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STRUCTURING

Introduction

Abstract Theory

The Boussinesq – Lòve Mathematical Model
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FORMULATION OF THE PROBLEM

Ax(n) = Bn−1x
(n−1) + . . .+B0x+ y + Cu, (1)

where A,Bn−1, . . . , B0 ∈ L(X;Y), C ∈ L(U;Y), the functions
u : [0, τ) ⊂ R+ → U, y : [0, τ) ⊂ R+ → Y (τ <∞), X,Y,U are
Hilbert spaces.

x(m)(0) = xm, m = 0, n− 1. (2)

P (x(m)(0)− xm) = 0, m = 0, n− 1. (3)

J(x̂, û) = min
(x,u)∈X×Uad

J(x, u). (4)
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Models

The de Gennes mathematical model of acoustic waves in a smectic

∂2

∂t2
∆3u = α1

∂2

∂z2
∆2u, α1 > 0,

where ∆3 = ∆2 + ∂2

∂z2
, ∆2 = ∂2

∂x21
+ ∂2

∂x22
.

u(x1, x2, z, t) = v(x1, x2, z) exp(−iωt)

∂2

∂z2
(∆2v + α2v) + α2∆2v = 0, α2 = ω2α−1

1

The mathematical model of fluctuations in the DNA molecule

u(x, 0) = u0(x), u̇(x, 0) = u1(x),
v(x, 0) = v0(x), v̇(x, 0) = v1(x),

x ∈ Ω,

u(x, t) = v(x, t) = 0, (x, t) ∈ ∂Ω× R,{
(b+ ∆)ü = a∆u+ f(u, v) + w1,
(b+ ∆)v̈ = d∆v + g(u, v) + w2.
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Models

The mathematical model of shallow water waves propagation

(λ−∆)ü = α2∆u+ f,

u(x, 0) = u0(x), u̇(x, 0) = u1(x), x ∈ Ω,

u(x, t) = 0, (x, t) ∈ ∂Ω× R.

The mathematical model of ion-acoustic waves in plasma

∂2

∂t2

(
∂2

∂t2
+ ω2

Bi

)
(∆3Φ−

1

r2D
Φ) + ω2

pi

∂2

∂t2
∆3Φ + ω2

Bi
ω2
pi

∂2Φ

∂x23
= 0

(∆− λ)vtttt + (∆− λ′)vtt + α
∂2u

∂x23
= 0

∂2

∂t2
(∆Φ− Φ) + ∆Φ = 0

The Boussinesq – Love model

(λ−∆)utt = α(∆− λ
′
)ut + β(∆− λ

′′
)u+ g
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ABSTRACT THEORY. POLYNOMIALLY A-BOUNDED OPERATOR
PENCILS AND PROJECTORS

By ~B denote the pencil formed by operators Bn−1, . . . , B0.

ρA( ~B) = {µ ∈ C : (µnA− µn−1Bn−1 − . . .− µB1 −B0)−1 ∈ L(Y;X)}, σA(~B) = C\ρA(~B).

RAµ ( ~B) = (µnA− µn−1Bn−1 − . . .− µB1 −B0)−1.

Definition 1.

The pencil ~B is called polynomially bounded with respect to operator A (or polynomially
A-bounded), if

∃a ∈ R+ ∀µ ∈ C (|µ| > a)⇒ (RAµ ( ~B) ∈ L(Y;X)).

∫
γ

µmRAµ ( ~B)dµ ≡ O,m = 0, n− 2, (A)

where γ = {µ ∈ C : |µ| = r > a}.
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Lemma 1.

If the pencil ~B is polynomially A-bounded, and condition (A) is satisfied, then the following
operators

P =
1

2πi

∫
γ

RAµ ( ~B)µn−1Adµ, Q =
1

2πi

∫
γ

µn−1ARAµ ( ~B)dµ

are projectors in X and Y, respectively.

X0 = kerP, Y0 = kerQ, X1 = im P, Y1 = im Q, X = X0 ⊕ X1, Y = Y0 ⊕Y1. By Ak (Bkl )

we denote the restriction of the operator A (Bl) to Xk, k = 0, 1; l = 0, n− 1.

Theorem 1.

Let the assumptions of Lemma 1 be satisfied. Then
( i) Ak ∈ L(Xk;Yk), k = 0, 1;
( ii) Bkl ∈ L(Xk;Yk), k = 0, 1, l = 0, 1, . . . , n− 1;
( iii) there exists an operator (A1)−1 ∈ L(Y1;X1);
( iv) there exists an operator (B0

0)−1 ∈ L(Y0;X0).

Let us construct the operators H0 = (B0
0)−1A0, Hm = (B0

0)−1B0
n−m, m = 1, n− 1,

Sm = (A1)−1B1
m, m = 0, n− 1.
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Definition 2.

