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Plan of the talk — according to the abstract 4{4’3

o Well-posedness and long-time behavior of a tumor growth model proposed in [A.
Hawkins-Daarud, K.G. van der Zee, J.T. Oden, Int. J. Numer. Methods Biomed. Eng., 2011] — with
S. Frigeri and M. Grasselli:

FGR On a diffuse interface model of tumor growth, European J. Appl. Math. (2015)

o Asymptotics and error estimates of its viscous version derived in [D. Hilhorst, J. Kampmann,
T.N. Nguyen, K.G. van der Zee, M3AS, 2015] — with P. Colli, G. Gilardi, J. Sprekels:
CGRS1 Vanishing viscosities and error estimate for a Cahn-Hilliard type phase field system
related to tumor growth, Nonlinear Anal.-B (2015)

CGRS2 Asymptotic analyses and error estimates for a Cahn—Hilliard type phase field system
modelling tumor growth, to appear in DCDS-S
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o Well-posedness and long-time behavior of a tumor growth model proposed in [A.
Hawkins-Daarud, K.G. van der Zee, J.T. Oden, Int. J. Numer. Methods Biomed. Eng., 2011] — with
S. Frigeri and M. Grasselli:

FGR On a diffuse interface model of tumor growth, European J. Appl. Math. (2015)

o Asymptotics and error estimates of its viscous version derived in [D. Hilhorst, J. Kampmann,
T.N. Nguyen, K.G. van der Zee, M3AS, 2015] — with P. Colli, G. Gilardi, J. Sprekels:
CGRS1 Vanishing viscosities and error estimate for a Cahn-Hilliard type phase field system
related to tumor growth, Nonlinear Anal.-B (2015)

CGRS2 Asymptotic analyses and error estimates for a Cahn—Hilliard type phase field system
modelling tumor growth, to appear in DCDS-S

It is a two-phase model, considering tumorous and non-tumorous phases only. The tissue
velocity field is taken equal to 0. The proliferating cell fraction is assumed to be a given function
of the tumor cell phase
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NEW Plan of the talk 'Zﬁ@“*é

— More recently we could include the evolution of the velocity and treat a multispecies
tumor growth model proposed by [CWSL: Y. Chen, S.M. Wise, V.B Shenoy, J.S. Lowengrub, Int. J.
Numer. Methods Biomed. Eng., 2014]
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NEW Plan of the talk 'Zﬁ@“*é

— More recently we could include the evolution of the velocity and treat a multispecies
tumor growth model proposed by [CWSL: Y. Chen, S.M. Wise, V.B Shenoy, J.S. Lowengrub, Int. J.
Numer. Methods Biomed. Eng., 2014]

B Report on the recent work

M. Dai, E. Feireisl, E.R., G. Schimperna, M. Schonbek, Analysis of a diffuse interface
model of multispecies tumor growth, preprint arXiv:1507.07683 (2015)
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tumor growth model proposed by [CWSL: Y. Chen, S.M. Wise, V.B Shenoy, J.S. Lowengrub, Int. J.
Numer. Methods Biomed. Eng., 2014]

B Report on the recent work
M. Dai, E. Feireisl, E.R., G. Schimperna, M. Schonbek, Analysis of a diffuse interface

model of multispecies tumor growth, preprint arXiv:1507.07683 (2015)

e Existence of weak solutions for the PDE system corresponding to the recent model
by [Y. Chen, S.M. Wise, V.B Shenoy, J.S. Lowengrub, Int. J. Numer. Methods
Biomed. Eng., 2014] coupled with suitable initial and boundary conditions
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by [Y. Chen, S.M. Wise, V.B Shenoy, J.S. Lowengrub, Int. J. Numer. Methods
Biomed. Eng., 2014] coupled with suitable initial and boundary conditions

e Partial results on the singular limit for that model as the diffuse interface coefficient
tends to zero
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— More recently we could include the evolution of the velocity and treat a multispecies
tumor growth model proposed by [CWSL: Y. Chen, S.M. Wise, V.B Shenoy, J.S. Lowengrub, Int. J.
Numer. Methods Biomed. Eng., 2014]

