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@ Phase field models for tumor growth

© FLRS: Multispecies model with different mobilities

© Inspired by M. Dai, E. Feireisl, E.R., G. Schimperna, Nonlinearity (2017)

© Comparison with other models
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Setting

Typical structure of tumors grown in vitro:

Normal region
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Nutrient source

Figure: Zhang et al. Integr. Biol., 2012, 4, 1072-1080. Scale bar 100pum = 0:1mm
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A continuum thermodynamically consistent model is introduced with the ansatz:

@ sharp interfaces are replaced by narrow transition layers - diffuse interfaces - arising
due to adhesive forces among the cell species

e proliferating and dead tumor cells and healthy cells are present, along with a
nutrient (e.g. glucose or oxigene)

@ tumor cells are regarded as inertia-less fluids: include the velocity - satisfying a
Darcy type law with Korteveg term
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Advantages of diffuse interfaces in tumor growth models

Sharp interfaces = narrow transition layers in which tumor and healthy cells are mixed
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Advantages of diffuse interfaces in tumor growth models

Sharp interfaces = narrow transition layers in which tumor and healthy cells are mixed

The main advantages of the diffuse interface formulation are:

@ it eliminates the need to enforce complicated boundary conditions across the
tumor/host tissue and other species/species interfaces;

@ it eliminates the need to explicitly track the position of interfaces, as is required in

the sharp interface framework;

@ the mathematical description remains valid even when the tumor undergoes
toplogical changes (e.g. metastasis)
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© FLRS: Multispecies model with different mobilities
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FLRS: S. Frigeri, K.-F. Lam, E.R., G. Schimperna, arXiv:1709.01469 (2017)
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FLRS: S. Frigeri, K.-F. Lam, E.R., G. Schimperna, arXiv:1709.01469 (2017)

The model is a variant of the one introduced in [Y. Chen, S.M. Wise, V.B. Shenoy and
J.S. Lowengrub, Int. J. Numer. Meth. Biomed. Engng. (2014)]:
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FLRS: S. Frigeri, K.-F. Lam, E.R., G. Schimperna, arXiv:1709.01469 (2017)

The model is a variant of the one introduced in [Y. Chen, S.M. Wise, V.B. Shenoy and
J.S. Lowengrub, Int. J. Numer. Meth. Biomed. Engng. (2014)]:
® ©p, pd,pn € [0,1]: the volume fractions of the cells:
> p: proliferating tumor cell fraction
> q: dead tumor cell fraction
> op: healthy cell fraction
@ The variables above are naturally constrained by the relation ¢, + @q + ¢@n =1
hence it suffices to track the evolution of ¢, and (g4 and the vector ¢ := (¢p, ¥a) "
lies in the simplex A == {y € R?: 0<y1,¥», y1 +y» <1} CR?
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@ n: the nutrient concentration
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FLRS: S. Frigeri, K.-F. Lam, E.R., G. Schimperna, arXiv:1709.01469 (2017)

The model is a variant of the one introduced in [Y. Chen, S.M. Wise, V.B. Shenoy and
J.S. Lowengrub, Int. J. Numer. Meth. Biomed. Engng. (2014)]:
® ©p, pd,pn € [0,1]: the volume fractions of the cells:
> p: proliferating tumor cell fraction
> q: dead tumor cell fraction
> op: healthy cell fraction
@ The variables above are naturally constrained by the relation ¢, + g + ¢@n =1
hence it suffices to track the evolution of ¢, and (g4 and the vector ¢ := (¢p, ¥a) "
lies in the simplex A == {y € R?: 0<y1,¥», y1 +y» <1} CR?

@ n: the nutrient concentration

o u:=u;,i = 1,2 3: the tissue velocity field. We treat the tumor and host cells as
inertial-less fluids and assume that the cells are tightly packed and they march
together

@ [1: the cell-to-cell pressure
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FLRS: the balance law

Letting J;, i € {p, d, h}, denote the mass fluxes for the cells, then the general balance
law for the volume fractions, for matched densities of the components, reads as

Oepi + div(piu) = —divd; + S, for i € {p,d, h}

where we set S, = 0, whereas S, Sy may depend on n, ¢, and ¢q
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FLRS: the balance law

Letting J;, i € {p, d, h}, denote the mass fluxes for the cells, then the general balance

law for the volume fractions, for matched densities of the components, reads as
Orpi +div(piu) = —divdi+ S, for i € {p,d, h}

where we set S, = 0, whereas S, Sy may depend on n, ¢, and ¢q
Assume: the tumor growth process tends to evolve towards (local) minima of the free

energy functional of Ginzburg—Landau type:

1 1
Elpoa) i= [ Flop0) + 5190l + 5 Vool e
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FLRS: the balance law

Letting J;, i € {p, d, h}, denote the mass fluxes for the cells, then the general balance

law for the volume fractions, for matched densities of the components, reads as
Orpi +div(piu) = —divdi+ S, for i € {p,d, h}

where we set S, = 0, whereas S, Sy may depend on n, ¢, and ¢q
Assume: the tumor growth process tends to evolve towards (local) minima of the free

energy functional of Ginzburg—Landau type:
1 , 1 )
E(pp, pa) = QF(fp-;d)Jr 5 1Veol” + 5 [Vepa|” dx
where F = Fy + F1 is a multi-well configuration potential, e.g.

