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Rossi): weak solvability of the 3D degenerating PDE system



The scope

The analysis of the initial boundary-value problem for the following
PDE system:

c(9)9¢ + X9 — pddivu, — div(k(9)VI)) = g

uy — div(a(X)e(ue) + b(X)e(u) — pdl) = f

2
Xe + pOli—oo 01 (Xe) = BpX + W'(X) 2 fb’(x)@ +9

which describes a thermoviscoelastic system in a reference domain
Q C R? d € {2,3} during a time interval [0, T]
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The scope

The analysis of the initial boundary-value problem for the following
PDE system:

c(9)9¢ + X9 — pddivu, — div(k(9)VI)) = g

uy — div(a(X)e(ue) + b(X)e(u) — pdl) = f

2

Xt 4 Ol oo 0] (Xe)—DpX + W' (X) —b’(x)@ +9
which describes a thermoviscoelastic system in a reference domain
Q C R? d € {2,3} during a time interval [0, T]

> 1 is the absolute temperature of the system

> u the vector of small displacements

v

of the two phases in phase transitions (X = 0: solid phase and

X = 1: liquid phase, and 0 < X < 1 in the so-called mushy regions)

v

state X = 1, respectively, while 0 < X < 1: partial damage)

» a and b can vanish at the threshold values 0 and 1

X is the order parameter, standing for the local proportion of one

X is the damage parameter, assessing the soundness of the material
in damage (for the completely damaged X = 0 and the undamaged
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The aim: deal with the possible degeneracy in the
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The aim: deal with the possible degeneracy in the Damags
momentum equation E. Rocca

Main aim: We shall let a and b vanish at the threshold values 0 and 1,
not enforce separation of X from the threshold values 0 and 1, and
accordingly we will allow for general initial configurations of X
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Main aim: We shall let a and b vanish at the threshold values 0 and 1,
not enforce separation of X from the threshold values 0 and 1, and
accordingly we will allow for general initial configurations of X

= It is not to be expected that either of the coefficients a(X) and
b(X) stay away from 0: elliptic degeneracy of the displacement equation

ug — div(a(X)e(ue) + b(X)e(u) — pdl) = £
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The aim: deal with the possible degeneracy in the Damags
momentum equation E. Rocca

Main aim: We shall let a and b vanish at the threshold values 0 and 1,
not enforce separation of X from the threshold values 0 and 1, and
accordingly we will allow for general initial configurations of X

= It is not to be expected that either of the coefficients a(X) and
b(X) stay away from 0: elliptic degeneracy of the displacement equation

ug — div(a(X)e(ue) + b(X)e(u) — pdl) = £

—> We shall approximate the system with a non-degenerating one,
where we replace the momentum equation with

u — div((a(X) + 9)e(ue) + b(X)e(u) — pvl) =f for 6 >0
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The first results and the new goal

[FIRST RESULT.] Local in time well-posedness for a suitable
formulation of the reversible problem (1 = 0 and p = 0) using in

c(9)0¢ + Xe9 — pIdivue — div(k(9)VD)) = g+|X:|* + a(X)|e(ue)]”.

the small perturbations assumption in the 3D (in space) setting [J.
DIFFERENTIAL EQUATIONS, 2008]
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The first results and the new goal

[FIRST RESULT.] Local in time well-posedness for a suitable
formulation of the reversible problem (1 = 0 and p = 0) using in

c(9)0¢ + Xe9 — pIdivue — div(k(9)VD)) = g+|X:|* + a(X)|e(ue)]”.

the small perturbations assumption in the 3D (in space) setting [J.
DIFFERENTIAL EQUATIONS, 2008]

[SECOND RESULT.] Global well-posedness in the 1D case without small
perturbations assumption [APPL. MATH., SPECIAL VOLUME (2008)]
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The first results and the new goal

[FIRST RESULT.] Local in time well-posedness for a suitable
formulation of the reversible problem (1 = 0 and p = 0) using in

c(9)0¢ + Xe9 — pIdivue — div(k(9)VD)) = g+|X:|* + a(X)|e(ue)]”.

the small perturbations assumption in the 3D (in space) setting [J.
DIFFERENTIAL EQUATIONS, 2008]

[SECOND RESULT.] Global well-posedness in the 1D case without small
perturbations assumption [APPL. MATH., SPECIAL VOLUME (2008)]

Note: in both these results we assumed Xy separated from the
thresholds 0 and 1 and we prove (exploiting a sufficient coercivity
condition on W at the thresholds 0 and 1) that the solution X during
the evolution continues to stay separated from 0 and 1 = prevent
degeneracy (the operators are uniformly elliptic)
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The first results and the new goal Damage

