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FORMULATION OF THE PROBLEM

Az™ = B, 120D + .+ Byz +y + Cu, (1)

where A, B, _1,..., By € L(X;2), C € L(;9), the functions
w:[0,7) CRy =4, y:[0,7) CRy = (7 <0), X,9,4 are
Hilbert spaces.

2™ (0) = z,,, m=0,n—1 (2)
P(z™(0) —z,) =0, m=0,n—1 (3)
J(z,0) = min J(z,u). (4)

(z,u)EXXUgq
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Models

The de Gennes mathematical model of acoustic waves in a smectic

9?2 9?2
—Asu = a1 @Agu, ap >0,

ot?
L o _ 9? 5?2
where Az = As + 5577 Ag = 947 + 923"

u(z1, w2, 2,t) = v(z1, T2, 2) exp(—iwt)

9?2 _
@(Agv + agv) + aglAov =0, az = w2a1

1

The mathematical model of fluctuations in the DNA molecule

u(z,0) = uo(z), u(z,0)=wui(x),
v(z,0) = vo(x), v(x,0)=v1i(z),

u(z,t) = v(z,t) =0, (z,t) € 00 X R,
{ b+ A)i = aAu+ f(u,v) + wi,

z € Q,

(b+ A)o = dAv + g(u,v) + wa.
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Models

The mathematical model of shallow water waves propagation
(A= A)ii = a®Au + f,
u(z,0) = uo(z), u(z,0)=uwui(z), z€9Q,
u(z,t) =0, (z,t) € 9N xXR.

The mathematical model of ion-acoustic waves in plasma

9% (02 5 020
7{9t2 (8t2 +wB ) (A3<I> = 7@) +wp7 o2 A3<I>+ B w 78;53 =
82
(A = )\)Utttt + (A = )\/)’Utt aF Oéiu =0
0z3
3

82

5@ (A2 —®) + A2 =0

The Boussinesq — Love model
A= A)uge = (A — Nug + B(A =N )u+g
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ABSTRACT THEORY. POLYNOMIALLY A-BOUNDED OPERATOR
PENCILS AND PROJECTORS

By B denote the pencil formed by operators By, _1, ..., Bo.

A(B) = C:(u"A—p"'By_1—...—puB1 —By)~' € L(V; X AB) =C\p*(B
P (B)={neC: (u I n—1—...—pB1—Bo)" " € L(Y;X)}, o7(B)=C\p™(B).
R}B)= (u"A—p""'Bn_1—...—uB1 — Bo) .

Definition 1.

The pencil B is called polynomially bounded with respect to operator A (or polynomially
A-bounded), if
JaeRy VueC (lul>a)= (R} (B)€L®;X)).

/ume(é)du =0,m=0,n—2, (A4)

~

where vy = {p € C: |u| =r > a}.
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Lemma 1.

If the pencil Bis polynomially A-bounded, and condition (A) is satisfied, then the following
operators

1 = 1 .
1P = RNB)p" Adp, Q= —/ "~YAR{(B)d
27”./ L (B)u b Q@=— [ p L (B)du
vy

are projectors in X and %), respectively.

X0 =kerP, 9 =kerQ, X! =im P, P! =im Q, x=x"ax!, =949’ By A* (Bf)
we denote the restriction of the operator A (B;) to X%, k=0,1; | =0,n — 1.

Theorem 1.

Let the assumptions of Lemma 1 be satisfied. Then
(i) AF € L(xF;9F), k=0,1;

(i) Bkeﬁ(xk@)k_o1z_01 n—1;
(i) there exists an operator (AY)~1 ¢ L(@l E)
(iv) there exists an operator (BJ)~! € £(9°; x°).

Let us construct the operators Hy = (Bg)_lAO, [l = (Bg)_lBgim, m=1n—1,
Sm:(Al) 1Bl m=0,n— 1.

m?
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Definition 2.