Fo(¢p, pd):= wplog pp + palog va + (1 — ¢p — ¢a) log(1 — pp — ¢d)

Fi(go, 0a) = 5 (pa(1 = 0a) + 0p(1 = 9p) + (1 = 0u = 2p)(0s + 2))
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FLRS: the balance law

Letting J;, i € {p, d, h}, denote the mass fluxes for the cells, then the general balance

law for the volume fractions, for matched densities of the components, reads as
Orpi +div(piu) = —divdi+ S, for i € {p,d, h}

where we set S, = 0, whereas S, Sy may depend on n, ¢, and ¢q
Assume: the tumor growth process tends to evolve towards (local) minima of the free

energy functional of Ginzburg—Landau type:
1 , 1 )
E(pp, pa) = QF(#p-;d)Jr 5 1Veol” + 5 [Vepa|” dx
where F = Fy + F1 is a multi-well configuration potential, e.g.

Fo(p, 0a):= wplog op + alog pd + (1 — p — a) log(1 — ©p — )
X
Fi(¢p, pa) 1= 5 (pa(1 = pa) + @p(1 = @) + (1 = pa = @) (pd + #0))

The fluxes J; are defined as follows:

Ji=—MVui, pi= ;;5 =—-Api+F, fori=p,d

!
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FLRS: the velocity and nutrient evolutions
We set J, = —J, — Jq4, then upon summing up the three mass balances for i = p, d, h,
using the fact that ¢, + pg + ¢n =1 and S, = 0, we deduce the following relation:
divu=5,+ S4=:5;
The velocity field u is assumed to fulfill Darcy’s law:
u=—VI -V, —0aVig

where [ denotes the cell-to-cell pressure and the subsequent two terms have the meaning
of Korteweg forces
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FLRS: the velocity and nutrient evolutions

We set J, = —J, — Jg, then upon summing up the three mass balances for i = p, d, h,

using the fact that ¢, + pg + ¢n =1 and S, = 0, we deduce the following relation:
divu = 5,4+ S4 =: S
The velocity field u is assumed to fulfill Darcy’s law:
u=—VI -V, —0aVig

where [1 denotes the cell-to-cell pressure and the subsequent two terms have the meaning
of Korteweg forces

Since the time scale of nutrient diffusion is much faster (minutes) than the rate of cell

proliferation (days), the nutrient is assumed to evolve quasi-statically:
0= —-An+ ¢pn

where @,n models consumption by the proliferating tumor cells
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The goal and the main difficulties of FLRS

Goal: to study this multispecies model including different mobilities, singular potential
and non-Dirichlet b.c.s on the chemical potential. The main problems are:

E. Rocca (Universita degli Studi di Pavia) December 18-20, 2017 10 / 39



The goal and the main difficulties of FLRS

Goal: to study this multispecies model including different mobilities, singular potential
and non-Dirichlet b.c.s on the chemical potential. The main problems are:

@ we have two different Cahn-Hilliard equations with non-zero right hand sides:
Orpi —div(MiV i — piu) = S; and if we do not choose the Dirichlet b.c.s on u; then
we need to estimate the mean values of uj = —Ayp;i + F

. containing a multiwell
logarithmic type potential Fo
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mean values y; := \ﬁll fn pidx for i =p,d
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@ we need the mean values of ¢; (the proliferating and dead cells phases) to be away
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@ indeed, integrating the equations for ¢, and @4 we obtain an evolution law for the
mean values y; := \ﬁll fn pidx for i = p,d

@ the evolution of y,, ys are not automatically compatible with the physical constraint
and this has to be proved by assuming proper conditions on coefficients in S; and

making a careful choice of the boundary conditions
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The goal and the main difficulties of FLRS

Goal: to study this multispecies model including different mobilities, singular potential

and non-Dirichlet b.c.s on the chemical potential. The main problems are:

@ we have two different Cahn-Hilliard equations with non-zero right hand sides:
Orpi —div(MiV i — piu) = S; and if we do not choose the Dirichlet b.c.s on u; then
we need to estimate the mean values of uj = —Ay; + F ., containing a multiwell
logarithmic type potential Fo

@ we need the mean values of ¢; (the proliferating and dead cells phases) to be away
from the potential bareers => ad hoc estimate based on ODEs technique

@ indeed, integrating the equations for ¢, and @4 we obtain an evolution law for the
mean values y; := \ﬁll fn pidx for i = p,d

@ the evolution of y,, ys are not automatically compatible with the physical constraint
and this has to be proved by assuming proper conditions on coefficients in S; and

making a careful choice of the boundary conditions

@ the choice (MiVyu; — @iu) - n = 0 seems crucial
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FLRS: The weak notion of solution

Definition. (¢p, 4, u, q,n) is a weak solution to the problem in (0, T) x € if the previous
equations hold, for a.e. t € (0, T) and for i = p, d, in the following weak sense:

(OrpisC) + [ MVini- V6 — gpu- Vedx = [ Sicax e (@),
Q Q
/Q i€ dx = /Q Vi VC+ 1€+ Frg (0p pa)Cdx ¥C € HY(Q),
/ u-Védx = —/(sp+5d)gdx Ve € H3 (Q),
Q Q