E. Rocca

[FIRST RESULT.] Local in time well-posedness for a suitable
formulation of the reversible problem (1 = 0 and p = 0) using in

c(9)0¢ + Xe9 — pIdivue — div(k(9)VD)) = g+|X:|* + a(X)|e(ue)]”.

the small perturbations assumption in the 3D (in space) setting [J.
DIFFERENTIAL EQUATIONS, 2008]

[SECOND RESULT.] Global well-posedness in the 1D case without small
perturbations assumption [APPL. MATH., SPECIAL VOLUME (2008)]

Note: in both these results we assumed Xy separated from the
thresholds 0 and 1 and we prove (exploiting a sufficient coercivity
condition on W at the thresholds 0 and 1) that the solution X during
the evolution continues to stay separated from 0 and 1 = prevent
degeneracy (the operators are uniformly elliptic)

The goal (joint work in progress with R. Rossi): to establish a global
existence result in 3D using a suitable notion of solution and without
enforcing the separation property, i.e. allowing for degeneracy
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Free energy and Dissipation, cf. [Frémond]
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The free-energy F: Thelmodel

Fe / F(9) + b(x )'5(“)| %|VX|"+W(X)—&-pﬂtr(e(u))—ﬁX) dx

» f is a concave function, p € R a thermal expansion coefficient

b e C*(R; [0, +00)), e.g., b(X) =1 — X in phase transitions,
b(X) = X in damage

> p > d: we need the embedding of W(Q) into C°(Q)

v

v

W =(B+7, 7€ C(R), 3 proper, convex, |.s.c., dom(B) = [0,1]



Free energy and Dissipation, cf. [Frémond]

The free-energy F:

Fe / F(9) + b(x )'5(“)| %|VX|"+W(X)—&-pﬂtr(a(u))—ﬁX) dx

» f is a concave function, p € R a thermal expansion coefficient

b e C*(R; [0, +00)), e.g., b(X) =1 — X in phase transitions,
b(X) = X in damage

> p > d: we need the embedding of W(Q) into C°(Q)

v

» W=03+7, 7€ C*R), B proper, convex, |.s.c., dom(B) = [0,1]
The pseudo-potential P:

k(9 1 2
P = KD 00p 1 Lpaf 4+ a0 80 L a0
> k the heat conductivity: coupled conditions with the specific heat
c(9) = F(9) — If' ()
» ac CHR;[0,+00)), e.g., a(X) =X

> 1 = 0: reversible case, u = 1: irreversible case
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The momentum equation The model

uyg —dive =f (0 =0 09 = aas(fu) + %) becomes

] uee — div(a(X)e(ue) + b(X)e(u) — po1) = f \




The modelling

The momentum equation

uyg —dive =f (0 =0 09 = aas(fu) + %) becomes

] uee — div(a(X)e(ue) + b(X)e(u) — po1) = f \
The phase evolution

X H m) becomes

2
Xt + ua/(_ooyo](xt)—ApX + WI(X) > _bl(X) ‘5(;” +v
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The modelling Phase Transitions and
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The momentum equation The model

uyg —dive =f (0 =0 09 = aas(fu) + %) becomes

] uee — div(a(X)e(ue) + b(X)e(u) — po1) = f \

The phase evolution

B—divH=0 (B=3i+87’,ﬂ= af) becomes

2
Xt + ué)l(_o@,o](Xf)—ApX + WI(X) > _bl(X) ‘5(;” +v

The internal energy balance

ee+divgq=g+o:e(u)+BXe+H-VX; (e:]—'fﬂ%, q:%)

becomes

() + X9 — pddivu, — div(k(9)VY)) = g+|X: > + a(X)|e(ue) [? \
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Main mathematical difficulties

1) the elliptic degeneracy of the momentum equation
uy: — div(a(X)e(ut) + b(X)e(u) — p9l) = f

a(X) and b(X) can tend to zero simultaneously
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1) the elliptic degeneracy of the momentum equation
The analysis

uy: — div(a(X)e(ut) + b(X)e(u) — p9l) = f

a(X) and b(X) can tend to zero simultaneously

2) the highly nonlinear coupling between the single equations: in the
heat equation (even with the small perturbation assumption)

c(9)9: + X9 — pddivur — div(k(9)VYI)) = g
and in the phase equation

~ 2
Xe + 1Ol oo 0(Xe) — DpX + OB(X) + (7)) (X) 3 —b/ (X) ELE 1y
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3) the low regularity of the temperature variable: difficulties in dealing
with the coupling between ¥ and u equations in case p # 0



