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Plan of the seminar

Shape memory alloy (SMA)

Shape memory effect and pseudoelasticity (martensite and austenite)
@ The Souza-Auricchio model (extension with permanent inelasticity)

Thermal control of the Souza-Auricchio model

A problem of thermodynamic consistency

A new approach
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Shape memory alloys

@ Shape memory alloys (SMAs) are examples of active materials:
comparably large strains can be induced (activated) by means of
external mechanical, thermal or magnetic stimuli
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Shape memory alloys

@ Shape memory alloys (SMAs) are examples of active materials:
comparably large strains can be induced (activated) by means of
external mechanical, thermal or magnetic stimuli

@ At suitably high temperatures SMAs completely recover strains (as large
as 8%) during loading-unloading cycles: this is the so called:
super-elastic SMA behaviour

@ At lower temperatures permanent deformations remain under unloading;
still, the specimen can be forced to recover its original shape by heating:
this is the so called shape-memory effect

@ Finally some specific SMAs are ferro-magnetic: completely recoverable
strains can be induced by the action of an external magnetic field
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The solid-solid transformation: austenite-martensite

@ This amazing macroscopic behaviour is the result of an abrupt and
diffusionless solid-solid phase transformation between different
crystallographic configurations (phases): the AUSTENITE (mostly cubic,
predominant at high temperature and low stresses) and the
MARTENSITES (lower symmetry variants, favored at low temperature or
high stresses)
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The solid-solid transformation: austenite-martensite

@ This amazing macroscopic behaviour is the result of an abrupt and
diffusionless solid-solid phase transformation between different
crystallographic configurations (phases): the AUSTENITE (mostly cubic,
predominant at high temperature and low stresses) and the
MARTENSITES (lower symmetry variants, favored at low temperature or
high stresses)

@ As long as it is not required a migration of the atoms, the process will
only depend on the temperature and will be rate-independent

@ The twinned martensite has the same shape and volume of the cubic
austenite on a macroscopic scale, and there are no visible changes until
it becomes detwinned martensite
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The solid-solid transformation: austenite-martensite

Figure 2: Microscopic and Macroscopic Views of the Two Phases of Shape Memory Alloys

Macroscopic View
Austenite Twinned Martensite Deformed Martensite
Microscopic View

Austenite Twinned Martensite Deformed Martensite
Oulu University - http:/herkules.oulu fi/isbn9514252217/html/x317 html

Figure 1: Macroscopic and microscopic view of the two SMA phases.

Michela Eleuteri Shape memory alloys



The shape memory efect

Shape Memory Effect

Figure 4: Microscopic Diagram of the Shape Memory Effect
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Figure 2: The shape memory effect can be obtained by cooling the alloy
until it becomes totally twinned martensite. The original shape can be
recovered only suitably heating the alloy; the heat transfer is the
responsible for the molecular rearrangement.
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The shape memory effect

c
B
C €
D
T

Figure 3: The shape memory effect: at the end of the loading-unloading
process (ABC) at a fixed temperature, the material has a residual strain
that can be recovered after a thermic cycle (CDA).
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Pseudo-elasticity
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Figure 4: Pseudo-elasticity (o super-elasticity): the material loaded at a
fixed temperature (ABC) shows a nonlinear behaviour. During the
unloading process (CDA) we have the inverse transformation, with
non-zero residual strain. Notice the hysteresis.
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@ Mechanical and electronic engineering: robotic actuators,
micromanipulators
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Applications

@ Mechanical and electronic engineering: robotic actuators,
micromanipulators

@ Fire security, protection systems and temperature sensors:
thermostats

@ Aeronautics: space shuttle, hydraulic fittings for airplanes
@ Medical applications: orthodontic wires, anchors with Nitinol hooks to

attach tendons to bones, vascular stents, reinforcement for arteries and
veins, vena-cava filters
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@ From a modelistic viewpoint: lots of models have been proposed by
addressing:

o different alloys (NiTi among the others)

o at different scales (atomistic, microscopic with micro-structures,
mesoscopic with volume fractions, macroscopic)

e emphasizing different principles (minimization of stored energy vs.
maximization of dissipation, phenomenology vs. rational crystallography
and Thermodynamics)

e and different structures (single cristals vs. polycrystalline aggregates,
possibly including intergranular interaction)

