant L.

We subdivide the boundary of Ω into two subarcs, internally disjoint, Γ1 and
Γ2, both of length at least δ. We suppose that Γ1 is accessible.

Assumptions on the background conductivity

Given λ, Λ > 0, let A = A(z), z ∈ Ω, be a 2×2 matrix with bounded measurable
entries which verifies (2.2).

Assumptions on the boundary datum

The current density on the boundary will be given by a nontrivial function
ψ ∈ L2(∂Ω) with zero mean, that is

∫

∂Ω ψ = 0, whose support is contained in
Γ1.

We define the antiderivative along ∂Ω of ψ as

Ψ(s) =

∫

ψ(s)ds, (7.1)

where the indefinite integral is taken with respect to the arclength on ∂Ω ori-
ented in the counterclockwise direction.

We recall that the function Ψ is defined up to an additive constant. For the
time being, we normalize Ψ in such a way that

∫

∂Ω
Ψ = 0 and for this choice of

97
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the additive constant we prescribe that, for given constants H , H1 > 0, we have

‖ψ‖L2(∂Ω) ≤ H ;
‖Ψ‖L2(∂Ω) ≥ H1.

(7.2)

From (7.2) we immediately infer

‖ψ‖L2(∂Ω)

‖Ψ‖L2(∂Ω)
≤ H2, (7.3)

where H2 = H/H1 and Ψ has zero average.
Furthermore, by (7.2) and (4.1), Ψ verifies for any z0, z1 ∈ ∂Ω

|Ψ(z0) − Ψ(z1)| ≤ H(length∂Ω(z0, z1))
1/2 ≤ H3|z0 − z1|1/2 (7.4)

where H3 = HM
1/2
1 .

Assumptions on the measurement

Let Γ0 ⊂ Γ1 be a subarc whose length is greater than δ.

A priori information on the multiple boundary material loss

Let σ be a boundary defect (possibly empty) whose contact set is contained in
Γ2. We assume that σ satisfies

dist(z,Γ1) ≥ δ for any z ∈ σ. (7.5)

The multiple boundary material loss Σ is given by the union of σ with Γ2.
We call Γ = ∂(Ω\Σ)\Γ1 and we assume that Γ is a simple open curve. We shall
pose various alternative regularity assumptions on Γ in Theorem 7.1 below.

Let u ∈ W 1,2(Ω\Σ) be the weak solution of the following Neumann boundary
value problem







div(A∇u) = 0 in Ω\Σ,
A∇u · ν = 0 on Γ,
A∇u · ν = ψ on Γ1.

(7.6)

That is, we understand that u satisfies

∫

Ω\Σ

A∇u · ∇ϕ =

∫

Γ1

ψϕ for every ϕ ∈ W 1,2(Ω\Σ). (7.6w)

It is clear that the weak solution to this problem exists and it is unique up to
an additive constant.

Let Σ′ be another multiple boundary material loss and let u′ be the solution
to (7.6) when Σ is replaced by Σ′.

The set of constants δ, M , L, λ, Λ, H , H1 will be referred to as the a priori

data.
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Theorem 7.1 Let the above assumptions be satisfied. If we suppose

‖u− u′‖L∞(Γ0) ≤ ε (7.7)

we have the following results.

(I) If Γ and Γ′ are Lipschitz with constants δ, M , then

dH(Σ,Σ′) ≤ ω(ε), (7.8)

where ω : (0,+∞) 7→ (0,+∞) satisfies

ω(ε) ≤ K(log | log ε|)−β for every ε, 0 < ε < 1/e (7.9)

and K, β > 0 depend on the a priori data only.

(II) If Γ and Γ′ are RLG with constants δ, M , then (7.8) holds where in this

case ω : (0,+∞) 7→ (0,+∞) satisfies

ω(ε) ≤ K1| log ε|−β1 for every ε, 0 < ε < 1/e (7.10)

and K1, β1 > 0 depend on the a priori data only.

(III) If, for some k = 1, 2, . . . and some α, 0 < α ≤ 1, Γ and Γ′ are Ck,α with

constants δ, M then Σ and Σ′ verify (7.8) where ω is as above in (7.10) with

K1, β1 > 0 depending on the a priori data and on k and α only.

Then

dH(Γ,Γ′) ≤ ω(ε), (7.11)

where ω(ε) verifies (7.10) with K1, β1 > 0 depending on the a priori data and

on k and α only. Moreover there exist regular parametrizations z = z(t) and

z′ = z′(t), 0 ≤ t ≤ 1, of Γ and Γ′ respectively such that for every α̃, 0 < α̃ < α,

‖z − z′‖Ck,α̃[0,1] ≤ K2ω(ε)(α−α̃)/(k+α), (7.12)

where ω still verifies (7.10) and K2 depends on the a priori data, on k, on α
and on α̃ only.

As usual we first of all suppose that the assumptions of Part (I) of Theo-
rem 7.1 are satisfied. It is easy to observe that if Σ and Σ′ should satisfy the
assumptions either of Part (II) or of Part (III) of the same theorem, then they
also satisfy the assumptions of Part (I) of Theorem 7.1.

We also wish to remark that the a priori conditions on Σ imply that Σ is the
union of a collection, clearly not necessarily finite, of boundary material losses
whose contact sets are contained in Γ2.

We recall that our aim is to recover the domain Ω\Σ and, therefore, it
is enough (and necessary) to recover Γ, that is the part of ∂(Ω\Σ) which is
unknown.

We remark that, by the Lipschitz regularity assumptions on Γ, we can find
constants C1 > 0 and C2, depending on the a priori data only, such that

C1dH(Σ,Σ′) ≤ dH(Γ,Γ′) ≤ C2dH(Σ,Σ′). (7.13)
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So it is completely equivalent to estimate the Hausdorff distance between
the two defects Σ and Σ′ or between the two unknown boundaries Γ and Γ′.
This is also the main motivation for defining Σ as the union of a defect σ with
Γ2.