B Report on the recent work

M. Dai, E. Feireisl, E.R., G. Schimperna, M. Schonbek, Analysis of a diffuse interface
model of multispecies tumor growth, preprint arXiv:1507.07683 (2015)

e Existence of weak solutions for the PDE system corresponding to the recent model
by [Y. Chen, S.M. Wise, V.B Shenoy, J.S. Lowengrub, Int. J. Numer. Methods
Biomed. Eng., 2014] coupled with suitable initial and boundary conditions

e Partial results on the singular limit for that model as the diffuse interface coefficient
tends to zero

B Comment on possible open problems

E. Rocca - Mini Symposium "Mathematics of fluid interfaces", DMV, September 22, 2015 - Page 3 (23)



The model

A continuum thermodynamically consistent model is introduced: sharp interfaces are replaced

by narrow transition layers arising due to adhesive forces among the cell species
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Diffuse interface model
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The model xﬁ’g

A continuum thermodynamically consistent model is introduced: sharp interfaces are replaced

by narrow transition layers arising due to adhesive forces among the cell species

I

Diffuse interface model

The resulting PDE system couples four different types of equations:

B a Cahn-Hilliard type equation for the tumor cells (which include proliferating and dead
cells) with transport and reaction terms — depending on the nutrient concentration (e.g.,
oxygen) — which governs various types of cell concentrations

B a Darcy law for the tissue velocity field, whose divergence may be different from 0 and
depend on the other variables, where, besides the pressure gradient, appears also the
so-called Korteweg force due to the cell concentration

B a transport equation for the proliferating (viable) tumor cells

B a quasi-static advection reaction diffusion equation for the nutrient concentration, which is

coupled to the Cahn-Hilliard equations
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The state variables

B ¢;, ¢ = 1,2, 3: the volume fractions of the cells:
B ¢; = P: proliferating tumor cell fraction
B ¢2 = ¢p: dead tumor cell fraction
B ¢3 = ¢ host cell fraction
The variables above are naturally constrained by the relation Z?:l ¢pi=¢g+P=1
B [I: the cell-to-cell pressure
B u=u;,: = 1,2, 3: the tissue velocity field. We assume that the cells are tightly packed
and they march together
B n:the nutrient concentration

B & = ¢p + P: the volume fraction of the tumor cells split into the sum of the dead
tumor cells and of the proliferating cells

E. Rocca - Mini Symposium "Mathematics of fluid interfaces", DMV, September 22, 2015 - Page 5 (23) W



The state variables 'Zﬁ@’g

B ¢;, ¢ = 1,2, 3: the volume fractions of the cells:
B ¢; = P: proliferating tumor cell fraction
B ¢ = ¢p:dead tumor cell fraction
B ¢3 = ¢ host cell fraction
The variables above are naturally constrained by the relation Z?:l ¢i=¢u+P=1

B [I: the cell-to-cell pressure

B u=u;,: = 1,2, 3: the tissue velocity field. We assume that the cells are tightly packed
and they march together

B n: the nutrient concentration

B & = ¢p + P: the volume fraction of the tumor cells split into the sum of the dead
tumor cells and of the proliferating cells

Moreover, we denote by
B J,: the fluxes that account for mechanical interactions among the species

B S;,i=1,2,3: the terms accounting for inter-component mass exchange as well as
gains due to proliferation of cells and loss due to cell death
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Mass conservation and choice of the energy

The volume fractions obey the mass conservation (advection-reaction-diffusion) equations:
8,5(}5,‘ + divg (uqbl) = —div,J; + ®S;

We have assumed that the densities of the components are matched
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The volume fractions obey the mass conservation (advection-reaction-diffusion) equations:
(9,5()251‘ + div, (uqbl) = —divgJ; + ®S;

We have assumed that the densities of the components are matched
The total energy adhesion has the form

E:A(f(@)+%|vz¢|2) dz

where F is a logarithmic type mixing potential
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Mass conservation and choice of the energy 4{4’3

The volume fractions obey the mass conservation (advection-reaction-diffusion) equations:
8t¢i + div, (uqbl) = —divgJ; + ®S;