@ Y. Huo, I. Miiller, S. Seelecke (1994); I. Miiller (1995); F. Auricchio, E.
Sacco (1997); F. Auricchio, R.L. Taylor, J. Lubliner (1997); S.
Govindjee, C. Miehe (2001); D. Helm, P. Haupt (2003); T. Roubicek
(2004); P. Popov, D.C. Lagoudas (2007)
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From the mathematical viewpoint

@ From the mathematical viewpoint: FREMOND MODEL M. Frémond
(1987) or FALK OR FALK-KONOPKA MODEL F. Falk (1982); F. Falk, P.
Konopka (1990) and their suitable modifications
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@ From the mathematical viewpoint: FREMOND MODEL M. Frémond
(1987) or FALK OR FALK-KONOPKA MODEL F. Falk (1982); F. Falk, P.
Konopka (1990) and their suitable modifications

@ K.-H. Hoffmann, M. Niezgodka, S. Zheng (1990); P. Colli, J. Sprekels
(1992); A. Visintin (1994); P. Colli (1995); O. Klein (1995); M. Brokate,
J. Sprekels (1996); I. Pawlow (2000); T. Aiki, N. Kenmochi (2002); T.
Aiki (2003); M. Arndt, M. Griebel, T. Roubicek (2003)
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The Souza-Auricchio model: from the modelistic viewpoint

The Souza-Auricchio model (SA)
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The Souza-Auricchio model (SA)
Souza, Mamiya, Zouain (1998); Auricchio, Petrini (2004).

@ Motivation for the interest in the SA model:

@ SIMPLICITY (in 3D the constitutive behaviour of the specimen is determined
by the knowledge of just 8 material parameters - easily fitted from real
experimental data)

@ VARIATIONAL STRUCTURE which in particular entails both the robustness of
the SA model with respect to approximations and discretizations and its
efficiency in accomodating modifications and extensions to more general
situations

@ Extensions:

@ PERMANENT DEFORMATION EFFECTS F. Auricchio, A. Reali, U. Stefanelli
(2007)

@ ASYMMETRIC MATERIAL BEHAVIOUR F. Auricchio, A. Reali, U. Stefanelli
(2009)

@ FERROMAGNETIC EFFECTS F. Auricchio, A.-L. Bessoud, A. Reali, U.
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The Souza-Auricchio model: from the mathematical

viewpoint

@ EXISTENCE AND APPROXIMATION OF SOLUTIONS (3D isothermal
quasi-static evolution problem) F. Auricchio, A. Mielke, U. Stefanelli
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@ FERROMAGNETIC MODEL A.-L. Bessoud, U. Stefanelli (2011); A.-L.
Bessoud, M. Kru vzik, U. Stefanelli (2010); U. Stefanelli (2011)

@ ANALYSIS OF THE FINITE STRAINS SITUATION S. Frigeri, U. Stefanelli
(2012)

@ RESULTS IN THE DIRECTION OF INCLUDING TEMPERATURE CHANGES A.
Mielke, L. Paoli, A. Petrov (2007), (2009) (given temperature); L. Paoli,
A. Petrov (preprint 2011) (unknown temperature but viscous); P. Krejci,
U. Stefanelli (2010), (2011) (unknown temperature, 1D)
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The Souza-Auricchio model

@ We are in the regime of small deformations

Michela Eleuteri Shape memory alloys



The Souza-Auricchio model

@ We are in the regime of small deformations

Uij+uji
E=§&;= < )

linearized strain tensor (u displacement)
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Uij+uji
E=§&;= < )

linearized strain tensor (u displacement)

e & = ¢ 4 £ elastic and inelastic part or transformation part
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The Souza-Auricchio model

@ We are in the regime of small deformations
Ujj+uj;
EZEI‘J': <l’j 2 jl>
linearized strain tensor (u displacement)
e & = ¢ 4 £ elastic and inelastic part or transformation part

@ &' at a microscopic level, describes the mechanical tensorial effect due
to the deformation observed in the martensite
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The Souza-Auricchio model

@ Energy density stored by the system

1 \%
E(e,e") = 5C(e — ") (e—€T) +cy ||+ ol €T )P+I(T) + 5|V£”\2
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The Souza-Auricchio model

@ Energy density stored by the system
1 v
E(e,e") = E(C(s—s”) S(e—€T) 41| | +erle" P HI(eT) + §|V£”\2
@ the evolution of the material is described by the following classical
relations (D dissipation potential)