Main mathematical difficulties

1) the elliptic degeneracy of the momentum equation
uy: — div(a(X)e(ut) + b(X)e(u) — p9l) = f

a(X) and b(X) can tend to zero simultaneously

2) the highly nonlinear coupling between the single equations: in the
heat equation (even with the small perturbation assumption)

c(9)9: + X9 — pddivur — div(k(9)VYI)) = g
and in the phase equation

~ 2
Xe + 1Ol oo 0(Xe) — DpX + OB(X) + (7)) (X) 3 —b/ (X) ELE 1y

3) the low regularity of the temperature variable: difficulties in dealing
with the coupling between ¢ and u equations in case p # 0
4) the doubly nonlinear character of the phase equation:
> the nonsmooth graph 63,
> the nonlinear p-Laplacian operator —ApX (however regularizing)
> the non-smooth constraint 9/(_ o)(Xt) in the irreversible case
p=1
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Main results

> We replace the momentum equation with a non-degenerating one

ugy — div((a(X) + 6)e(ut) + b(X)e(u) — p9l) = f,

6>0

(1)
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> We replace the momentum equation with a non-degenerating one

ug — div((a(X) + 8)e(ue) + b(X)e(u) — p91) =f, >0 (1) Main new results

> Our first result states the existence of solutions to the non-degenerating
system in the reversible case, i.e. with =0 in

2
Xe 0l (%) — 85X + W) 3 -6 00 4y (o)
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> We replace the momentum equation with a non-degenerating one

ug — div((a(X) + 8)e(ue) + b(X)e(u) — p91) =f, >0 (1) Main new results

> Our first result states the existence of solutions to the non-degenerating
system in the reversible case, i.e. with =0 in

2
Xe 0l (%) — 85X + W) 3 -6 00 4y (o)

> In the irreversible case (; = 1) a major difficulty stems from the
simultaneous presence in (2) of 9/ 0](Xt), W/(X), and —ApX. We
follow the approach of [Heinemann, Kraus, 2010] and consider a suitable
weak formulation of (2) consisting of a one-sided variational inequality
and of an energy inequality
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Main l’eSultS Damage
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> We replace the momentum equation with a non-degenerating one

ug — div((a(X) + 8)e(ue) + b(X)e(u) — p91) =f, >0 (1) Main new results

> Our first result states the existence of solutions to the non-degenerating
system in the reversible case, i.e. with =0 in

2
Xt + pOl— oo 0)(Xe) — BpX + W(X) 3 —b’(X)@ +9 (2

> In the irreversible case (; = 1) a major difficulty stems from the
simultaneous presence in (2) of 9/ 0](Xt), W/(X), and —ApX. We
follow the approach of [Heinemann, Kraus, 2010] and consider a suitable
weak formulation of (2) consisting of a one-sided variational inequality
and of an energy inequality

> For the analysis of the degenerate limit § \, 0 we have carefully adapted
techniques from [Bouchitté, Mielke, Roubitek, 2009] and [Mielke,
Roubitek, Zeman, 2011] to the case of a rate-dependent equation for X,
also coupled with the temperature equation
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In order to deal with the low regularity of ¥, rewrite the internal energy
equation
C(’lg)’lgt + Xt’l9 — p’l9 div u: — le(k(’ﬁ)V'lg)) =g " N
ypotheses

as the enthalpy equation

we + X:O(w) — p©(w) divu,— div(K(w)Vw)) = g where

K(W) L k(@(w))

9 {h_l(w) if w>0,
© c(e(w))

w = h(9) ::/0 c(s)ds, ©(w):= 0 fw<o
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In order to deal with the low regularity of ¥, rewrite the internal energy
equation
C(’lg)’lgt + Xt’l9 — p’l9 div u: — le(k(’l?)V'lg)) =g " N
ypotheses

as the enthalpy equation

we + X:O(w) — p©(w) divu,— div(K(w)Vw)) = g where

K(W) L k(@(w))

9 {h_l(w) if w>0,
© c(e(w))

w = h(%) ::/0 c(s)ds, ©O(w):= 0 fw <o
We assume that

» c € C°([0, +00); [0, +00))

» Jor>0> 2 0 o(14+9)7T < (W) < a(l+9)T = his
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strictly increasing
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Energy vs Enthalpy Damage
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In order to deal with the low regularity of ¥, rewrite the internal energy
equation
C(’lg)’lgt + Xt’l9 — p’l9 div u: — le(k(’l?)V'lg)) =g " N
ypotheses

as the enthalpy equation

we + X:O(w) — p©(w) divu,— div(K(w)Vw)) = g where

K(W) L k(@(w))

9 {h_l(w) if w>0,
© c(e(w))

w = h(ﬁ) = /0 C(S) ds, @(W) = 0 if w<O,
We assume that
> c e CO[0, +0); [0, +00))

» o >o0> 75 0 o(l+9) T < (W) < a(l+9) T = his

strictly increasing

Assume moreover
[If p = 0:] the function k : [0, +00) — [0,400) is continuous, and

deo, 3> 0 VI € [0,400) :  ac(P) < k(9) < cs(c(9) +1)