/Qu ¢ = /Q—vn = e Vip C — paVig Cax Y € (L2(Q)),
0=—-An+ppn a.e. in
ni FO.;, (\r:/)- 7:(1) a.e. in Q,
Sp =Xp(n,¢p,Pd) + Mppipp + Mpdpa  a.e.in Q,
Sa = Xa(n, p, pd) + Mappp + Magpg  a.e. in Q.
Moreover, there hold the initial conditions
©p(x,0) = wpo(x), @d(x,0) = pgo(x) ae in,

where (-, -) denotes the duality pairing between H(Q) and its dual H1(Q)'.
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FLRS: Assumptions on the mass sources and on the initial data

Set X(n, wp, wa) = (Xp, Zq) and M = (my), i,j € {p, d}, the matrix of the coefficients
of the mass souces in the Cahn-Hilliard equations: (S, S4) = X + M(wp, wa)"
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FLRS: Assumptions on the mass sources and on the initial data

Set X(n, ¢p, pd) := (Xp, Xa) and M = (my), i,j € {p, d}, the matrix of the coefficients
of the mass souces in the Cahn-Hilliard equations: (S, S4) = X + M(wp, wa)"

Assumption on the mass sources:
@ Y is globally Lipschitz and

@ that there exist a closed and sufficiently regular subset Ay contained in the open
simplex A and constants K, _, Ky +, Ka,—, Ka,+ € R, with K, - < K}, + and
Kq,— < Kg,+, such that Z(R?) C [Kp,—, Kp+] % [Ks,—, Ka,+]

o for any x = (xp, xq) € [Kp,—, Kp,+] X [Ka,—, Ka,+], there holds
(My + x)-n <0 for all y € 04,

where n denotes the outer unit normal vector to Ag
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FLRS: Assumptions on the mass sources and on the initial data

Set X(n, ¢p, pd) := (Xp, Xa) and M = (my), i,j € {p, d}, the matrix of the coefficients
of the mass souces in the Cahn-Hilliard equations: (S, S4) = X + M(wp, wa)"

Assumption on the mass sources:
@ Y is globally Lipschitz and

@ that there exist a closed and sufficiently regular subset Ay contained in the open
simplex A and constants K, _, Ky +, Ka,—, Ka,+ € R, with K, - < K}, + and
Kq,— < Kg,+, such that Z(R?) C [Kp,—, Kp+] % [Ks,—, Ka,+]

o for any x = (xp, xq) € [Kp,—, Kp,+] X [Ka,—, Ka,+], there holds
(My + x)-n <0 for all y € 04,
where n denotes the outer unit normal vector to Ay
Assumptions on the initial data :

® ©p.0,%d0 € HI(Q) with 0 < wpo, 0< w40, ©po+ pdo<1ae inQ,
° (ﬁ Jq wp0(x) dx, ﬁ Jo pa0(x) dx) € int A and Fo(gp.0, pa0) € L'(Q)
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FLRS: Examples of mass sources

Examples of mass sources in i — div(MiVui — piu) = S; for i € {p, d} complying
with the assumptions in the “logarithmic” case are:

Sp = Amg(n)—Aapp

Sa = Aapp—ALpd

for positive constants Ay, Aa, Ar (with Ap(Aa + Ar) < Aadr, Aa < 2A;) and a bounded
positive function g such that 0 < g(s) <1, e.g., g(s) = max(nc, min(s, 1)) for some
constant nc € (0,1).
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FLRS: Examples of mass sources

Examples of mass sources in i — div(MiVui — piu) = S; for i € {p, d} complying
with the assumptions in the “logarithmic” case are:

Sp = Amg(n)—Aagpp
Sa = Aapp—ALpd
for positive constants Ay, Aa, Ar (with Ap(Aa + Ar) < Aadr, Aa < 2A;) and a bounded

positive function g such that 0 < g(s) <1, e.g., g(s) = max(nc, min(s, 1)) for some
constant nc € (0,1). The biological effects we want to model are:

@ the growth of the proliferating tumor cells due to nutrient consumption at a

constant rate \y

o the death of proliferating tumor cells at a constant rate A4, which leads to a source

term for the necrotic cells

@ the lysing/disintegration of necrotic cells at a constant rate A\,
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FLRS: Existence of weak solutions

The main result of S. Frigeri, K.-F. Lam, E. R., G. Schimperna, arXiv:1709.01469 (2017)

Theorem

For every T > 0 here exists at least one weak solution (p, fip, 1p, Pd; d, Nd, U, G, N) to
the multi-species tumor model on [0, T| with the regularity

@i € HY(0, T; HY(Q)') N L>=(0, T; H*(Q)) N L*(0, T; H*(Q)),
with0 < ;i <1, pp+ps<1lae inQ, fori=p,d,

pi € L(0, Ti HY(Q)), mi € LX(Q),

uc L*(Q) with divu € L*(Q), N e L*(0, T; Hy(Q)),

ne 1+ L0, T; H(Q) N Hy(Q))), 0<n<1lae inQ.
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The main result of S. Frigeri, K.-F. Lam, E. R., G. Schimperna, arXiv:1709.01469 (2017)

Theorem

For every T > 0 here exists at least one weak solution (p, fip, 1p, Pd; d, Nd, U, G, N) to
the multi-species tumor model on [0, T| with the regularity

@i € HY(0, T; HY(Q)') N L>=(0, T; H*(Q)) N L*(0, T; H*(Q)),
with0 < ;i <1, pp+ps<1lae inQ, fori=p,d,

pi € L(0, Ti HY(Q)), mi € LX(Q),

uc L*(Q) with divu € L*(Q), N e L*(0, T; Hy(Q)),

ne 1+ L0, T; H(Q) N Hy(Q))), 0<n<1lae inQ.