Introduce the family of operators {K1
q ,K

2
q , . . . ,K

n
q } as follows:

Ks
0 = O, s 6= n,Kn

0 = I, K1
1 = H0, K2

1 = −Hn−1, . . . ,Ks
1 = −Hn+1−s, . . . ,Kn

1 = −H1,

K1
q = Kn

q−1H0, K2
q = K1

q−1 −Kn
q−1Hn−1, . . . , Ks

q = Ks−1
q−1 −Kn

q−1Hn+1−s, . . . ,

Kn
q = Kn−1

q−1 −Kn
q−1H1, q = 2, 3, . . .

Definition 3.

The point ∞ is called:
( i) a removable singular point of the A-resolvent of pencil ~B, if K1

1 = K2
1 = . . . = Kn

1 ≡ O;

( ii) a pole of order p ∈ N of the A-resolvent of pencil ~B, if Ks
p 6≡ O, for some s, but Ks

p+1 ≡ O
for any s = 1, n;
( iii) an essentially singular point of the A-resolvent of pencil ~B, if Kn

p 6≡ O for any p ∈ N.
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Ax(n) = Bn−1x
(n−1) + . . .+B0x. (5)

Xt
m =

1

2πi

∫
γ

RAµ ( ~B)(µn−m−1A− µn−m−2Bn−1 − ...−Bm+1)eµtdµ, m = 0, n− 1.

Lemma 2.

(i) For every m = 0, n− 1 the operator function Xt
m is a propagator of (5).

(ii) For every m = 0, n− 1 the operator function Xt
m is an entire function.

(iii)
dl

dtl
Xt
m

∣∣∣∣
t=0

=

{
P, l = m;
O, l 6= m;

for all m = 0, n− 1, l = 0, 1, ... .

Definition 4.

The set P ⊂ X is called a phase space of equation (5), if
(i) every solution x = x(t) of (5) lies in P, i.e. x(t) ∈ P ∀t ∈ R.
(ii) for arbitrary xm ∈ P, m = 0, n− 1, there exists a unique solution to (2), (5).
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Theorem 2.

If the pencil ~B is polynomially A-bounded, condition (A) is satisfied and ∞ is a pole of order
p ∈ {0} ∪ N of A-resolvent, then the phase space of equation (5) coincides with the image of
projector P .

Ax(n) = Bn−1x
(n−1) + . . .+B0x+ y. (6)

Mm
y = {x ∈ X : (I− P )x = −

p∑
l=0

Kn
l (B0

0)−1 d
l+m

dtl+m
(I−Q)y(0)}, m = 0, n− 1.

Theorem 3.

If the pencil ~B is polynomially A-bounded, condition (A) is satisfied and ∞ is a pole of order
p ∈ {0} ∪ N of the A-resolvent of pencil ~B, the function y : [0, τ)→ Y is such that
y0 = (I−Q)y ∈ Cp+n([0, τ);Y0) and y1 = Qy ∈ C([0, τ);Y1), then for arbitrary
xm ∈Mm

y , m = 0, n− 1 there exists a unique classical solution to problem (2), (6) for t ∈ [0, τ)
given by

x(t) = −
p∑
q=0

Kn
q (B0

0)−1 d
q

dtq
y0(t) +

n−1∑
m=0

Xt
mPxm +

t∫
0

Xt−s
n−1(A1)−1y1(s)ds. (7)
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STRONG SOLUTION

x(m)(0) = xm, m = 0, n− 1. (2)

Ax(n) = Bn−1x
(n−1) + . . .+B0x+ y. (6)

Definition 5.

The vector-function x ∈ Hn(X) = {x ∈ L2(0, τ ;X) : x(n) ∈ L2(0, τ ;X)} is called a strong
solution to (6), if it turns the equation to an identity almost everywhere on interval (0, τ). A
strong solution x = x(t) of (6) is called a strong solution to (2),(6), if condition (2) holds.

Hp+n(Y) = {v ∈ L2(0, τ ;Y) : v(p+n) ∈ L2(0, τ ;Y), p ∈ {0} ∪ N}.

Theorem 4.

If the pencil ~B is polynomially A-bounded, condition (A) is satisfied, then for arbitrary
y ∈ Hp+n(Y) and xm ∈Mm

y , m = 0, n− 1 there exists a unique strong solution to (2), (6).

Corollary 1.

If the pencil ~B is polynomially A-bounded, condition (A) is satisfied, then for arbitrary xm ∈ X,
m = 0, n− 1 and y ∈ Hp+n(Y) there exists a unique strong solution to problem (3), (6).
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OPTIMAL CONTROL

◦
H
p+n

(U) = {u ∈ L2(0, τ ;U) : u(p+n) ∈ L2(0, τ ;U), u(q)(0) = 0, q = 0, p}, p ∈ {0} ∪ N.

A closed and convex subset Uad of
◦
H
p+n

(U) is called a set of admissible controls.

Definition 6.

The vector-function û ∈
◦
H
p+n

∂ (U) is called an optimal control of solutions to (1), (3), if relation
(4) holds.

J(x̂, û) = min(x,u)∈X×Uad
J(x, u), (4)

where

J(x, u) = µ
n∑
q=0

∫ τ

0
||x(q) − x̃(q)||2dt+ ν

p+n∑
q=0

∫ τ

0

〈
Nqu

(q), u(q)
〉
U
dt. (8)

Here µ, ν > 0, µ+ ν = 1, Nq ∈ L(U), q = 0, 1, . . ., p+ n, are self-adjoint positively defined
operators, and x̃(t) is the target state of the system.