[If p#0] 3¢, > 039 > %2 : K(w) =c, ([w[** +1) Vw € [0,+00)
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The approximating non-degenerate Problem [P;] oo Bamage
Given § > 0, u € {0,1}, find (measurable) functions & Rocea

w € L7(0, T; Whr(Q)) n L>°(0, T; LX(Q)) N BV([0, T]; Whr' (Q)*)
u e HY (0, T; H2(;RY)) n Wh=°(0, T; H3(Q)) N H*(0, T; L*(2; RY))
X € L0, T; WHP(Q)) N HY(0, T; L3(Q))

The non-degenerate
case

forevery 1 <r < Z—ﬁ, fulfilling the initial conditions
u(0, x) = ug(x), u:(0,x) = vo(x) for a.e.x € Q
X(0, x) = Xo(x) for a.e.x € Q

the equations (for every o € CO([0, T]; W' (Q)) n Wr' (0, T; L7 (R)) and
te (0, T])

[ettwo@) - [ [ wecacr [* [ xoqmypdr

_ p/o /QdiVUf@(W)SﬁdX-i-/O /QK(W)VWthdx = /0 /Qg4p+ /Q wop(0) dx
uz — div ((a(X) + 8)e(ur) + b(X)e(u)) — pVO(w) = f in H1(Q;RY) a.e. in (0, T)

and the subdifferential inclusion (in WP(Q)* and a.e. in (0, T))

sl ) INEO;
o+ IO oo 0)(X0) = BpX + B +7(X) 3 =5 () S+ ©(w)



Theorem 1 [The reversible case ;i = 0]
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Phase Transitions and

Theorem 1 [The reversible case ;i = 0] Damage
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Let x = 0 and p = 0, assume the previous Hypotheses and the
conditions:

fel’(0,T;L%(Q), gel'0,T;LYQ)NL*0, T; H(RQ))
Yo € L7(Q) whence wo := h(th) € L'(Q) The non-degenerate
up € H3(Q), vo € Hi(Q) Xo € dom(A,), B(Xo) € L1(Q)



Phase Transitions and

Theorem 1 [The reversible case ;i = 0] Damage

E. Rocca

Let x = 0 and p = 0, assume the previous Hypotheses and the
conditions:
fel?0,T;L%(Q), gel'0, T;LY(Q)NL0,T:H(Q))
o € L7(Q) whence wp := h() € L'(Q) The non-degenerate
up € H3(Q), vo € Hi(Q) Xo € dom(A,), B(Xo) € L1(Q)
Then,
1. Problem [P;] admits a solution (w, u, X), such that there exists

£ e %0, T; [3(Q)), &(x,t) € B(X(x,t)) for ae. (x,t) € 2 x (0, T) :

Xt — ApX + €+ v(X) = —b'(X)@ +O(w) a.e.in Qx(0,T)



Theorem 1 [The reversible case ;i = 0]

Let x = 0 and p = 0, assume the previous Hypotheses and the
conditions:

fel’0,T:L%(Q), gel'0, T;LYQ)N L0, T;H(Q))
Yo € L7(Q) whence wo := h(th) € L'(Q)
up € H3(Q), vo € Hi(Q) Xo € dom(A,), B(Xo) € L1(Q)
Then,
1. Problem [P;] admits a solution (w, u, X), such that there exists
£ e %0, T; [3(Q)), &(x,t) € B(X(x,t)) for ae. (x,t) € 2 x (0, T) :
Xe — DpX + €+ y(X) = —b’(X)@ +0O(w) aein Qx(0,T)

2. Suppose that g(x,t) > 0 a.e. Then, w > 0 a.e., hence
I(x, t) == O(w(x,t)) >0 ae.

Phase Transitions and
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The non-degenerate
case



Theorem 1 [The reversible case ;i = 0]

Let x = 0 and p = 0, assume the previous Hypotheses and the
conditions:

fel’(0,T;L%(Q), gel'0,T;LYQ)NL*0, T; H(RQ))

Yo € L7(Q) whence wo := h(th) € L'(Q)

up € H3(Q), vo € Hi(Q) Xo € dom(A,), B(Xo) € L1(Q)
Then,

1. Problem [P;] admits a solution (w, u, X), such that there exists
€€ L0, T; L3(Q)), &(x,t) € B(X(x, 1)) for ae. (x,t) € 2 x (0, T) :
2
Xe — ApX + & +9(X) = —b’(X)@ +0O(w) aein Qx(0,T)

2. Suppose that g(x,t) > 0 a.e. Then, w > 0 a.e., hence
I(x, t) == O(w(x,t)) >0 ae.

3. Incase p #0, wo € L*(Q), and K(w) = ¢, (Jw[*? + 1),
q>(d+2)/2d.
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Damage