We have assumed that the densities of the components are matched
The total energy adhesion has the form

E:/ﬂ(f(@)+%|vz<1>|2) dz

where F is a logarithmic type mixing potential
We define the fluxes J¢ and J 7 as follows:

SE
5%

oK oK

where we have used in the last equality the fact that ¢z = 1 — ® and where p is the chemical

Jo=J1+J2:=-V, ( ) = -V, (]-—/((I)) - Aq)) = —Vx,u

potential of the system
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The convective Cahn-Hilliard type equation for the tumor cells fraction 'Zﬁf’g

For the source of mass in the host tissue we have the following relations:

B Sr=5Sp+Sp:=5+51

B &Sy :=8S5:=¢uSr=(1—P)Sr
Assuming the mobility of the system to be constant, then the tumor volume fraction ¢ and the
host tissue volume fraction ¢ i obey the following mass conservation equations

0 ® + div, (u<I>) = —divyJse + @(SQ + Sl)
8t¢H =+ divm(uqSH) = —div,Jyg + &S5
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For the source of mass in the host tissue we have the following relations:
B Sr=5Sp+Sp:=5+51
B &Sy :=8S5:=¢uSr=(1—P)Sr
Assuming the mobility of the system to be constant, then the tumor volume fraction ® and the
host tissue volume fraction ¢ i obey the following mass conservation equations
0P + divy (u®) = —diveJe + ®(S2 + S1)
Ordpn + divy(ugn) = —diveIy + @53

Using now the fact that ST = S1 + S2 and recalling that ¢ g + ® = 1, we can forget of the
equation for ¢ ;7 and we recover the equation for ® in the form

P + dive (ud) — dive(Vap) = ®Sy, 1= F' (D) — AD \

E. Rocca - Mini Symposium "Mathematics of fluid interfaces", DMV, September 22, 2015 - Page 7 (23)



The convective Cahn-Hilliard type equation for the tumor cells fraction x"g

For the source of mass in the host tissue we have the following relations:
B Sr=5Sp+Sp:=5+51
B &Sy :=8S5:=¢uSr=(1—P)Sr
Assuming the mobility of the system to be constant, then the tumor volume fraction ® and the
host tissue volume fraction ¢ i obey the following mass conservation equations
0P + divy (u®) = —diveJe + ®(S2 + S1)
Ordpn + divy(ugn) = —diveIy + @53

Using now the fact that ST = S1 + S2 and recalling that ¢ g + ® = 1, we can forget of the
equation for ¢ and we recover the equation for ® in the form

P + dive (ud) — dive(Vap) = ®Sy, 1= F' (D) — AD \

Suppose the net source of tumor cells St to be given by
St = Sr(n,P,®) = AynP — A (P — P)

where Aps > 0 is the mitotic rate and Az, > 0 is the lysing rate of dead cells

E. Rocca - Mini Symposium "Mathematics of fluid interfaces", DMV, September 22, 2015 - Page 7 (23)



The transport equation for the proliferating cells fraction 'Zﬁf’g

The volume fraction of dead tumor cells ¢ p would satisfy an equation similar to the one of .
However, we prefer to couple the equation for & with the one for P = ® — ¢ p which then
reads

‘ 0P + divy(uP) = (St — Sp) ‘

where the source of dead cells is taken as

Sp = SD(’H,,P, @) = ()\A + )\NH(nN — n))P — )\L(q) — P)
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The transport equation for the proliferating cells fraction 4{4’3

The volume fraction of dead tumor cells ¢ p would satisfy an equation similar to the one of .
However, we prefer to couple the equation for & with the one for P = ® — ¢ p which then
reads

[ 0P + div.(uP) = ®(S7 — Sp) |

where the source of dead cells is taken as
Sp = SD(n,P, @) = ()\A + )\NH(nN — TL)) P— )\L(q) — P)

Here

B )\ 4 P describes the death of cells due to apoptosis with rate A4 > 0 and the term
An H(nny — n)P models the death of cells due to necrosis with rate Ay > 0

B for mathematical reasons, we choose H to be a regular and nonnegative function of n