Notice that the boundary conditions:
(MiVui—@iu) - n=0, 0Onpi=0, gq=0, n=1lonTl
are incorporated in the definition of weak solutions
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FLRS: an idea of the proof

1 consider a regularized version of this problem by replacing the singular potential Fy
by a regular one F., and by introducing some suitable truncation functions
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FLRS: an idea of the proof

1 consider a regularized version of this problem by replacing the singular potential Fy

by a regular one F., and by introducing some suitable truncation functions

2 present two independent methods to prove existence of a solution to the regularized
system:

2.1 a further regularization and a Schauder fixed point argument: only exploits elementary
existence and uniqueness results methods for PDEs

2.2 a Faedo-Galerkin scheme: more direct (no further regularizing terms are introduced),
and constructive (hence, it may be used for a numerical approximation of the problem)
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FLRS: an idea of the proof

1 consider a regularized version of this problem by replacing the singular potential Fy
by a regular one F., and by introducing some suitable truncation functions

2 present two independent methods to prove existence of a solution to the regularized
system:

2.1 a further regularization and a Schauder fixed point argument: only exploits elementary
existence and uniqueness results methods for PDEs

2.2 a Faedo-Galerkin scheme: more direct (no further regularizing terms are introduced),
and constructive (hence, it may be used for a numerical approximation of the problem)

3 derive the bounds - independent of the regularization parameters - in order to pass
to the limit in the approximation scheme via compactness tools: the main problem is

to bound the mean values of y; away from the potential bareers
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The bound of the mean values

Testing by 1 the mass balances

(Bei, C) + / MV psi - V¢ — g VC dx = / S.¢ dx,
Q Q
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The bound of the mean values

Testing by 1 the mass balances
(@on )+ [ MTu -V~ g ok = [ Sicax
Q Q

where (Sp, Sq) = (Xp, Za) + M(pp, ©q)", leads to the following system of ODE's:
d
Ey

where y(t) := ((p)a(t); (va)a(t)), (E)a(t) = ((Zp)a(t), (Td)a(t))-

(t) = (B)a(t) + My(t) Vtelo,T]
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The bound of the mean values

Testing by 1 the mass balances
(@on )+ [ MTu -V~ g ok = [ Sicax
Q Q
where (Sp, Sq) = (Xp, Za) + M(pp, ©q)", leads to the following system of ODE's:

Ly(6) = (Dalt) + My(t) Ve o, T]
where y(¢) == ((9o)a(t), (pa)a(t). (Da(t) = (E,)a(t), (E)a(t)). Using the
assumption

(x+My)-n<0forall y € 0l
we infer that the vector y(t) = ((¢p)a(t), (¢d)a(t)) € int Ag for all t € [0, T].

E. Rocca (Universita degli Studi di Pavia) December 18-20, 2017 16 / 39



The bound of the mean values

Testing by 1 the mass balances
(B O) + / MV ji; - V¢ — i - VC dx = / Si¢ dx,
Q Q
where (Sp, Sq) = (Xp, Za) + M(pp, ©q)", leads to the following system of ODE's:

d

7Y(t) = (2)a(t) + My(t) vt &[0, T].
where y(t) := ((¢p)a(t), (¢a)a(t)), (E)a(t) = ((Ep)a(t), (Xa)a(t)). Using the
assumption

(x+My)-n<0forall y € 0l

we infer that the vector y(t) = ((¢p)a(t), (¢d)a(t)) € int Ag for all t € [0, T]. Indeed, at
the time t = 0, y(0) € int Ag by assumption. Suppose that 3 t. such that y(t.) € dAo.
Taking t = t. in the ODE, multiplying with n, we get

d
Ey(t*) -n<0.
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The bound of the mean values

Testing by 1 the mass balances
(6@,—,(}) + / M/V}L,’ . V< — piu - VC dx = / S,< dX7
Q Q

where (Sp, Sq) = (Xp, Za) + M(pp, ©q)", leads to the following system of ODE's:

d
7Y(t) = (2)a(t) + My(t) vt &[0, T].
where y(t) := ((¢p)a(t), (va)a(t)); (E)a(t) = ((Zp)a(t), (Fa)a(t))- Using the
assumption
(x+My)-n<0forall y € 0l
we infer that the vector y(t) = ((¢p)a(t), (¢d)a(t)) € int Ag for all t € [0, T]. Indeed, at
the time t = 0, y(0) € int Ag by assumption. Suppose that 3 t. such that y(t.) € dAo.
Taking t = t. in the ODE, multiplying with n, we get
d
Ey(t*) -n<0.
Hence y(t) cannot leave Ag and so there exist positive constants 0 < c1 < ¢ < 1:
a < (ep)a(t), (vd)a(t) < @, a <(gp+pda(t) < VEE[0,T]