. Phase Transitions and
Theorem 1 [The reversible case ;1 = 0] -

E. Rocca

Let x = 0 and p = 0, assume the previous Hypotheses and the
conditions:

fel?0,T;1%(Q), gecl'0,T;L(Q)NL*0, T;H(Q))
Yo € L7(Q) whence wo := h(th) € L'(Q) The non-degenerate
up € H3(Q), vo € Hi(Q) Xo € dom(A,), B(Xo) € L1(Q)
Then,
1. Problem [P;] admits a solution (w, u, X), such that there exists
€€ L0, T; L3(Q)), &(x,t) € B(X(x, 1)) for ae. (x,t) € 2 x (0, T) :
Xe — DpX +E€+7(X) = —b’(X)@ +0O(w) aein Qx(0,T)

2. Suppose that g(x,t) > 0 a.e. Then, w > 0 a.e., hence
I(x, t) == O(w(x,t)) >0 ae.

3. Incase p #0, wo € L*(Q), and K(w) = ¢, (Jw[*? + 1),
g > (d +2)/2d. Then, w has the further regularity

w e [0, T; HH(Q))NL>™(0, T; L2(Q)nW D ((0, T); W ~=9(Q))



Theorem 2 [The irreversible case ;1 = 1]

Let 4 =1, p =0, and take the previous assumptions with 3 = 0,4 00)- Then,

[1.] Problem [Ps] admits a weak solution (w,u, X), which, beside fulfilling the
enthalpy and momentum equations, satisfies X¢(x, t) < 0 for almost all

t€(0,T), and (Yo € LP(0, T; WEP(Q)) N L>°(Q)) the one-sided inequality

T 2
/ / Xew + [VX|PT2VX - Vo + €p + (X)) + U(’O@w —O(w)p >0
0 Q

with € € 9l 1.o0)(X) in the following sense:

€€ L0, T LY(Q)), (€(8)sp = X(£)) wrp(y <0 Vip € WPP(Q), ace.t € (0, T)

Phase Transitions and
Damage

E. Rocca

The non-degenerate
case
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Theorem 2 [The irreversible case ;1 = 1] Damage
E. Rocca
Let 4 =1, p =0, and take the previous assumptions with 3 = 0,4 00)- Then,

[1.] Problem [Ps] admits a weak solution (w,u, X), which, beside fulfilling the
enthalpy and momentum equations, satisfies X¢(x, t) < 0 for almost all

t€(0,T), and (Yo € LP(0, T; WEP(Q)) N L>°(Q)) the one-sided inequality

T 2
/ / Xew + [VX|PT2VX - Vo + €p + (X)) + U(M@w —O(w)p >0
0 Q

The non-degenerate
with € € 9l 1.o0)(X) in the following sense:
€€ L0, T; L1(Q)), (&), = X(£))win) <O Vo € WP(Q), ae t€(0,T)

and the energy inequality for all t € (0, T], for s = 0, and for almost all
0<s<t:

/t/ [X¢]? dx dr + l|v><(t)v’+/ W (x(t)) dx
s Q P Q

< %\VX(S)V’Jr/(; W(X(s))dx+/st/§;><t (w’(x)@ +e(w)> dxdr



Theorem 2 [The irreversible case ;1 = 1]

Let 4 =1, p =0, and take the previous assumptions with 3 = 0,4 00)- Then,

[1.] Problem [Ps] admits a weak solution (w,u, X), which, beside fulfilling the
enthalpy and momentum equations, satisfies X¢(x, t) < 0 for almost all

t€(0,T), and (Yo € LP(0, T; WEP(Q)) N L>°(Q)) the one-sided inequality

T 2
/ / Xew + [VX|PT2VX - Vo + €p + (X)) + U(M@w —O(w)p >0
0 Q

with € € 9l 1.o0)(X) in the following sense:
€€ L0, T; L1(Q)), (&), = X(£))win) <O Vo € WP(Q), ae t€(0,T)

and the energy inequality for all t € (0, T], for s = 0, and for almost all
0<s<t:

/t/ [X¢]? dx dr + l|v><(t)v’+/ W (x(t)) dx
s Q P Q

< %\VX(S)V’Jr/(; W(X(s))dx+/st/§;><t (w’(x)@ +e(w)> dxdr

[2.] Suppose in addition that g(x,t) > 0, ¥9 > ¥5 > 0 a.e. Then
I(x,t) :=O(w(x,t)) >y >0 a.e.
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Theorem 2 [The irreversible case ;1 = 1]

