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Introduction: setting

We consider two d-dimensional elastic bodies represented by the open, bounded sets
Q3 and 5. There is a common boundary I which is the interface where an adhesive
keep the two bodies glued together.

The variable v : Q — R? represents the displacement. The variable z : I — [0, 1]
represents the status of the adhesive.

z(x) = 1 = glue perfectly sane at x
z(x) = 0 = glue completely deteriored at x => ineffective

The variable o : Q@ — R9%4 s the stress of the body. The constitutive equation for o
is
o = C%(u) + uCle(i),
where e(u) := %(Vu + VuT), CO is the elasticity tensor and C! is the elasticity tensor

for viscosity, 2 > 0 is the viscosity of the material. We suppose C' positive definite
and constant on Q (homogeneous material).
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The general problem

We suppose 02 = 9pQ2 U Oy, which represents the Dirichlet and Neumann part of
the boundary.

If f:Q— RY, g: 0N — RY represents the external forces, and w : 9pQ2 — RY a
boundary datum, then the law of dynamic reads

pi— Dive =f

where p is the constant density of the material, coupled with the Neumann condition
ov = g on 9yS2, and the Dirichlet condition u = w on 9pf.
The relation with the variable z arises in the condition

ov=—Klulz onT

where K is the (constant, positive definite) elasticity tensor of the adhesive, and
2 1
[u] := w? — Ut

Let us introduce the delamination potential

1
5 /r]K[u] - [u]z.



The internal variable

As for the constitutive equations for z € L°°(T, [0, 1]), we want that the process of
deterioration is irreversible:

z<0. (1)



The internal variable

As for the constitutive equations for z € L°°(T, [0, 1]), we want that the process of
deterioration is irreversible:

z<0. (1)

Moreover there is a delamination threshold oz € L°°(T'), with @ > ¢ > 0, such that

%K[u] <a = =0 (2a)
2K [u] ~ ) =0, (20)
and
1K
> [u] - [u] —a <O, (2¢)

holding on the set {z > 0} C T.
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must be avoided, since it means that interpenetration of matter is taking place.
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The presence of (3) will provide an instantaneous normal reaction at I' as soon as
[u] - v = 0. Such reaction must have fixed sign too!
So we introduce the reaction term & in the equation for o, i.e.,

—o(t)v = Klu(t)]z(t) +&v onT, (4)
coupled with (3) and the condition

[W]-v>0 = ¢£=0, (5)
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Thus if it is positive, means that the bodies are separating, while a negative value
must be avoided, since it means that interpenetration of matter is taking place.
Therefore the constraint takes the form

[u] -v>0. 3)

The presence of (3) will provide an instantaneous normal reaction at I' as soon as
[u] - v = 0. Such reaction must have fixed sign too!
So we introduce the reaction term & in the equation for o, i.e.,

—o(t)v = Klu(t)]z(t) +&v onT, (4)
coupled with (3) and the condition

[W]-v>0 = ¢£=0, (5)
[u] - v=0 = ¢<oO. (6)

This can be equivalently said writting
€ € 0o 4o0)([u] - v), @)

with Olfy , o) denotes the subdifferential of the characteristic function of the interval
[0, +-00).
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We treat the homogeneous Dirichlet datum case u = 0 on dp£2. Moreover we assume
all the elasticity tensors being the identity matrix, i.e., C! = C2 = K = Id, and the
constant p = p = 1. Finally we replace the symmetric gradient e(u) by the usual one
Vu (wlog thanks to Korn).
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We treat the homogeneous Dirichlet datum case u = 0 on dp£2. Moreover we assume
all the elasticity tensors being the identity matrix, i.e., C! = C2 = K = Id, and the
constant p = p = 1. Finally we replace the symmetric gradient e(u) by the usual one
Vu (wlog thanks to Korn).

Let us rewrite all the equations

U—Au—Au=f onQ, (8a)
—(Vu+Vi)y=[ulz+&v onT, (8b)
%l[u]\2<a = z=0, (8¢)
and
P = ) =0, (8d)
2
SMlelP — <o, (8e)

holding on the set {z >0} C T.