B the term n v represents the necrotic limit, at which the tumor tissue dies due to lack of

nutrients
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The Darcy law for the velocity field 'Zﬁf’g

The tumor velocity field u (given by the mass-averaged velocity of all the components) is
assumed to fulfill Darcy’s law:

u=—-V,Il+uVv,®

where, for simplicity, the motility has been taken constant and equal to 1

E. Rocca - Mini Symposium "Mathematics of fluid interfaces", DMV, September 22, 2015 - Page 9 (23)



The Darcy law for the velocity field 'Zﬁf’g

The tumor velocity field u (given by the mass-averaged velocity of all the components) is
assumed to fulfill Darcy’s law:

u=—-V,II+uV,®

where, for simplicity, the motility has been taken constant and equal to 1

Summing up the mass balance equations, we end up with the following constraint for the
velocity field:

diveu = Sp = AynP — AL(® — P) \
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The quasistatic advection reaction diffusion equation for the nutrien 'Zﬁ@"*é

Since the time scale for nutrient diffusion is much faster than the rate of cell proliferation, the
nutrient is assumed to evolve quasi-statically:

—An+vynP = T.(n,®) ‘
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Since the time scale for nutrient diffusion is much faster than the rate of cell proliferation, the
nutrient is assumed to evolve quasi-statically:

‘ —An+vynP = T.(n,®) ‘

where the nutrient capillarity term 7% is

Te(n, ®) = [ (1 = Q(P)) + 12Q(P)] (ne —n)
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The quasistatic advection reaction diffusion equation for the nutrien 'Zﬁf’g

Since the time scale for nutrient diffusion is much faster than the rate of cell proliferation, the

nutrient is assumed to evolve quasi-statically:

‘ —An+vynP = T.(n,®) ‘

where the nutrient capillarity term 7% is
Te(n, ®) = [ (1 = Q(P)) + 12Q(P)] (ne —n)

Here
B vy represents the nutrient uptake rate by the viable tumor cells

B vy, 2 denote the nutrient transfer rates for preexisting vascularization in the tumor and

host domains
B 7. is the nutrient level of capillaries

B the function Q(®) is assumed to be regular and to satisfy
(1= Q(®)) +1Q(®) > 0
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The boundary conditions 'Zﬁf’g

B We chose the boundary conditions proposed in [CWSL: Y. Chen, S.M. Wise, V.B Shenoy, J.S.
Lowengrub, Int. J. Numer. Methods Biomed. Eng., 2014] for ®, i, IT and n (with v denoting the
outer normal unit vector to 9€2):

p=II=0, n=1, V,@-v=0
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B We chose the boundary conditions proposed in [CWSL: Y. Chen, S.M. Wise, V.B Shenoy, J.S.
Lowengrub, Int. J. Numer. Methods Biomed. Eng., 2014] for ®, i, IT and n (with v denoting the
outer normal unit vector to 9€2):

p=II=0, n=1, V,@-v=0

B On the other hand, under the homogeneous Neumann boundary conditions suggested in
cwsL for P, we could not show that the system is well-posed.
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The boundary conditions xﬁ’g

B We chose the boundary conditions proposed in [CWSL: Y. Chen, S.M. Wise, V.B Shenoy, J.S.
Lowengrub, Int. J. Numer. Methods Biomed. Eng., 2014] for ®, i, IT and n (with v denoting the
outer normal unit vector to 9€2):

p=II=0, n=1, V,@-v=0

B On the other hand, under the homogeneous Neumann boundary conditions suggested in
cwsL for P, we could not show that the system is well-posed. For this reason, we chose
the boundary conditions:

Pu-v>0

which are natural in connection with the transport equation for P

8P + div.(uP) = ®(Sr — Sp)
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The boundary conditions . 4{4’3

B We chose the boundary conditions proposed in [CWSL: Y. Chen, S.M. Wise, V.B Shenoy, J.S.
Lowengrub, Int. J. Numer. Methods Biomed. Eng., 2014] for ®, i, IT and n (with v denoting the
outer normal unit vector to 9€2):

p=II=0, n=1, V,@-v=0

B On the other hand, under the homogeneous Neumann boundary conditions suggested in
cwsL for P, we could not show that the system is well-posed. For this reason, we chose
the boundary conditions:

Pu-v>0

which are natural in connection with the transport equation for P
0, P + div,(uP) = ®(Sr — Sp)

In particular, the proliferation function at the boundary has to be nonnegative on the set
where the velocity u satisfies u - v > 0. By maximum principle, then P > 0 in €2, which
is an information we need for proving well-posedness of the system
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The PDEs 'Zﬁ@"*é

In summary, let @ C R® be a bounded domain and T' > 0 the final time of the process. For
simplicity, choose Ays = vy =1, Aa = A1, AN = A2, AL = As.
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The PDEs xﬁ’g

In summary, let @ C R® be a bounded domain and T' > 0 the final time of the process. For
simplicity, choose Aps = vy = 1, Aa = A1, AN = A2, Ar = As.
Then, in  x (0,T), we have the following system of equations:

9@ + div, (ud) — div, (Vo) = ®Sr, p= —Ad + F'(d)
u=—-V,Il+uV,®, diveu=>5Sr
8P + divy(uP) = (St — Sp)
—An+nP =T.(n,®)

where
ST(n7 P, <I>) =nP — /\3(<I> — P)

SD(TL, P, (I)) = ()\1 + )\QH(’IIN — n)) P — )\3(‘13 — P)
Te(n, @) = [r1(1 = Q(®)) + 12Q(®)] (e — n)

coupled with the boundary conditions on 92 X (0,7):u=11=0,n=1,V,®-v =0,
Pu - v > 0 and with the initial conditions ®(0) = ®o, P(0) = Py in
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Assumptions on the potential 7

We suppose that the potential F supports the natural bounds
0<P(t,z) <1
To this end, we take F = C + B, where B € C*(R) and
C : R — [0, 0] convex, lower-semi continuous, C(®) = cofor® < 0or® > 1

Moreover, we ask that

CeC'(0,1), lim C'(®) = lim C'(®) =00
P50t

d—1—
A typical example of such C is the logarithmic potential
Dlog(®) + (1 — ®)log(l — @) for d € [0, 1],
C(®) =

oo otherwise
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Assumptions on the other data

Regarding the functions the constants in the definitions of S and Sp, we assume
Q,H € C'(R) and
Ai>0fori=1,2,3, H>0

[v1(1 — Q(®)) + 1Q(®)] >0, 0<ne <1

Finally, we suppose € be a bounded domain with smooth boundary in R3 and impose the
following conditions on the initial data:

Do e H'(Q), 0< Py <1, C(Po) € L'(Q)

PyeL?(Q), 0<P <1 aeinQ
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Remarks 'Zﬁ@’g

R1. Note that, as P > 0, the boundary condition Pu - v > 0 should be interpreted as
P = 0 whenever u - v < 0, meaning on the part of the inflow part of the boundary.
Moreover, in the weak formulation, that condition will be incorporated into the equation for
P turning it into a variational inequality

E. Rocca - Mini Symposium "Mathematics of fluid interfaces"”, DMV, September 22, 2015 - Page 15 (23)



gah

Remarks

R1. Note that, as P > 0, the boundary condition Pu - v > 0 should be interpreted as
P = 0 whenever u - v < 0, meaning on the part of the inflow part of the boundary.
Moreover, in the weak formulation, that condition will be incorporated into the equation for

P turning it into a variational inequality

R2. Condition
C€C*(0,1), lim C'(®)= lim C'(®) =00

d—0t P—1—
has mainly a technical character and is assumed just for the purpose of constructing a not
too complicated approximation scheme. At the price of some additional technical work it
could be avoided. One may, for instance, consider the case where C(®) = I[o,11(®) (the
indicator function of [0, 1]), which does not satisfy this condition
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Weak formulation