Let 4 =1, p =0, and take the previous assumptions with 3 = 0,4 00)- Then,

[1.] Problem [Ps] admits a weak solution (w,u, X), which, beside fulfilling the
enthalpy and momentum equations, satisfies X¢(x, t) < 0 for almost all

t€(0,T), and (Yo € LP(0, T; WEP(Q)) N L>°(Q)) the one-sided inequality

T 2
/ / Xew + [VX|PT2VX - Vo + €p + (X)) + U(M@w —O(w)p >0
0 Q
with € € 9l 1.o0)(X) in the following sense:
€€ L0, T; L1(Q)), (&), = X(£))win) <O Vo € WP(Q), ae t€(0,T)

and the energy inequality for all t € (0, T], for s = 0, and for almost all
0<s<t:

/t/ IXe[2 dxdr + 1|v><(t)v’+/ W(X(t)) dx
\VX(s |p+/ W(X(s)) dx+/ / ( b (X)——— ( )P +@(W)> dxdr

[2.] Suppose in addition that g(x,t) > 0, ¥9 > ¥5 > 0 a.e. Then
I(x,t) :=O(w(x,t)) >y >0 a.e.

[3.] In case p # 0 an analogous statement to the reversible case holds true
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Let p € R. In addition to the previous hypotheses, assume that
the function a is constant

Then, the isothermal reversible system admits a unique solution (u, X)
which continuously depends on the data



The isothermal case: uniqueness

Let p € R. In addition to the previous hypotheses, assume that
the function a is constant

Then, the isothermal reversible system admits a unique solution (u, X)
which continuously depends on the data

Uniqueness of solutions for the irreversible system, even in the
isothermal case, is still an open problem. This is mainly due to the
triply nonlinear character of the X equation.
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The techniques used in the proof

> We pass to the limit in a carefully designed time-discretization
scheme
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The techniques used in the proof ;

Damage

E. Rocca

> We pass to the limit in a carefully designed time-discretization The non-degenerate
scheme LD
> A key role is played by
> the presence of the p-Laplacian with p > d = an estimate for X
in L>°(0, T; W1P(Q)) = a suitable regularity estimate on the
displacement variable u = a global-in-time bound on the
quadratic nonlinearity |s(u)|? on the right-hand side of

e 2
Xt + 1Ol 0,0 (Xe) =BpX + W'(X) 3 fb/(x)@ +9



Phase Transitions and

The techniques used in the proof Dereee

E. Rocca

> We pass to the limit in a carefully designed time-discretization The non-degenerate
scheme LD
> A key role is played by
> the presence of the p-Laplacian with p > d = an estimate for X
in L>°(0, T; W1P(Q)) = a suitable regularity estimate on the
displacement variable u = a global-in-time bound on the
quadratic nonlinearity |s(u)|? on the right-hand side of

le(u)?

Xt + B oo, 01 (Xe) = DX + W/(X) 3 —'(X) =

+ 9

> the BOCCARDO-GALLOUET-type estimates combined with the
Gagliardo-Nirenberg inequality applied to the enthalpy equation in
order to obtain an L"(0, T; W17 (Q))-estimate on the enthalpy w
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Hypotheses

Consider the irreversible case with the s—Laplacian (the previous results
still hold true in this case), p = 0, and a(X) = X, b(X) = X + ¢:

Phase Transitions and
Damage

E. Rocca

The degenerating
case



Phase Transitions and

Hypotheses Damage
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Consider the irreversible case with the s—Laplacian (the previous results
still hold true in this case), p = 0, and a(X) = X, b(X) = X + ¢:

t t
/gp(t) W(t)(dX)—/ /chtdx+/ /Xt@(w)godx
Q 0 JQ 0 JQ
The degenerating

+./:/QK(W)VWV<,0dx=./O.t'/§;g<,0+/ﬂwocp(0)dx7
e — div (X 4 0)e(ue) + (X + 0)e(u)) = f in H (2 RY) ace. in (0, T)

and the subdifferential inclusion (in W?(Q)* and a.e. in (0, T))

Xe 4 0l ow ) (X6) £ As(X) + o100y () +7(X) fb’(x)@ +o(w)



Hypotheses

Consider the irreversible case with the s—Laplacian (the previous results
still hold true in this case), p = 0, and a(X) = X, b(X) = X + ¢:

[e@wyad- [ [ weeax+ [ [ vowpax

[ [ kevwseax= [ [ o+ [ mot0)ax,
e — div (X + 0)e(ue) + (X + 9)e(u) = Fin HHQR) ae.in (0,7)

and the subdifferential inclusion (in W?(Q)* and a.e. in (0, T))

Xe 4 0l ow ) (X6) £ As(X) + o100y () +7(X) fb’(x)@ +o(w)

where

Ast H3(Q) — H3(Q)*  with s > g, (AsX, W) s (q) = as(X, w) and

as(21, 2) = /Q/Q (Vzl(x) - Vzl(y)) . (VZQ(X) - sz(y)) dxdy

\x _ y|d+2(s—1)