_OE JE

o= g I _atr *
~oe’ 5 o ¢ vDr(e)

o
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@ Energy density stored by the system
1 v
E(e,e") = E(C(s—s”) S(e—€T) 41| | +erle" P HI(eT) + §|V£”\2
@ the evolution of the material is described by the following classical
relations (D dissipation potential)

_OE JE

o= g I _atr *
~oe’ 5 o ¢ vDr(e)

o

@ that can also be conveniently rewritten, using the instruments of the
Convex Analysis, in the following subdifferential formulation

Cante) )+ (a6 )= (7))
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The Souza-Auricchio model

@ The key point is the fact that the evolution of the problem can be
rewritten within the so called energetic formulation for processes
RATE-INDEPENDENT recently proposed by A. Mielke and co-authors
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a subdifferential form, as the sum of a global stability condition and a
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@ The key point is the fact that the evolution of the problem can be
rewritten within the so called energetic formulation for processes
RATE-INDEPENDENT recently proposed by A. Mielke and co-authors

@ The energetic formulation is equivalent to rewrite the problem, posed in
a subdifferential form, as the sum of a global stability condition and a
relation of energy conservation

@ In particular the previous relations can be rewritten as:
@ Stability (g(r),€"(r)) € Arg Ming gir (E(8,€")—0o(t):E+D(E"—¢€(1)))
@ Energy conservation

E(e(t),s”()) o (1) : () + Dissp(",[0,])
~ Eleo.e)—0(0) 80— [ 60
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The Souza-Auricchio model

The Souza-Auricchio model

F. Auricchio, A. Mielke, U. Stefanelli (2008)

@ Analysis of the constitutive relation (without coupling with the equilibrium
problem)

@ The evolution problem (energetic solution + boundary conditions +
[V-o+f=0)

@ Limitsforp - 0andv — 0

Theorem

e Existence of an energetic solution for p > 0
e Lipschitz continuity of solutions

e Continuous dependence of data for p > 0
e Error estimates for p > 0

(e —e")(0)|+ (e — &) (1) < C(2")'/? Vi € [0,T)
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Permanent inelasticity

3 4
e [%]
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The Souza-Auricchio model with permanent inelasticity

Well-posedness
M. E., L. Lussardi, U. Stefanelli (2011)
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Well-posedness
M. E., L. Lussardi, U. Stefanelli (2011)

@ e=glypetryepl

1
E(g,e" eP) = S(e— e" —eP):Ci(e — " — &™)

1 1
+ ar|e"| + E&:“:IHI“:str + Espleplzspl + T AP 4 I(e" + Pl
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The Souza-Auricchio model with permanent inelasticity

Well-posedness
M. E., L. Lussardi, U. Stefanelli (2011)

@ e=glypetryepl

1
E(g,e" eP) = S(e— e" —eP):Ci(e — " — &™)

1 1
+ ar|e"| + E&:“:IHI“:str + Espleplzspl + T AP 4 I(e" + Pl

0 O E(g,€" ePh) c
QeeD(EW, &P | + | OwE(e,e",e?) |3 0
e D(ET, EP) JgpE (€, €T, P 0
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The Souza-Auricchio model with permanent inelasticity

Well-posedness
M. E., L. Lussardi, U. Stefanelli (2011)

@ Analysis of the constitutive relation (leaving first the coupling with the
equilibrium problem)

@ The evolution problem (energetic solution + boundary conditions +
[V-o+f=0)

e Existence of an energetic solution for p > 0
e Continuous dependence on the data (and uniqueness) for p > 0
e Error estimates for p > 0

(€ — &) ()| + (" — &) ()| +] (P — €l (1)] < C v/ V1 €[0,T]
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Asymptotic analysis
M. E., L. Lussardi, U. Stefanelli (2011)

@ Dissipation density

1/p
D(E", &) = ((R)7[e")F + (R |eP) 7, pe (1,
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The Souza-Auricchio model with permanent inelasticity

Asymptotic analysis
M. E., L. Lussardi, U. Stefanelli (2011)

@ Dissipation density

1/
D(étr,épl) _ ((Rtr)p‘etr‘p_i_(RPI)P|QP1|17) P7

@ We are interested in dealing with the case of the limits R — oo and
RP! — oo which correspond to the purely plastic and purely SA regimes
respectively
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The Souza-Auricchio model with permanent inelasticity