On the other side, in orther to get a general constraint, we replace the function
Io,400) Y j i R — [0, +00], being a convex and lower semicontinuous function such
that j(0) = minj = 0. Then the constraint reads

€ € 9j([u] - v). (8f)



Generalized constraint

We define
.
T (v) ::/ /j(v)dxdt v e ([0, T] x T). (9)
0 r

The subdifferential of 7 on L?([0, T] x I') is defined as the multivalued operator
aJ : L2([0, T] x ) = L?([0, T] x I),
as follows: for v, u € L?([0, T] x I'), we have
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Generalized constraint

We define

.
T (v) ::/ /j(v)dxdt v e ([0, T] x T). (9)
0 r

The subdifferential of 7 on L?([0, T] x I') is defined as the multivalued operator
aJ : L2([0, T] x ) = L?([0, T] x I),
as follows: for v, u € L?([0, T] x I'), we have
vEAT(u) & T(w)—T(u) > ((v,w—u)) VYwe L2([0, T] xT). (10)
Setting 3 := Jj, it is easy to see that v € 8J (u) if and only if
v(t,x) € B(u(t,x)) forae. (t,x)€[0,T]xT. (11)

We call this the pointwise interpretation of 3.7, so we still denote it by 8 := 0.7.



Relaxation of the constraint

We consider the restriction of 7 to the space H C L?([0, T] x I'), and we consider the
subdifferential with respect to this new topology. This is the multivalued operator
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Relaxation of the constraint

We consider the restriction of 7 to the space H C L?([0, T] x I'), and we consider the
subdifferential with respect to this new topology. This is the multivalued operator

mT H=H,
defined as follows: for u € H and £ € H’, we have
£emI) & Jw) -T2 (&Ew—u) VYweH, (12)
where {(-,-)) is the duality pairing between H and H'.

Let us denote by
ﬁw = 87.[3
Note that the pointwise interpretation

&(t,x) € B(u(t,x)) forae. (t,x)€[0,T] xT,

does no longer make sense!
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Properties of the weak constraint

However if £ € By (u) the following can be said:

Theorem

There exists a bounded Borel measure T such that ((&, f @ f r pdT for all

p € HNG([0, T] xT). Moreover if T =Ta+Ts then
Tau € LY([0, T] x T), (13)
Ta(t, x) € B(u(t,x)) for a.e. (t,x)€[0, T] xT, (14)

//’Taudxdt—sup{/ /szs,zeC[OT]xF) 2 < 1}. (15)

It can be proved that, in the case that j = lg | ), denoting by Ts = p|Tsl,

p € 0j(u) |Ts| —a.e.in [0, T] xT. (16)

This means that 7 is supported on the set where u = 0 and that here it holds
p=—1
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Approximation of 5,

Following the theory of

o H. Attouch, “Variational Convergence for Functions and Operators”, Pitman,
London, 1984.

we can then prove that the monotone operators 3¢ tends to the maximal monotone
operator B, in the sense of graph, i.e.,

V[x,y] € Bw 3[x%,y] € B° such that [x€,y°] — [x,y],

where the convergence is intended with respect to the strong topology of H x H'.
The following holds:

Lemma

Let the monotone operator n, tends to the maximal monotone operator n in the sense
of graph (operators on H into H'). Let u, — u weakly in H, £, — & weakly in H’,
and assume &, € nn(un). If

lim SUP<<£n7 Un>> S <<£7 u»:
then £ € n(u).

These are the ingredients we need!
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Definition

Let up,vo € V, z0 € Z, and f € L?([0, T], V’). Then (u, z,n) is an energetic solution

to (8) if
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i€ HX([0, T], H~1(£)) n BV(0, T; H3(Q)), (18b)
z e L>([0, T], Z) N BV(0, T; L(T)), (18¢)
Eet, (18d)

is such that u(0) = wo, #(0) = vo, z(0) = zp, and satisfies conditions (a), (a’), (b),
(c), and (d) below.

(a) forall o €V,

= (@) + (a(T), o(T)) + (Vit, Vo)) + (Vu, Vo)) + (&, [#] - v)
= (u1,0(0)) + (f, ) — (=[u], [¢])"- (19)



Energetic formulation of the evolution

(a') forall t € [0, T] there exists & € H’ such that also the local version of (19) holds