Phase Transitions and
Damage

E. Rocca

The degenerating
case



The energy estimate

Rewrite the momentum equation
dZus — div((X 4 6)e(drus)) — div((X + 0)e(us)) = f

using the new variables (quasi-stresses) ps := /X5 + 0 £(Orus), and
ns = VXs + de(us):

Bfu(s —div(VX + 0 ps) — div(VX +dn;) =f
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The energy estimate

Rewrite the momentum equation
dZus — div((X 4 6)e(drus)) — div((X + 0)e(us)) = f

using the new variables (quasi-stresses) ps := /X5 + 0 £(Orus), and
ns = VXs + de(us):

Zus — div(vV/X + 0 ps) — div(vVX +0n;) = f
The total energy inequality for (ws, us, Xs) is

/Qw(s(t)(dxw%/ﬂ\afua(t)\2dx+/:/9|atx5\2dx+é/stmg(rw

2
+ 8L Zaxs (0500 + [ Wixs(o)ax

52
S/QW(;(S)(dX)—i-%/ﬂ‘atug(s)\zdx-i-w-‘r%as(Xé(S),X(S(S))

+/§2W(X5(s))dx+/st/nf : 8tuédx+/st/§;gdx
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Passage to the limit for § \ 0
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Under the previous assumptions, there exist E. Rocca

ue Whe(0, T; L2(Q)) N H2(0, T; H~X(Q)), 1 € L2(0, T; L3(Q)), n € L°°(0, T; L2(Q)),
w e L"(0, T; Whr(Q)) N L>=(0, T; L1(Q)) N BV([0, T]; W-"' (Q)*)

X € L°°(0, T; H5(Q)) N HY(0, T; L2(Q)), X(x,t) >0, Xe(x,t) <0 a.e.

such that
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Theorem 3 [The degenerate case] Damage
Under the previous assumptions, there exist E. Rocca

ue Wh>(0, T; L*(Q)) N H*(0, T; H1(Q)), € L2(0, T; L3(Q)), n € L=(0, T; L*(R)),
w e L"(0, T; Whr(Q)) N L>=(0, T; L1(Q)) N BV([0, T]; W-"' (Q)*)
X € L°°(0, T; H5(Q)) N HY(0, T; L2(Q)), X(x,t) >0, Xe(x,t) <0 a.e.
such that it holds true (a.e. in any open set AC 2 x (0, T): X > 0 a.e. in A)
w= ﬂs(ut), n= \/?E(u), cTahseedegeneraung



Theorem 3 [The degenerate case] P Dmage
Under the previous assumptions, there exist E. Rocca
ue Wh>(0, T; L*(Q)) N H*(0, T; H1(Q)), € L2(0, T; L3(Q)), n € L=(0, T; L*(R)),

w e L'(0, T; WH(Q)) N L>(0, T; LY(R)) N BV([0, T]; Wb (Q)*)
X € L°°(0, T; H5(Q)) N HY(0, T; L2(Q)), X(x,t) >0, Xe(x,t) <0 a.e.
such that it holds true (a.e. in any open set AC 2 x (0, T): X > 0 a.e. in A)
w= ﬂS(Ut)7 n= \/%E(U), ;I;l;zdegenerating
the weak enthalpy equation and the weak momentum and phase relations
2u — div(vX ) —div(vVXn)) =f in HTY(Q;RY), a.e. in (0, T),

T T T 1 2
L[ exsateat [Cato< [7 ] (=me+em) e
for all o € L2(0, T; W%(2)) N L>°(Q) with supp() C {X > 0},



Phase Transitions and

Theorem 3 [The degenerate case] Damage
Under the previous assumptions, there exist E. Rocca

u€ Whe(0, T; L(Q)) N H2(0, T; H7H(Q), p € L2(0, T; L2(Q)), m € L=(0, T; L*(Q)),
w e L0, T; WH(Q)) N L>®(0, T; L)) N BV([0, T]; Wb (2)*)
X € L°°(0, T; H5(Q)) N HY(0, T; L2(Q)), X(x,t) >0, Xe(x,t) <0 a.e.
such that it holds true (a.e. in any open set A C Q2 x (0, T): X > 0 a.e. in A)
w= \/EE(UL»), n= \/if(ll), ;I'ahszdegenerating
the weak enthalpy equation and the weak momentum and phase relations
2u — div(vX ) —div(vVXn)) =f in HTY(Q;RY), a.e. in (0, T),

Ai@@#+7WDWU+AT&W#ﬁ§ATA(*%MF+QWOww

for all o € L2(0, T; W%(2)) N L>°(Q) with supp() C {X > 0},
together with the total energy inequality (for almost all t € (0, T])

./Qw(t) (dx) //\Xt\2dx+ /\p.(r)\Z /W (£) dx + J(t)