E. Rocca (Universita degli Studi di Pavia) December 18-20, 2017 16 / 39



Outline

© Inspired by M. Dai, E. Feireisl, E.R., G. Schimperna, Nonlinearity (2017)

E. Rocca (Universita degli Studi di Pavia)



Comparison with [M. Dai, E. Feireisl, E.R., G. Schimperna, Analysis of a
diffuse interface model of multispecies tumor growth, Nonlinearity (2017)]

@ we already had a multispecied model including velocities but
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Comparison with [M. Dai, E. Feireisl, E.R., G. Schimperna, Analysis of a
diffuse interface model of multispecies tumor growth, Nonlinearity (2017)]

@ we already had a multispecied model including velocities but
@ we considered equal mobilities in the mass balances
o and homogeneous Dirichlet boundary conditions on the chemical potential

@ the resulting PDE system is completely different
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@ ¢i,i = p,d, h: the volume fractions of the cells:
> ¢p = P: proliferating tumor cell fraction
> ¢4: dead tumor cell fraction

> ¢p: healthy cell fraction

The variables are naturally constrained by the relation >=,_ ;,¢i = ¢n+ P =1
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@ ¢i,i = p,d, h: the volume fractions of the cells:
> ¢p = P: proliferating tumor cell fraction
> ¢4: dead tumor cell fraction
> ¢p: healthy cell fraction
The variables are naturally constrained by the relation Zi:p,d,h dpi=onht+P=1
o we can forget of ¢, as before but here it turns out convenient to consider as
variables: P (proliferating cells) and ® = P + ¢4 (tumor cells: proliferating + dead)
along with

@ n: the nutrient concentration

o u:=u;,i = 1,2 3: the tissue velocity field. We treat the tumor and host cells as
inertial-less fluids and assume that the cells are tightly packed and they march
together

o [1: the cell-to-cell pressure
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DFRSS: Mass conservation and choice of the energy

The volume fractions obey the mass conservation (advection-reaction-diffusion)
equations, where we have taken matched densities of the components:

Bei + divie(ugi) = —diviJ; + ©S;
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Bei + divie(ugi) = —diviJ; + ©S;

Assuming:
@ the total energy adhesion takes into account only of diffuse interfaces between
tumor and healthy phases:

E:/ﬂ(]—'(¢)+%\vx¢\2) dx

and F is a logarithmic type mixing potential acting only on the variable ¢
@ all the mobilities of the system to be the SAME constant (1 for simplicity) and so
the flux Jo becomes:
0E /
Jo := =V (%> = -V, (F(®) = AP) := -V,

@ the tumor mass source is St := Sq + S,
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DFRSS: Mass conservation and choice of the energy
The volume fractions obey the mass conservation (advection-reaction-diffusion)
equations, where we have taken matched densities of the components:
Orpi + divi(ugi) = —diviJ; + ®S;
Assuming:

@ the total energy adhesion takes into account only of diffuse interfaces between
tumor and healthy phases:

E:/§1<F(¢)+%\VX¢\2) dx

and F is a logarithmic type mixing potential acting only on the variable ¢
@ all the mobilities of the system to be the SAME constant (1 for simplicity) and so
the flux Jo becomes:

Jo 1=~V (%) =V, (F/(®) = A®) := —V,p

@ the tumor mass source is St := Sq + S,

we recover the convective Cahn-Hilliard equation for ® in the form

8:® + div, (ud) — divy (Vi) = ®S7, = F'(d) — Ad \
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DFRSS: The transport equation for the proliferating cells fraction

The volume fraction of dead tumor cells ¢4 would satisfy an equation similar to the one
of $.
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The volume fraction of dead tumor cells ¢4 would satisfy an equation similar to the one
of ®. However, we prefer to couple the equation for ® with the one for P = & — ¢4
which - assuming all the mobilities of the system to be the SAME constant - then

becomes a transport equation:

0:P + div.(uP) = ®(St — Sp) |
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couple a Cahn-Hilliard type equation for ® with a transport equation for P and the
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The volume fraction of dead tumor cells ¢4 would satisfy an equation similar to the one
of ®. However, we prefer to couple the equation for ® with the one for P = & — ¢4
which - assuming all the mobilities of the system to be the SAME constant - then
becomes a transport equation:

| 0P + divi(uP) = &(St — Sp) |

where the mass souces (as before) take into account of proliferation and death of cells
due to different biological processes

@ The main difference here is that for P we have a transport equation and so we
couple a Cahn-Hilliard type equation for ® with a transport equation for P and the
nutrient and velocity evolution

@ Moreover the singular potential here is a function of only one variable ® while in
FLRS it depends on both the proliferating and dead cells phases
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DFRSS: The boundary conditions
The other main difference with respect to FLRS is the choice of boundary conditions:

@ In DFRSS we chose the b.c.s of [CWSL: Y. Chen, S.M. Wise, V.B Shenoy, J.S.
Lowengrub, Int. J. Numer. Methods Biomed. Eng. (2014)] for p, I1, n, and ¢ (I/ is the
outer normal unit vector to 9Q):

nw=MN=0, n=1, V,&.v=0
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@ On the other hand, under the homogeneous Neumann boundary conditions
suggested in [CWSL] for P, we could not show that the system had weak solutions
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@ In DFRSS we chose the b.c.s of [CWSL: Y. Chen, S.M. Wise, V.B Shenoy, J.S.
Lowengrub, Int. J. Numer. Methods Biomed. Eng. (2014)] for , M, n, and ® (v is the
outer normal unit vector to 99):

p=nN=0, n=1 V.v=0
@ On the other hand, under the homogeneous Neumann boundary conditions

suggested in [CWSL] for P, we could not show that the system had weak solutions

For this reason, we chose the boundary conditions:
Pu-v>0
@ They are natural in connection with the transport equation for P
O¢P + divi(uP) = (St — S4)

@ The proliferation function at the boundary has to be nonnegative on the set where

the velocity u satisfies u - v > 0. By maximum principle, then P > 0 in Q
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The other main difference with respect to FLRS is the choice of boundary conditions:

@ In DFRSS we chose the b.c.s of [CWSL: Y. Chen, S.M. Wise, V.B Shenoy, J.S.
Lowengrub, Int. J. Numer. Methods Biomed. Eng. (2014)] for , M, n, and ® (v is the
outer normal unit vector to 99):

p=nN=0, n=1 V.v=0

@ On the other hand, under the homogeneous Neumann boundary conditions
suggested in [CWSL] for P, we could not show that the system had weak solutions

For this reason, we chose the boundary conditions:
Pu-v>0
@ They are natural in connection with the transport equation for P
O¢P + divi(uP) = (St — S4)

@ The proliferation function at the boundary has to be nonnegative on the set where
the velocity u satisfies u - v > 0. By maximum principle, then P > 0 in Q
@ As P > 0, the boundary condition Pu-v > 0 means P = 0 whenever u-v <0 i.e.
on the part of the inflow part of the boundary
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DFRSS: The PDEs

In summary, in Q x (0, T), we have the following system of equations:

(Cahn — Hilliard) 9% + dive(u®) — dive(Vip) = ®S7, pn = —Ad + F'(d)

(Darcy) u=-VN+uV,d, diviu =St
(Transport) OtP + divi(uP) = &(S7 — Sq)
(Reac — Diff) — An+ nP = Tc(n, )

where

(Source — Tumor) St(n, P,®) = nP — X3(® — P)
(SOUI’CE — Dead) Sd(n, P7 ¢) = ()\1 + )\2H(nN — n)) P — )\3(¢ — P)
(Nutrient — Capill)  Te(n, ®) = [11(1 — Q(P)) + 1. Q(P)] (nc — n)

coupled with the boundary conditions on Q2 x (0, T): u=MN=0,n=1, V,®.-v =0,
Pu - v > 0 and with the initial conditions ®(0) = ®o, P(0) = Py in Q

E. Rocca (Universita degli Studi di Pavia) December 18-20, 2017 23 /39



DFRSS: Existence of weak solutions

The main result of [M. Dai, E. Feireisl, E.R., G. Schimperna, M. Schonbek, Analysis of a
diffuse interface model of multispecies tumor growth, Nonlinearity (2017)] reads as
follows

Theorem

Let T > 0 be given. Under suitable assumptions on the nonlinear function F and on the
initial data the weak formulation of our initial-boundary value problem admits at least
one solution on the time interval [0, T]
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Comparison with other models including velocities

@ Numerical simulations of diffuse-interface models for tumor growth have been
carried out in several papers (cf., e.g., [Cristini, Lowengrub, Cambridge Univ. Press,
2010] and more recently [H. Garcke, K.-F. Lam, E. Sitka, V. Styles, Math. Models Methods
Appl. (2016)], [H. Garcke, K.F. Lam, R. Nuernberg, and E. Sitka, preprint (2017)])
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beginning and mostly for one species models with regular potentials (cf. the model

introduced in [H. Garcke, K.F. Lam, E. Sitka, and V. Styles, Math. Models Methods Appl.
(2016)] and the subsequent analytical results) :
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introduced in [H. Garcke, K.F. Lam, E. Sitka, and V. Styles, Math. Models Methods Appl.
(2016)] and the subsequent analytical results) :

1. the so-called Cahn-Hilliard-Hele-Shaw system ([J. Lowengrub, E. Titi, K. Zhao,
European J. Appl. Math. (2013)], [X. Wang, H. Wu, Asymptot. Anal. (2012)], [X.
Wang, Z. Zhang, Ann. Inst. H. Poincaré Anal. Nonlinéaire (2013)]) in which the
nutrient n, the source of tumor St and the fraction Sp of the dead cells are neglected
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@ However, a rigorous mathematical analysis of the resulting PDEs is still in its
beginning and mostly for one species models with regular potentials (cf. the model
introduced in [H. Garcke, K.F. Lam, E. Sitka, and V. Styles, Math. Models Methods Appl.
(2016)] and the subsequent analytical results) :