Theorem 5.

If the pencil ~B is polynomially A-bounded, condition (A) is satisfied, then for arbitrary
y ∈ Hp+n(Y) and xm ∈Mm

y , m = 0, n− 1 there exists a unique optimal control of solutions to
(1), (3).
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THE BOUSSINESQ – LÒVE MATHEMATICAL MODEL

(λ−∆)xtt = α(∆− λ′)xt + β(∆− λ′′)x+ u, (9)

x(s, t) = 0, (s, t) ∈ ∂Ω× R. (10)

x(s, 0) = x0(s), xt(s, 0) = x1(s), s ∈ Ω. (11)

Put X = {x ∈W l+2
2 (Ω) : x(s) = 0, s ∈ ∂Ω},Y = W l

2(Ω), A = λ−∆ , B1 = α(∆− λ′),
B0 = β(∆− λ′′), C = I.

Lemma 2. Let one of the following conditions be fulfilled:
(i) λ /∈ σ(∆);
(ii) (λ ∈ σ(∆) ∧ (λ 6= λ′);
(iii) (λ ∈ σ(∆)) ∧ (λ = λ′) ∧ (λ 6= λ′′).

Then for all α, β ∈ R\ {0} the pencil ~B is polynomially A-bounded.

(λ− λk)µ2 + α(λ′ − λk)µ+ β(λ′′ − λk) = 0, k ∈ N. (12)

Remark 1. If (λ ∈ σ(∆)) ∧ (λ 6= λ′) then condition (A) doesn’t hold.
Remark 2. If (λ ∈ σ(∆)) ∧ (λ = λ′) ∧ (λ 6= λ′′) then ∞ is a pole of order p = 1 of the
A-resolvent of ~B.
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Corollary 2.Let the vector-function u ∈ C1((0, τ);F) ∩ C([0, τ ];F) and
(i) λ 6∈ σ(∆). Then for arbitrary x0, x1 ∈ U there exists a unique solution to (9) – (11), given by

x(t) =
∞∑
k=1

[
µ1k(λ− λk) + α(λ′ − λk)

(λ− λk)(µ1k − µ
2
k)

eµ
1
kt +

µ2k(λ− λk) + α(λ′ − λk)

(λ− λk)(µ2k − µ
1
k)

eµ
2
kt

]
< ϕk, x0 > ϕk+

∞∑
k=1

eµ
1
kt − eµ

2
kt

(µ1k − µ
2
k)

< ϕk, x1 > ϕk +
∞∑
k=1

t∫
0

eµ
1
k(t−s) − eµ

2
k(t−s)

(λ− λk)(µ1k − µ
2
k)

< ϕk, u(s) > ϕkds, t ∈ (0, τ).

(ii) (λ ∈ σ(∆)) ∧ (λ = λ′) ∧ (λ 6= λ′′). Then for arbitrary x0, x1 ∈ X such that

< ϕk, x0 > +
< ϕk, u(0) >

β(λ′′ − λk)
=< ϕk, x1 > +

< ϕk, u
′(0) >

β(λ′′ − λk)
= 0, λ = λk

there exists a unique solution to (9) – (11), given by

x(t) = −
∑
λ=λk

< ϕk, u(t) >

β(λ′′ − λk)
ϕk −

∑
λ=λk

< ϕk, u
′(t) >

β(λ′′ − λk)
ϕk +

∑
′

[
µ1k(λ− λk) + α(λ′ − λk)

(λ− λk)(µ1k − µ
2
k)

+

+
µ2k(λ− λk) + α(λ′ − λk)

(λ− λk)(µ2k − µ
1
k)

eµ
2
kt

]
< ϕk, x0 > ϕk+

+
∑

′ e
µ1
kt − eµ

2
kt

(µ1k − µ
2
k)

< ϕk, x1 > ϕk+
∑

′
t∫

0

eµ
1
k(t−s) − eµ

2
k(t−s)

(λ− λk)(µ1k − µ
2
k)

< ϕk, u(s) > ϕkds, t ∈ (0, τ),

where prime at the sum means the absence of summand with index k such that λ = λk.
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OPTIMAL CONTROL

Consider the penalty functional

J(x, u) = µ
2∑
q=0

∫ τ

0
‖x(q) − x̃(q)‖2dt+ ν

p+2∑
q=0

∫ τ

0

〈
Nqu

(q), u(q)
〉
U
dt. (13)

Corollary 2. For all α, β ∈ R\ {0} and λ ∈ R such that λ /∈ σ(∆) or
λ ∈ σ(∆) ∧ (λ = λ′) ∧ (λ 6= λ′′), for arbitrary τ ∈ R+, xk,∈ X1, k = 0, 1, there exists a unique
solution (x̂, û) to optimal control problem for the Boussinesq – Lòve equation (9) with conditions
(10), (11) minimizing functional (12).
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Thank you for your attention!
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