Asymptotic analysis
M. E., L. Lussardi, U. Stefanelli (2011)

@ Dissipation density

1/
D(étr,épl) _ ((Rtr)p‘etr‘p_i_(RPI)P|QP1|17) P7

@ We are interested in dealing with the case of the limits R — oo and
RP! — oo which correspond to the purely plastic and purely SA regimes
respectively

@ Moreover we are interested in analyzing the case p — 0
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Thermal control of the Souza-Auricchio model

Thermal control of the SA model

M. E., L. Lussardi, U. Stefanelli, DCDS-S (2013)
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Thermal control of the Souza-Auricchio model

Thermal control of the SA model
M. E., L. Lussardi, U. Stefanelli, DCDS-S (2013)

Novelty of the paper

@ We establish a new existence result for the problem: given the
temperature, to determine the mechanical quasi-static evolution of the
alloy (with less regularity requested for the temperature)

@ Existence of an optimal control for a large class of cost functionals which
depend both on the mechanics and the temperature
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Thermal control of the Souza-Auricchio model

Thermal control of the SA model
M. E., L. Lussardi, U. Stefanelli, DCDS-S (2013)

Novelty of the paper

@ We establish a new existence result for the problem: given the
temperature, to determine the mechanical quasi-static evolution of the
alloy (with less regularity requested for the temperature)

@ Existence of an optimal control for a large class of cost functionals which
depend both on the mechanics and the temperature

@ We assume to be able to control the temperature in time - ok if the
specimen is relatively thin in at least one direction and the
loading-unloading cycles have low frequency (it is possible to assume
that the heat producted is almost instantaneously dissipated)

@ We assume that the temperature is spatially homogeneous in the
specimen
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Thermal control of the Souza-Auricchio model

The state problem

Ce(u)—z)=0 in Qx (0,7)
V.o+f=0 in Qx (0,7)

u = uPr on I'pi; x (0,7)

on=g in Ty x (0,T)

0D(2(t)) + 04 (u(t),z(t);0(¢)) 30 in L*(R3,), Ve € (0,T)
u0)=u’,  z(0)=2° in Q
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Thermal control of the Souza-Auricchio model

The state problem

Ce(u)—z)=0 in Qx (0,7)
V.o+f=0 in Qx (0,7)

u = uPr on I'pi; x (0,7)

on=g in Ty x (0,T)

0D(2(t)) + 04 (u(t),z(t);0(¢)) 30 in L*(R3,), Ve € (0,T)
u0)=u’,  z(0)=2° in Q

If uPT e WH(0, T:H' (Q:R?)), f € WH(0,T: L*(Q:R?)),

g€ Wh(0,T;L2(T'y;R?)); given 6 € WH1(0,T) and (u°,2°) € .#(0,6(0))
there exists an energetic solution (u,z) of the state problem such that

(u,z) € WHL(0,T; H' (Q;R?) x L2(Q;R3*3))

dev
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M. E., L. Lussardi, U. Stefanelli, DCDS-S (2013)

Michela Eleuteri Shape memory alloys
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An optimal control problem
M. E., L. Lussardi, U. Stefanelli, DCDS-S (2013)

® Sol(6) C WH(0,T; H' (4 RY) x L2 (R3Y))

dev
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Thermal control of the Souza-Auricchio model

An optimal control problem
M. E., L. Lussardi, U. Stefanelli, DCDS-S (2013)

® Sol(6) C WH(0,T; H' (4 RY) x L2 (R3Y))

dev
@ minimization of the functional
S W0, T; HY (Q;R3) x L2(QR33)) X @ — (—o0,00]

dev
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Thermal control of the Souza-Auricchio model

An optimal control problem

M. E., L. Lussardi, U. Stefanelli, DCDS-S (2013)

® Sol(6) C WH(0,T; H' (4 RY) x L2 (R3Y))

dev
@ minimization of the functional
S W0, T; HY (Q;R3) x L2(QR33)) X @ — (—o0,00]

dev

@ Find an optimal control 6, € ® and a corresponding optimal energetic
solution (u,z.) € Sol(6) such that

(us,z4) € ArgMin{_# (u,z,0) | (u,z) € Sol(0), 6 € O}
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Thermal control of the Souza-Auricchio model

In order to possibly find optimal controls we shall consider the following
standard requirements