1. the so-called Cahn-Hilliard-Hele-Shaw system ([J. Lowengrub, E. Titi, K. Zhao,
European J. Appl. Math. (2013)], [X. Wang, H. Wu, Asymptot. Anal. (2012)], [X.
Wang, Z. Zhang, Ann. Inst. H. Poincaré Anal. Nonlinéaire (2013)]) in which the
nutrient n, the source of tumor St and the fraction Sp of the dead cells are neglected

2. [J. Jang, H. Wu, S. Zheng, J. Differential Equations (2015)] where St is not 0 but it's
not depending on the other variables but just on time and space
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Perspectives and Open problems

1. The sharp interface limit as = ~, 0 in the coupled Cahn-Hilliard-Darcy system where

0:® + dive(ud) — dive(Vip) =0, p = —>Ad 4+ F'(d)
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1. The sharp interface limit as = ~, 0 in the coupled Cahn-Hilliard-Darcy system where
0:® + dive(ud) — dive(Vip) =0, p = —>Ad 4+ F'(d)

In [S. Melchionna, E. Rocca, Interfaces and Free Boundaries, to appear]: Varifold
solutions at the limit as = ~, 0 in case we just consider the Cahn-Hilliard-Darcy
system coupling the ® equation to the u equation (neglecting the nutrient)
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Perspectives and Open problems

1. The sharp interface limit as ¢ ~, 0 in the coupled Cahn-Hilliard-Darcy system where
0:® + div(ud) — div(Vip) =0, = —>Ad + F'(d)

In [S. Melchionna, E. Rocca, Interfaces and Free Boundaries, to appear]: Varifold
solutions at the limit as = ~, 0 in case we just consider the Cahn-Hilliard-Darcy
system coupling the ® equation to the u equation (neglecting the nutrient)

2. To add the mechanics in Lagrangean coordinates in the problem: for example
considering the tumor sample as a porous media (ongoing project with P. Krej&i and
J. Sprekels)

3. The case with different densities: we are studying a Hele-Shaw-Cahn-Hilliard model
introduced by [Lee, Lowengrub and Goodman (2001)] in cooperaton with Andrea
Giorgini (a post doc in Pavia) and P. Colli, G. Schimperna, and M. Grasselli. Other
models with different assumptions are available (cf. [L. Dedé, H. Garcke, K.-F. Lam, J.
Math. Fluid Mech., to appear])
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@ In 2007 | had the great opportunity to spend one month at the Necas Center and
the occasion to work with Eduard and Hana. | learnt from him a lot and | got a lot
of inspiration
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@ | think we met in Poitiers at the AIMS Conference in 2006

@ In 2007 | had the great opportunity to spend one month at the Necas Center and
the occasion to work with Eduard and Hana. | learnt from him a lot and | got a lot

of inspiration

@ In the years after 2007 Eduard came several times in Milan, Berlin and Pavia. A lot
of cooperations started with him, Giulio Schimperna, and also Arghir Zarnescu,
Mimi Dai, and Maria Schonbek on two-phase immiscible fluids, liquid cristals, and
finally on tumor growth

@ We also had the occasion to attend his lessons for a PhD course he gave in Milan
this year and into two Schools:

> in Cetraro in 2015 (which we also organized together) and in Milan in 2013
N 7

N

> attracting numerous students from many different countries
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But I think that what one can immediately appreciate in the cooperation with Eduard is

)

the energy - somethimes entropy ... - that he emanates at the blackboard!

and we hope to be able to profit of his spirit still A LOT!
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and we hope to be able to profit of his spirit still A LOT!

HAPPY BIRTHDAY EDUARD!
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DFRSS: Assumptions on the potential F

We suppose that the potential F supports the natural bounds
0<d(t,x) <1
To this end, we take 7 = C + B3, where B € Cz(R) and
C : R — [0, 0] convex, lower-semi continuous, C($) = oo for & <0or & > 1
Moreover, we ask that
ce CY(0,1), Jim c'(@) = Jim C'(®) =00

A typical example of such C is the logarithmic potential

®log(®) + (1 — ®) log(1 — @) for ® € [0, 1],
Cc(®) =

oo otherwise
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DFRSS: Assumptions on the other data

Regarding the functions the constants in the definitions of St and Sp

(Source — Tumor) St(n, P,®) = nP — X3(® — P)
(Source — Dead) Sp(n, P, ®) = (A1 + XoH(ny — n)) P — X\3(® — P)
(Nutrient — Capill)  Tc(n, ®) = [1(1 — Q(P)) + 1. Q(P)] (nc — n)

we assume Q, H € C*(R) and
N >0fori=1,23, H>0

[1(1 — Q(®)) + 12 Q(®)] >0, 0< n. <1

Finally, we suppose Q be a bounded domain with smooth boundary in R® and impose the
following conditions on the initial data:

doc H'(Q), 0<do<1, C(do)e LNQ)