(@, u, P, n) is a weak solution to the problem in (0,7") x £ if
(i) these functions belong to the regularity class:
@ € C°([0,T); HY(Q)) N L2(0, T; W25(Q))
C(®) € L°°(0,T; L*(2)), hence, in particular,0 < & < 1a.a.in (0,T) x
ue L2((0,T) x Q;R3), divu € L=((0,T) x Q)
Il € L2(0, T; Wy 2 (), p € L0, T; Wy 2 ()
PeL®((0,T)xQ),0<P<1aain(0,T)xQ
n € L2(0,T;W22(Q)), 0<n <1 aain(0,T) x Q
(ii) the following integral relations hold:

/T/ [P0t + Pu - Vap + plAp + @S1¢] dz dt = */ Qo¢(0,) dz
for anyapoe Cs'zm([O,T) x ), where ’
p=—-Ad+F(®), u= -V, + uV,®
divyu = Sraain(0,T) x Q; VP -v|gn=0
/T/ [POrp + Pu-Vyp+ (St — Sp)y] dz dt > —/ Pop(0,-) dz
orany o € CE2(00.7) % ). ¢lo > 0 !
—An+nP =T.(n,®)aa.in(0,T) x Q; nlgn =1
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Main result 'Zﬁ@’g

Now, we are able to state the main result of [M. Dai, E. Feireisl, E.R., G. Schimperna, M.
Schonbek, Analysis of a diffuse interface model of multispecies tumor growth, preprint
arXiv:1507.07683 (2015)]

LetT > 0 be given. Under the previous assumptions the variational formulation of our

initial-boundary value problem admits at least one solution on the time interval [0, T']
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Singular limit

We consider the simplified problem obtained by taking S = Sp = 0
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Singular limit

We consider the simplified problem obtained by taking S = Sp = 0
Hence we consider the system for ® and u, decoupled from the rest, of the form

0:® + divy (u®) — dive (Vaep) =0, = —>Ad + F'(®)

u= -V, I+ uV,®, div,u=0

with the boundary conditions
u-nlgo =0, Vo® - nlag =0, plog =0

Notice that, in particular, we are considering here a no-flux condition for IT in place of the
Dirichlet condition
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Singular limit 'Zﬁ@’“é

We consider the simplified problem obtained by taking S = Sp = 0
Hence we consider the system for ® and u, decoupled from the rest, of the form

0:® + divy (u®) — dive (Vaep) =0, = —>Ad + F'(®)

u= -V, I+ uV,®, div,u=0

with the boundary conditions
u-nlgo =0, Vo® - nlag =0, plog =0

Notice that, in particular, we are considering here a no-flux condition for IT in place of the
Dirichlet condition

Main goal: pass to the limitas ¢ — 0
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Main estimates

We derive the energy balance

d

2
< {e—lvm@f—l—}'(@)] dx—f—/ Vi + |u)? dz =0
dt Jo | 2 0

Next, we have
/Q [€®|AD]? + 7 ()| V. @|*] dz = /szu SV, ® dz
Then, assuming strict convexity of F, namely
F'>1>0

the following estimates can be deduced

T T
| Ieavliag de<e [ I9a01tqm, de<e
0 0
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Passage to the limit

Hence, we may assume there is a subsequence such that
u. — u weaklyin L*((0,T) x ;R?)
Obviously, we have div,u = 0, u - n|aq = 0 We can now write
u. = -V, (IL. — F(®.)) — 2AD.V, .

whence, seeing that
APV, . — 0in L' ((0,T) x Q)

we conclude that curl,u = 0, which, combined with div,u = 0, u - n|sq = 0, yields

u=20
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Passage to the limit

Hence, we may assume there is a subsequence such that
u. — u weaklyin L*((0,T) x ;R?)
Obviously, we have div,u = 0, u - n|aq = 0 We can now write
u. = -V, (IL. — F(®.)) — 2AD.V, .

whence, seeing that
APV, . — 0in L' ((0,T) x Q)

we conclude that curl,u = 0, which, combined with div,u = 0, u - n|sq = 0, yields
u=20
Therefore, taking € — 0, our system converges to
0P — Ap =0, pw=F'(®)

and satisfies the energy law

d

T f((b dz+/\VT;t dz =0
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Main result on the Singular limitas ¢ — 0 'Z‘fg’“j

Let the assumptions listed before hold, let F satisfy the strict convexity assumption, and let