— (&, @) + (a(2), 0(1)) + (Vi, V) + (Vu, Ve + (&, [#] - v)e

= (u1,0(0)) + (f, o) e — (2lu], [P, (20)
for all ¢ € V:. Moreover &; satisfies the property that, for all ¢ € H: with
©(t) =0, we have
(&, oM = (&, 8D, (21)
where @ is the extension to H of ¢ € H¢,o such that p(s) =0 for s € [t, T].
(b) We have
€€ Bu(lu]-v), (22)

and for all t € [0, T] it also holds that

&t € Bw,t([uc,q] - v)-



Energetic formulation of the evolution

(c) for almost every x € I the function t — z(t, x) is nonincreasing and
1
either 5\[u(t,x)]\2 <afx) or z(t,x)=0 forae xeTl (23)

for all t € [0, T].
(c") for all times t; and t, with 0 < ¢; < to < T it holds

/?mx;wmnﬁfwwf/?mx;wmnﬁfmw

r r

— /t2 /z[u] - [t]dxdt = 0. (24)
u Jr

(d) for all t € [0, T] the following energy inequality holds

;mmm+/ﬁwmymw+§/dmmuWw+;meﬁ

r r

=
+/ IVall?dt — (o, 2(£))r + (e, 20)r <
0

;m%+/ﬁmymw+§/mmww+;w%W+Wmm (25)
r r
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In order to prove the existence of an energetic solution we introduce the following
approximate evolutions.

Let e € (0,1), up,vo € V, z0 € Z, and f € L?([0, T], V). Then (u€,z) is an
e-approximation of the energetic solution (4) if

u¢ € HY([0, T], V) n wi2([o, T], L3(Q)), (26a)
u¢ € H([0, T], V'), (26b)
z¢ € L°([0, T], Z) N BV(0, T; LY(T)), (26¢)

is such that u¢(0) = wo, 4°(0) = vo, z¢(0) = 2, and satisfies conditions (a¢), (b€),
and (c€¢) below.

(a€) for every time t € [0, T], it holds

= (@5 @)e + (6°(2), p(1)) + (VES, V) + (VU Vo)) e + (B([ue] - ), [¢] - v
= (u1,9(0) + (F, e — (°[u°], D), (27)

for all p € V.



Energetic formulation of the approximate evolution

(b€) for almost every x € T the function t — z¢(t, x) is nonincreasing and
1
either 5\[u5(t,x)]\2 <a(x) or zf(t,x)=0 forae xel  (28)

for all t € [0, T].

(c€) the following energy balance holds

SNl + /f([uﬁ(t)] W)+ /zs(t)|[uf](t)|2dx+ SV (IR
r

r

.
+/ IVi|[2dt — (e, 2°())r + (e, 20)r =
0

1 1 1 .
Sl + /f([uo] V) + /Zo|[U0]|2dx + S IVl + (.8, (29)
r r

for all t € [0, T].



Existence of evolutions

For all € € (0, 1), existence of an approximate solution can be obtained by time
discretization and by an implicit Euler scheme. This is standard and we can adapt, for
instance, results by

o T. Roubicek, Adhesive contact of visco-elastic bodies and defect measures arising
by vanishing viscosity. SIAM J. Math. Anal., 45 (2013), 101-126,

and reference therin.



Existence of evolutions

For all € € (0, 1), existence of an approximate solution can be obtained by time
discretization and by an implicit Euler scheme. This is standard and we can adapt, for
instance, results by
o T. Roubicek, Adhesive contact of visco-elastic bodies and defect measures arising
by vanishing viscosity. SIAM J. Math. Anal., 45 (2013), 101-126,

and reference therin.
We want to pass to the limit as € — 0. The following Theorem holds true.

Let (u€,z¢) be approximate solutions. Then there exists (u, z, &) energetic solution as
in Definition 4 such that, up to a subsequence,

u¢ — u  strongly in H*(0, T; L2(Q)) and weakly in H1(0, T; V), (30a)
i€ — i weakly in HY(0, T; H~1(£2)) and weakly* in BV(0, T; H=?(Q)),  (30b)
z°(t) — z(t)  weakly* in L°°(T') for all t € [0, T], (30¢)

Be([u®]-v) = &  weakly in H' and inV'. (30d)
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Some estimates are straightforward and follows by the energy balance (c¢). These are
lullmo,vy < M,

/je([ue(t)] -v) < M forall t €0, T],

g
l/|[u€](t)|2zf(t) < Mforall t €0, T],
2 r
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”zellBV(O,T;Ll(F)) < M.



Sketch of the proof

In order to get the convergences above we should prove suitable apriori estimates for
(u€> ZE, 66([1"6] : V))

Some estimates are straightforward and follows by the energy balance (c¢). These are

”ue”Hl(O,t;V) <M,

/jf([ue(t)] -v) < M forall t €0, T],

.

%/|[u€](t)|2z€(t) < Mforall t € [0, T],
.