Poel’(Q), 0<Py <1 ae inQ
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DFRSS: Weak formulation
(¥, u, P, n) is a weak solution to the problem in (0, T) x Q if
(i) these functions belong to the regularity class:
€ CO([o, T]; HY(Q)) N L2(0, T; W25(Q))
C(®) € L°°(0, T; L1(R)), hence, in particular, 0 < ® < 1 a.a. in (0,T) x Q
ue l2((0,T) x G R3), divu e L®((0,T) x Q)
Me 20, T; W A(Q), ue 20, T; W, (Q))
PeL®(0,T)xQ),0<P<1 aa in(0,T)xQ
ne 20, T;W?%(Q)), 0<n<1 aa in(0,T)xQ

(ii) the following integral relations hold:
T
/ / [®Orp + Du - Vip + pAp + St dx dt = —/ ®op(0,-) dx
0 Q Q
for any p € C2([0, T) x Q), where
p=—A® 4+ F'(P), u=—V,M+ puVyd
diviu = St a.a. in (0, T) xQ; Vid-v|go =0
-
/ / [POrp + Pu-Vip+ &(ST — Sp)yp] dx dt > —/ Poe(0, ) dx
0 Q Q
for any ¢ € C°([0, T) x Q), ¢lag > 0
—An+nP = Tc(n,®) a.a. in (0, T) X Q; njpg =1
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DFRSS: Idea of the proof

@ Approximation: regularize the equations
@ Perform uniform a priori estimates

@ Use compactness arguments in order to pass to the limit
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DFRSS: The maximum principle
@ The transport equation for the density function P is
P+ u-ViP=—PSt+®(S51 —S4) = P[-St+ P (n— (A1 + M2H(nn — n)))]
Thus, provided
P(0,-) =Py >0, and P(t,x) > 0for x € 9Q, u-v >0
we can deduce by maximum principle arguments that

P>0
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DFRSS: The maximum principle
@ The transport equation for the density function P is
P+ u-ViP=—PSt+®(S51 —S4) = P[-St+ P (n— (A1 + M2H(nn — n)))]
Thus, provided
P(0,-) =Py >0, and P(t,x) > 0for x € 9Q, u-v >0
we can deduce by maximum principle arguments that

P>0

@ In order to obtain positivity of n we need
(—An =) — nP + Te(n, @) = —nP + [1(1 — Q(®)) + 12Q(P)] (ne — n)
to be positive (non-negative) whenever n < 0. Then we assume
[1(1 - Q(P)) +12Q(P)] >0, 0<n. <1
This assumption also implies that n < 1, so we may conclude that
0<n(t,x) <1
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DFRSS: The upper bound for P

Hence, using ®, n € [0, 1], and evaluating the expression on the right-hand side of
P+ u-ViP=—PSr+®(57 —S4) = P[-S7t+ ®(n— (M1 + XoH(nn — n)))]
for P =1, due to —® (A1 + AaH(ny — n)) < 0, yields
PX3(®—=P)—nP+d(n— (A1 + XH(ny —n)))] < As(® — 1)+ n(d —1)
Consequently, provided
0<P0,)=Py<1,and 0 < P(t,x) <1forx€9Q, u-v>0

it follows that
0<P(t,x) <1
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DFRSS: Main estimates on ¢
Testing by p the Cahn-Hilliard equation

(Cahn — Hilliard)  9¢® + divy(u®) — divy (Vi) = ®S7, 1= —Ad + F/(d)
and by u the (Darcy — law) :  u = =V, + puV, P, gives

d 1
T /[f\vx¢|2+f(¢)} dx+/ [Vl + [uf?] dx=/nsdes||5THLoo<m||n||L1<m
tJal2 Q Q

Seeing that I solves the Dirichlet problem

—AlN = ST — CliVX(,uVXd))7 n‘aQ =0
we deduce that
Mt My < NST(E )z + 16V Pll 2@r3)
where, by means of Gagliardo-Nirenberg interpolation inequality,

1/2 1/2 1/2
16V ®llzgary < cllalt, Muscay (1908 )12 ) (Il + IV UL, ) + <)

Applying a standard Gronwall’s lemma and by comparison arguments, we deduce

.
sup_[|9][e) / Itz + [ + [@lzoe)| dE<c
te(0,T) 0
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DFRSS: Main estimates on u

Note that we already know
diviu = St bounded in L°((0, T) x Q)  and u bounded in L*((0, T) x Q;R?)
Next, we compute from the (Darcy — law) :  u = =V, + uV,® the
curlou = Vo A V® € 120, T; LY(Q)) N L0, T; L*(Q))

Hence, in view of the fact that div,(@u) and curl(pu) for any test function € C*°(R?)
are bounded in L*(0, T; L>(R?)), we then obtain that pu is bounded in L*(0, T; H'(R?))
and so u satisfies

]
|l ooy de < c
0
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DFRSS: Main estimates on u

Note that we already know
div,u = St bounded in L>°((0, T) x Q)  and u bounded in L*((0, T) x Q;R?)
Next, we compute from the (Darcy — law) :  u = =V, + uV,® the
curlou = Vo AV, € L2(0, T; L*(Q)) N LY0, T; L2(Q))

Hence, in view of the fact that div,(@u) and curl(pu) for any test function € C*°(R?)
are bounded in L*(0, T; L>(R?)), we then obtain that pu is bounded in L*(0, T; H'(R?))

and so u satisfies

]
|l ooy de < c
0

These estimates are sufficient in order to pass to the limit in the regularized system and

to obtain our weak solutions
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