(Pe, pie, u:) denote a family of weak solutions to the system
0t ® + div, (ud) — divy (Vaop) =0, p = —Ad® + F'(D)

u=—V,II+uV,®, divpu=0

with the b.c. u - n|sa = 0, V@ - njaa = 0, ploe = 0 and the Cauchy conditions. Then, as
e — 0, the functions (D, pie, u.) suitably tend to a triple (P, u, 0) satisfying

0 —Apu=0, pu=F(P)
together with the energy law
d 2
— [ F(®)dz+ [ |[Vapl” dz=0

and the initial and boundary conditions
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Comparison with some other models

B Numerical simulations of diffuse-interface models for tumor growth have been carried
out in several papers (cf., e.g., [V. Cristini, J. Lowengrub, Cambridge Univ. Press, 2010] and more
recently [H. Garcke, K.F. Lam, E. Sitka, V. Styles, arXiv:1508.00437, 2015]). However, a rigorous
mathematical analysis of the resulting PDEs is still in its beginning
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Comparison with some other models

B Numerical simulations of diffuse-interface models for tumor growth have been carried
out in several papers (cf., e.g., [V. Cristini, J. Lowengrub, Cambridge Univ. Press, 2010] and more
recently [H. Garcke, K.F. Lam, E. Sitka, V. Styles, arXiv:1508.00437, 2015]). However, a rigorous
mathematical analysis of the resulting PDEs is still in its beginning

B To the best of our knowledge, the first related papers are concerned with a simplified
model, the so-called Cahn-Hilliard-Hele-Shaw system ([J. Lowengrub, E. Titi, K. Zhao,
European J. Appl. Math., 2013], [X. Wang, H. Wu, Asymptot. Anal., 2012], [X. Wang, Z. Zhang, Ann.
Inst. H. Poincaré Anal. Nonlinéaire, 2013]) in which the nutrient n, the source of tumor St and
the fraction Sp of the dead cells are neglected or [J. Jang, H. Wu, S. Zheng, J. Differential
Equations, 2015] where St is not 0 but it's not depending on the other variables but just on

time and space
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Comparison with some other models . 4{4’3

B Numerical simulations of diffuse-interface models for tumor growth have been carried
out in several papers (cf., e.g., [V. Cristini, J. Lowengrub, Cambridge Univ. Press, 2010] and more
recently [H. Garcke, K.F. Lam, E. Sitka, V. Styles, arXiv:1508.00437, 2015]). However, a rigorous
mathematical analysis of the resulting PDEs is still in its beginning

B To the best of our knowledge, the first related papers are concerned with a simplified
model, the so-called Cahn-Hilliard-Hele-Shaw system ([J. Lowengrub, E. Titi, K. Zhao,
European J. Appl. Math., 2013], [X. Wang, H. Wu, Asymptot. Anal., 2012], [X. Wang, Z. Zhang, Ann.
Inst. H. Poincaré Anal. Nonlinéaire, 2013]) in which the nutrient n, the source of tumor ST and
the fraction Sp of the dead cells are neglected or [J. Jang, H. Wu, S. Zheng, J. Differential
Equations, 2015] where St is not 0 but it's not depending on the other variables but just on
time and space

B Moreover, very recent contributions FGR and CGRS1, CGRS2 are devoted to the analysis
of a newly proposed simpler model in [A. Hawkins-Daarud, K.G. van der Zee, J.T. Oden, Int. J.
Numer. Methods Biomed. Eng., 2012] and [D. Hilhorst, J. Kampmann, T.N. Nguyen, K.G. van der
Zee, M3AS, 2015]. In this model, velocities are set to zero and the state variables are
reduced to the tumor cell fraction and the nutrient-rich extracellular water fraction
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Some open problems 'Zﬁ@’g

B It would be interesting to investigate whether similar estimates could be derived for the
singular flux

u=-V,II+ %uvl@

However, the above argument does not seem to be easily adaptable to cover such a
situation. For instance, we cannot prove uniform integrability of the product

eADPV ¢

in that case
B Uniqueness of solutions at fixed ¢ is still open
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