Introduce the family of operators {K;, Kg, ..., Kg'} as follows:

KS :(O),S#TL,KS’ :]L Kll :H07 K12 = _Hn—lv--'7Kf = _HTL+1—S7---7KIL = _Hl,
KY=KpP Ho, K2 =K} | — K" \Hp_1,..., K§ = KTV = KI Hpp1, ..
=1
KP =K'} — KM Hi,q=2,3,...

Definition 3.

The point o is called: .

(i) a removable singular point of the A-resolvent of pencil B, if Kl1 = K12 — K=

(i) a pole of order p € N of the A-resolvent of pencil B, if K % O, for some s, but Kpiq = (0)
for any s = 1, n; o

(iii) an essentially singular point of the A-resolvent of pencil B, if K Z O for any p € N.
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Az™ = B, 1"~V 4+ . 4 Byz. (5)

1 " = _
an = = / Rf(B)(unfmflA — p"fM*QBn_1 — Bm_;,_1)e“tdu, m=0,n—1.
£

Lemma 2.

(i) For every m = 0,n — 1 the operator function X!, is a propagator of (5).
i) For every m = 0,n — 1 the operator function X' is an entire function.
Y m
(i)
dl
—Xt
dtt

P, |l =m;
. 0—{ 0, | # m; forallm=0,n—1,1=0,1,.

Definition 4.

The set P C X is called a phase space of equation (5), if
(i) every solution z = z(t) of (5) liesin P, i.e. z(t) € P VtER.
(ii) for arbitrary x,m, € P, m = 0,n — 1, there exists a unique solution to (2), (5).
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Theorem 2.

If the pencil B is polynomially A-bounded, condition (A) is satisfied and oo is a pole of order
p € {0} UN of A-resolvent, then the phase space of equation (5) coincides with the image of
projector P.

Az™ = B, 12" Y + .+ Box + Y. (6)
P 9 Q dl+’m
My ={zeX: I-Pz=-> K[(BJ)~ el Uy Q)y(0)}, m=0,n—1.

=0

Theorem 3.

If the pencil B is polynomially A-bounded, condition (A) is satisfied and co is a pole of order

p € {0} UN of the A-resolvent of pencil B, the function y : [0,7) — 9 is such that

y? = (I - Q)y € CPT"([0,7);9°) and y* = Qy € C([0,7);Y*'), then for arbitrary

Tm € MP?, m = 0,n — 1 there exists a unique classical solution to problem (2), (6) for t € [0,T)
given by

P n—1 t

n — dq — —

w(t) == Kg(B) ' oy’ + 3 X Pom + /X;;(Al) Lyl (s)ds. (7)
q=0 m=0 0
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STRONG SOLUTION

2™ (0) = 2m, m=0,n— 1. (2)
Az(™ = Bn_1x(”71) + ...+ Box +y. (6)

Definition 5.

The vector-function = € H™(%X) = {z € L2(0,7; X) : (™ € Ly(0,7;%)} is called a strong
solution to (6), if it turns the equation to an identity almost everywhere on interval (0, 7). A
strong solution = = x(t) of (6) is called a strong solution to (2),(6), if condition (2) holds.

HPT™(9) = {v € L2(0,7;9) : vPT™) € Ly(0,7;9),p € {0} UN}.

Theorem 4.

If the pencil B is polynomially A-bounded, condition (A) is satisfied, then for arbitrary
y € HPT™(Y) and z,, € MY, m = 0,n — 1 there exists a unique strong solution to (2), (6).

Corollary 1.

If the pencil B is polynomially A-bounded, condition (A) is satisfied, then for arbitrary z,, € X,
m =0,n— 1 and y € HPT™(9)) there exists a unique strong solution to problem (3), (6).
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OPTIMAL CONTROL

optn -
H (L) = {u € L2(0, 73 40) = u®tn) ¢ Lg(O,T;Ll),u(‘”(O) =0,g=0,p}, pe€{0}UN.

o pt+n
A closed and convex subset i,4 of H (1) is called a set of admissible controls.

Definition 6.

o ptn
The vector-function & € Hy () is called an optimal control of solutions to (1), (3), if relation

(4) holds.