Compatibility of the initial value and the controls:
%) € .7(0,0(0)) VOc®

Compactness of controls:

© is weakly compact in W1 (0, T) for some r > 1

Lower semicontinuity of the cost functional:

6, — 6 weakly in W' (0,T)
(t4n,2n) € Sol(6y,),

(tn,2zn) — (u,z) weakly-star in
L=(0,T; H (Q;RY) x L2 (Q; R3X3))

dev

= Z(u,z,0) < lirginf/(un,zn,en)
n—oo
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A problem of thermodynamical consistency

Focus on the non-isothermal case

P. Krejci, U. Stefanelli, (2011)
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A problem of thermodynamical consistency

Focus on the non-isothermal case

P. Krejci, U. Stefanelli, (2011)

The state of the art

@ The isothermal case: given and uniform temperature. The only
behaviour analyzed is the super-elastic (or pseudo-elastic) regime

@ The temperature is assumed to change in time but still is a priori given.
Justification... However the experimental data on wires reveal that the
heat production due to dissipation for the phase transformation is not
negligible
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A problem of thermodynamical consistency

Focus on the non-isothermal case

P. Krejci, U. Stefanelli, (2011)

The state of the art

@ The isothermal case: given and uniform temperature. The only
behaviour analyzed is the super-elastic (or pseudo-elastic) regime

@ The temperature is assumed to change in time but still is a priori given.
Justification... However the experimental data on wires reveal that the
heat production due to dissipation for the phase transformation is not
negligible

Content of the paper

@ Analysis of the complete quasi-static thermomechanical evolution of the
specimen described by the SA model; the temperature is an unknown of
the system

@ Main result: existence for the system of nonlinear PDEs which derive
from constitutive relations, conservation of momentum and energy
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A problem of thermodynamical consistency

Focus on the non-isothermal case
P. Krejci, U. Stefanelli, (2011)

Crucial point

@ To give a constructive proof of the fact that the original formulation of the
SA model necessarily requires some (small) modifications in order to BE
THERMODYNAMICALLY CONSISTENT (modifications which are compatible
with the experimental data)

@ In particular it is proved that the model is ill-posed if the dependence of
the latent heat from the temperature is not smooth enough or if the
hardening constant is too small or if the dissipation is too big. In all
these cases explicit solutions are constructed for which the existence
fails for all times
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A new approach

The temperature dependent Preisach model

M. E., J. Kopfova, P. Krejci, P. Sander work in progress
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A new approach

The temperature dependent Preisach model

M. E., J. Kopfova, P. Krejci, P. Sander work in progress

_o, LQ(pr[ f<e>])
4

)
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A new approach

The temperature dependent Preisach model

M. E., J. Kopfova, P. Krejci, P. Sander work in progress

1D stress-strain relation
(o] 1
E=—+¢ —_— — f(6
Ry (Ethpr[G f( )])

()

The play operator

v(t) = &(t)| <r Vre[0,T];

E()w(t) =& (t)—y) >0 ae. Vy|<r.
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Our proposal

The temperature dependent Preisach model

M. E., J. Kopfova, P. Krejc¢i, P. Sander work in progress

Regularization inspired on the Preisach model

le(t) —n. ()| <r Vtel0,T];
(1 (8)7,(1) + pu2(0)(n, (1) —&(2)))(e(t) — () —y) >0 ae. V|y[<r,
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Our proposal

The temperature dependent Preisach model

M. E., J. Kopfova, P. Krejc¢i, P. Sander work in progress

Regularization inspired on the Preisach model

le(t) —n. ()| <r Vtel0,T];
(1 (8)7,(1) + pu2(0)(n, (1) —&(2)))(e(t) — () —y) >0 ae. V|y[<r,

Constitutive relation

c :E£—/ g(rn,n,,0)dr
0
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Our proposal

The temperature dependent Preisach model

M. E., J. Kopfova, P. Krejc¢i, P. Sander work in progress

Regularization inspired on the Preisach model

le(t) —n. ()| <r Vtel0,T];
(1 (8)7,(1) + pu2(0)(n, (1) —&(2)))(e(t) — () —y) >0 ae. V|y[<r,

Constitutive relation

c :Es—/ g(rn,n,,0)dr
0

Our proposal

Advantages: it is consistent from the thermodynamic viewpoint
But: more complicated with respect to the original SA model
Main aim: well posedness of the whole dynamical system and
thermodynamical consistency
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