1€l oo 0,62) < M,

Izl v o, ;01 (ry) < M-

Crucial is the following one:

For all e € (0,1) it holds

[1Be([uf] - V)HLl(o,T;Ll(r)) <M. (31)
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This can be obtained letting 9 € H%(F;]Rd) such that ¢ - v = 1 on the whole I' and
extending (harmonic) it to an element ¢ € V which is 0 on €5, and set
V(t,x) := ¢(x) for all t € [0, T]. Testing the weak equation (a¢) by u — 6V, § > 0,
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V(t,x) := ¢(x) for all t € [0, T]. Testing the weak equation (a¢) by u — 6V, § > 0,
we obtain

T T
(uE(T),uS(T))—(uf,uS)—/ ||ifH§+/ uE(t),awx—/ U&Wdﬂr/ IVucl3dt
0 Q Q 0
1 1
+ S IV (DB = SIVuGI3 + (Vu, 6V9))™ + (Vus(T), VW)™ — (Vug, sV W)™

;
! / /ﬁe([uel w)([u] - v = 8)dxdt + (2 |[u]]® — du® - v)) = (F, u) + (f, W)™
0 r

and then using the previous estimates and the fact that |Be(x)| < 671|Be(x)(x — 6)|
for e € (0,1).
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This can be obtained letting 9 € H%(F;]Rd) such that ¢ - v = 1 on the whole I' and
extending (harmonic) it to an element ¢ € V which is 0 on €5, and set

V(t,x) := ¢(x) for all t € [0, T]. Testing the weak equation (a¢) by u — 6V, § > 0,
we obtain

T T
(L':e(T),ue(T))—(uf,ué)—/ ||UEH§+/ ue(t),ﬁ‘»lldx—/ ug,(s\lidx—i-/ |V ue|3dt
0 (93 Q 0
+ 2 IVU (TR = SIVel3 + (Tu, 599 + (Vu (), 679)% — (Vg 5T W)
T
+/ / Bellu - )]+ — )bt + (25 [ — 6 v) = (F, %) + (F, 6W)™1.
0 r

and then using the previous estimates and the fact that |Be(x)| < 671|Be(x)(x — 6)|
for e € (0,1).
The previous estimate implies

||[16||W1:1(0’T;F[—2(Q)) < M7 (32)

for all € € (0,1).
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Aubin-Lions compactness principle entail the strong convergence

u¢ — u  strongly in H*(0, T; L3()) (33)
us(t) = u(t) strongly in L2(Q) for all t € [0, T]. (34)
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u¢ — u  strongly in H*(0, T; L3()) (33)
us(t) = u(t) strongly in L2(Q) for all t € [0, T]. (34)

Another key fact is the following:

There holds

[1Be([u] - »)llaer < M, (35)

for all e € (0,1).

Using the previous estimate we argue as before using an arbitrary function
1
¥ € H2 ([;RY) and suitably extending it to V.
We have then found
Be([u]-v) =&,

for some £ € H'.
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We are now ready to prove (b). To this aim we apply Lemma 3, and then we have to
check that

limsup ((B(u°), u) < (& u)- (36)

e—0

Thanks to the convergences above it is easily seen that (a) holds. Using (27), wi
write

(B ([T - ), u) = 11511720 42y — (@(T), u*(T)) + (u, uo) — %HVUE(T)II2

+ 519wl = V6l 7.2 /0 ' /r 25(6) u ()P dxdt + ((F, u)). (37)
Taking the limsup we get
< a0, 742 = (BT, () + (a1, w0) = 3 V(TP + S 190l = [Vl 712
+ /0 ' /r 2(0)[u(e)Pdxdt + (F, u) = (&, u). (38)

and the claim follows.
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where [u] - v = 0. Thanks to the fact that

ire BV(0, T; H2(Q)),

it can be proved that £t = {L[g xr outside a set of countable many times.
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We have seen that £ and &; coincides with Borel measures concentrated on the set
where [u] - v = 0. Thanks to the fact that

ire BV(0, T; H2(Q)),

it can be proved that £t = {L[g xr outside a set of countable many times.
In some sense the presence of such jumps is the main difficulty to prove an enery
balance (if it holds). Outside these points an energy balance holds true!!!

In dimension d = 1 energy balance holds!

The behaviour of the constraint is quite independent of the flow rule of the variable z.

For instance, the same behaviour takes place when we add a viscosity term in the flow

rule 1
SR +2-a <0

(S.-G. Schimperna).



The end

THANK YOU FOR ATTENTION!
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