‘](i:ﬁ) = min(:c,’u,)eéfxuad'](w:u)a (4)
where
n T p+n T
J(Z’,u):;LZ/ \|a:(q)—i<q)||2dt+VZ/ <Nqu(q>,u<q)>‘ldt. (8)
q=0"0 =070 4

Here pi,v >0, p+v =1, Ng € L), ¢ =0, 1, ..., p+ n, are self-adjoint positively defined
operators, and Z(t) is the target state of the system.

Theorem 5.

If the pencil Bis polynomially A-bounded, condition (A) is satisfied, then for arbitrary
y € HPT™() and x., € M7, m = 0,n — 1 there exists a unique optimal control of solutions to

(1), (3)-
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THE BOUSSINESQ — LOVE MATHEMATICAL MODEL

A= A)zgy = (A — Nz + B(A = XNz + u, (g)J
z(s,t) =0, (s,t) € I x R. (10)J
z(s,0) = zo(s), z¢(s,0) = z1(s), s € Q. (II)J

Put X = {z € Wit2(Q) : 2(s) = 0,5 €90}, Y = WL(Q), A=A — A, By = a(A =),
Bo=B(A—-)\"),C=1

Lemma 2. Let one of the following conditions be fulfilled:

(i) A ¢ o(D);

(i) (A € a(2) A (A £ N);

(i) A€ (A AAN=N)AN#£N).

Then for all o, B € R\ {0} the pencil Bis polynomially A-bounded.

A =2)E® +aN = App+ BN = X)) =0, kEN. (12)
Remark 1. If (A € 0(A)) A (XA # X') then condition (A) doesn’t hold.
Remark 2. If (A € o(A)) A(A=X)A(X# N’) then oo is a pole of order p =1 of the
A-resolvent of B.
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Corollary 2.Let the vector-function u € C*((0,7); &) N C([0, 7]; ) and

(i) X & o(A). Then for arbitrary xo, 1 € 4 there exists a unique solution to (9) — (11), given by
oo}

1 / 2 /
(1) [Nk()\/\k)JFO‘()‘ — ) ude , FRO = M) + oV = M)
1

2
eFrt | < g, m0 > @t
= A = Ap) (g — 13) A =) (B3 — up)
e — e“k euk (t—s) _ el"k(t s)
< @k, T1 > Pk + / <@g, u(s) > prds, t € (0,7).
2 Z O L)
(i) (A

(A)) AA=XN)A# )\”) Then for arbitrary xo,x1 € X such that

< o, u(0) > < ¢, u (0) >
< Qr,xo > +———— =< pg, 1 > +
Pk, To > + BV — Ap) Pk, T1

=0, A=A
BV =) *
there exists a unique solution to (9) — (11), given by

2(t) = — <epul) > < Pk, U (= Ag) + (N = Ag)
s A:ZM BV — ) Ok A:ZA 6(/\”— “"”Z { = M) (k. — 12)

2 ’
PEA =) + oV = Ag) 2y
+ elEt | < pp, 10 > Prt+
A=) (B2 — #}c)

e“k — e“k
+>

e e e Oy
< @k, T1 > P+ / < @k, u(s) > prds, t € (0,7
) A_)\k)(ﬂk; _Mk)

where prime at the sum means the absence of summand with index k such that A = Ay
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OPTIMAL CONTROL

Consider the penalty functional

2 r p+2 -
J(z,u) = p Z/O 2@ — 7(@||2q¢ + I/Z/O <Nqu(q>7u<q)>M dt. (13)
q=0 q=0

Corollary 2. For all a, 8 € R\ {0} and X € R such that A\ ¢ o(A) or

A€ a(A)ANN=XN)A(X#N"), for arbitrary T € Ry, xp, € X1,k = 0, 1, there exists a unique
solution (&,4) to optimal control problem for the Boussinesq — Love equation (9) with conditions
(10), (11) minimizing functional (12).
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Thank you for your attention!
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