1
:/ wodx—&-f/ |vo|2dx+7b(X0)\5(uo)|2+Eas(Xg,Xo)—i—/ W(Xo) dx
Q Q

//f utdxerr/ /gdx with

Cayarz ] [7( [ R axcs ne)? + axie.x0)
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A comparison between the solution notions

Weak solution to the degenerating irreversible full system <= weak
solution to the non-degenerating irreversible full system in the case of
the s—Laplacian

Suppose that the solution is more regular and X > 0 a.e. Then
p=vXe(u), n=vVXe(u) ae. in Qx(0,T)

Hence
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A comparison between the solution notions

Weak solution to the degenerating irreversible full system <= weak
solution to the non-degenerating irreversible full system in the case of
the s—Laplacian

Suppose that the solution is more regular and X > 0 a.e. Then
p=vXe(u), n=vVXe(u) ae. in Qx(0,T)

Hence

atx+7 (X)) pdx + as(X,gp)< —i|n|2+e(w) @dx
2X

for all € L2(0, T; W 2 Q)N L°°(Q) with supp( ) C {X >0},
coincides with

@sa —O(w)p >0

T ,
/ / Xew + [VXIP2VX - Vo + € + (X +
0 Q
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Phase Transitions and

A comparison between the solution notions Damags

E. Rocca

Weak solution to the degenerating irreversible full system <= weak
solution to the non-degenerating irreversible full system in the case of
the s—Laplacian

Suppose that the solution is more regular and X > 0 a.e. Then

p=vXe(u), n=vVXe(u) ae. in Qx(0,T) The degenerating

Hence

atx+7 (X)) pdx + as(X,gp)< —i|n|2+e(w) @dx
2X

for all € L2(0, T; W 2 Q)N L°°(Q) with supp( ) C {x >0},

coincides with

le(u)l® (U)\2

/ /th0+\VX\" VX Ve + o +1(X)p + —-—p — O(w)p > 0

Subtracting from the degenerate energy inequality the weak enthalpy equation
tested by 1, we recover (a.e. in (0, T]):

[l axar + Ix@) s + [ woxe) ax

< ||Xo||H5(m+/ W (Xo) dx+/ / ( +e( )) dxdr
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Remarks

The proof of Theorem 3 strongly relies on the following properties:
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Remarks

The proof of Theorem 3 strongly relies on the following properties:
1. the compact embedding of H*() into C°(Q);
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Remarks

The proof of Theorem 3 strongly relies on the following properties:
1. the compact embedding of H*() into C°(Q);
2. the fact that the s-Laplacian operator is linear: if instead we had
stayed with the p-Laplacian operator, we would have not been able

to pass to the limit in the nonlinear term |VX;|P "2V X;5V¢
featuring in the X-inequality in place of as(Xs, ();

Phase Transitions and
Damage

E. Rocca

The degenerating
case



Remarks

The proof of Theorem 3 strongly relies on the following properties:

1. the compact embedding of H*() into C°(Q);

2. the fact that the s-Laplacian operator is linear: if instead we had
stayed with the p-Laplacian operator, we would have not been able
to pass to the limit in the nonlinear term |VX;|P72VXsV(
featuring in the X-inequality in place of as(Xs, ();

3. the fact that t — X;(t, x) is nonincreasing for all x € Q, which
follows from the irreversibility constraint;
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The proof of Theorem 3 strongly relies on the following properties:
1. the compact embedding of H*() into C°(Q);

2. the fact that the s-Laplacian operator is linear: if instead we had _
stayed with the p-Laplacian operator, we would have not been able DD GBI
to pass to the limit in the nonlinear term |VX;|P72VXsV(
featuring in the X-inequality in place of as(Xs, ();

3. the fact that t — X;(t, x) is nonincreasing for all x € Q, which
follows from the irreversibility constraint;

4. the fact that we neglige the thermal expansion, i.e. we take p =0,
is due to the low regularity estimates we have on divu; for 6 =0,
which does not allow to pass to the limit in pdiv(u:)©(w) when

o\, 0



Remarks

The proof of Theorem 3 strongly relies on the following properties:
1. the compact embedding of H*(Q2) into C°(Q);

2. the fact that the s-Laplacian operator is linear: if instead we had
stayed with the p-Laplacian operator, we would have not been able
to pass to the limit in the nonlinear term |VX;|P72VXsV(
featuring in the X-inequality in place of as(Xs, ();

3. the fact that t — X;(t, x) is nonincreasing for all x € Q, which
follows from the irreversibility constraint;

4. the fact that we neglige the thermal expansion, i.e. we take p =0,
is due to the low regularity estimates we have on divu; for 6 =0,
which does not allow to pass to the limit in pdiv(u;)®(w) when
6N\, 0

These are the reasons why we have restricted the analysis of the
degenerate limit to the irreversible system, with the nonlocal
s-Laplacian operator.
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