Finally we remark that it may seem cumbersome, in Part (III), that a
stronger smoothness (Ck,α) is required on the part of the boundary where ma-
terial loss has occured than on the rest of the boundary of Ω. In fact we could
simply assume ∂Ω and Γ of class Ck,α. We have used this sort of assumptions
in order to stress that our stability estimate requires the Ck,α regularity of Γ
only.

The proof of this stability theorem may be obtained along the same lines
used to prove the stability theorems in the previous chapters. Let us illustrate
the main differences.

We shall denote by v the stream function associated to u, solution to (7.6).
We recall that v satisfies, in a weak sense, the following Dirichlet type problem







div(B∇v) = 0 in Ω\Σ,
v = const. on Γ,
v = Ψ on Γ1,

(7.14)

where B = (detA)−1AT and the constant value of v on Γ is equal to the constant
value of Ψ on Γ2 and hence is determined up to an additive constant. We extend
v in a continuous manner onto Ω by putting v|Σ = v|Γ. In the same manner we
denote by v′ the stream function associated to u′ in Ω\Σ′.

With techniques very similar to the ones already used in the previous chap-
ters we may find two constants C3 > 0 and α1, 0 < α1 < 1, depending on the a

priori data only, such that u is Hölder continuous with constants C3 and α1 on
the closure of Ω\Σ whereas v is Hölder continuous with the same constants on
Ω. We recall that we denote f = u+ iv and f ′ = u′ + iv′.

Let us state the following result, which is obtained through an easy adapta-
tion of Theorem 5.3.

Theorem 7.2 Under the assumptions of Part (I) of Theorem 7.1 and the pre-

viously stated notations, there exists a positive constant d0, depending on the

a priori data only, such that for every z0 ∈ Ω\Σ and for every d ≤ d0 there

exist finitely many points zk ∈ C such that for every z ∈ (Ω\
◦

Σ) which satisfies

dist(z,Γ1) ≥ d we have

|f(z) − f(z0)| ≥ c(d)
∏

k

( |z − zk|
C4

)bk/α2

(7.15)

where bk are positive integers satisfying

∑

k

bk ≤ C(d), (7.16)

C4 and α2, 0 < α2 < 1, depending on the a priori data only and c(d) > 0 and

C(d) depending on the a priori data and on d only.

Proof. First of all we may find a bi-Lipschitz map χ from C onto C such that
the image through χ of Ω\Σ is B+

1 (0) = {z ∈ B1(0) : ℑz > 0} and the image
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through χ of Γ is γ = {z ∈ C : |ℜz| ≤ 1 and ℑz = 0}. We may also dominate
the Lipschitz constants of χ and its inverse by a constant depending on the a

priori data only.
We set f̃ = f ◦ χ−1. The function f̃ is k-quasiconformal, with k depending

on the a priori data only and, since f̃ is constant on γ, we may extend it to a
k-quasiconformal function, which we shall still denote by f̃ , on the ball B1(0)
by the following reflection rule

f̃(z) = f̃(z) + 2ci (7.17)

where c = (ℑf̃)|γ .
We apply the Representation Theorem 2.2 and we obtain that on B1(0)

f̃ = F ◦ χ1 (7.18)

where F = U + iV is a holomorphic function on B1(0) and χ1 is a quasiconfor-
mal mapping from B1(0) onto itself satisfying (2.11) and (2.12) with constants
depending on the a priori data only.

It is easy to see, by our regularity assumptions on ψ and Ψ and by Privaloff’s
Theorem, that we also have for every z1, z2 ∈ B1[0]

|F (z1) − F (z2)| ≤ C5|z1 − z2|α3 (7.19)

where C5 and α3, 0 < α3 < 1, depend on the a priori data only.
Then by the technique used in the proof of Theorem 5.3, the result easily

follows. �

Proof of Theorem 7.1. For what concerns Part (I), we consider the stream
functions v and v′, associated to u and u′ respectively, and we normalize them
in such a way that v = v′ on ∂Ω. Then we have that v and v′ assume the same
constant value c on Γ2 and this, in turn, implies that v|Σ = v′|Σ′ = c. Then,
using this fact and the technique used to prove Proposition 6.4, we readily infer
that the following estimate holds for any z ∈ Ω

|v(z) − v′(z)| ≤ K3(log | log ε|)−β2 for every ε, 0 < ε < 1/e (7.20)

where K3, β2 > 0 depend on the a priori data only. Then by arguments similar
to the ones developed in the proof of Proposition 5.4 and by Theorem 7.2 we
conclude the proof of Part (I) of Theorem 7.1.

Concerning Part (II), we have that Ω\(Σ∪Σ′), as a consequence of Part (I),
(7.13) and Lemma 2.12, satisfies, for ε small enough, a (uniform) interior cone
condition. Then the technique developed in Chapter 4, during the proof of
Proposition 4.12, allows us to improve the estimate (7.20) in such a way that
for any z ∈ Ω we have, for constants K4, β3 > 0 depending on the a priori data

only,
|v(z) − v′(z)| ≤ K4| log ε|−β3 for every ε, 0 < ε < 1/e. (7.21)

This last equation allows us, as before, to conclude the proof of Part (II).
Part (III) follows immediately from this reasoning. By Part (I), (7.13) and

Corollary 2.11 we obtain that, for ε smaller than a positive constant depending
on the a priori data, on k an on α only, Σ and Σ′ satisfy the hypothesis of
Part (II) of Theorem 7.1. So Part (III) follows from Part (II) and, finally, by
(7.13) and Lemma 2.10. �
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