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Liquid crystal

@ Liquid crystal — a state of matter between conventional liquid and solid
crystal. Liquid crystals may flow like a liquid, but its molecules may be
oriented in a crystal-like way

@ Special optical properties — real applications (e.g., LCD)
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Classification

(a) (b)

@ Nematic, Smectic, Cholesteric...

@ Nematic LC: possesses the orientational order but has NO positional
order like the Smectic type.
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Static theory: Oseen—Frank model

K1 (Splay)

Ko (Twist)

@ Simplestcase ki =k =k3 =1, ks =0:

Dirichlet energy F(d) = %/ |Vd|*dx: ford:Q — §" "
Q

Hao Wu
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Hydrodynamic theory: Ericksen—Leslie model

@ Ericksen (1961) and Leslie (1966, 1968).
@ Assume the fluid is homogeneous and neglect the inertial term

vi+v-Vv+VP = V.g,
V-v = 0,
= 0’

OF OF
d x <g+V~(—BVd)—%)

— fluid velocity,
— molecular director,
Oseen-Frank free energy density,

fn~Te s T - VR
I

— pressure
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Constitutive relations

1

A = E(Vv + V'v) — rate of strain: stretching
R = %(Vv — V"v) — skew-symmetric tensor: rigid rotation
= d;+v-Vd—Rd
g& = AN+ \dAji, total kinematic transport of d
OF

5j = —Poj— —du, ij

Jij iy di, ki + O

oy = mddpAipdid; + 12diN; + pa3diN; + paAy + psdidiAr + pedidiAyg

W, ..., ho— Leslie coefficients
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Penalization

@ Constraint on director field |d| = 1
= highly nonlinear Lagrange multiplier

Example: assume ki =k, = ks =1, ks =0
v = —|Vd|* + \d"Ad.
@ Penalty function
1oz (P = 17

— Ginzburg-Landau approximate energy

F(d) = Wd| + 15 (\d| —1)* ford:Q—R".
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Related Results (I)

(1) Simplified system with penalty (Lin F.-H. 1989)

Vi+Vv-Vv—vAv+ VP =—-AV-(Vd G Vd),
V.-v=0,
d+v-Vd=n(Ad-f(d)), f(d)= VaF(d).
Vd © Vd denotes the n x n matrix whose (i,j)-th entry is given by Vid - V;d,
forl1 <i,j<n.
@ Well-posedness & regularity:
Lin-Liu 1995 & 1996, Dai-Qing 2012

@ Long-time behavior:
Wu 2010, Hu-Wu 2013, Dai-Schonbek 2012 & 2013

@ Time-dependent Dirichlet BC for d:
Climent-Ezquerra et al 2009, Bosia 2012, Grasselli-Wu 2013



Introduction S

Literature

Related Results (Il)

(1a) Simplified model with constraint |d| = 1
d, +v-Vd = n(Ad + |Vd|’d)
2
3

(2)
(3)
(4) Compressible LC models
(5)

General incompressible E-L system
LC models with general Oseen-Frank energy

Nonisothermal LC models
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The state equation

@ Q C R?is a bounded domain with smooth boundary I'
@ v=(vi,n)" : Q=R d=(d,d)": Q > R?
The PDE system in Q x R

Vi+v-Vv—Av+VP=-V.(Vdo Vd),
V-v=0, (1)
d +v-Vd=Ad-f(d).

subject to Dirichlet boundary conditions

{v(x, t) =0, (x,t) €T x R, no-slip b.c. B

d(x,t) = h(x,1), (x,1) €T xR*, strong anchoring b.c.
and initial conditions

V|i=o = vo(x) With V-vo =0, d|—o =do(x), x €. (3)
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Basic settings

@ Function spaces

12 —H}
H=V"®, v=V%? y_{vecC©R): V-v=0}

@ T € (0,+00) is a given finite final time.
0:=0x(0,7), 2:=Tx(0,7).

@ 3, >0(=1,2,3,4)and v > 0 are given constants that do not vanish
simultaneously.

@ Target functions

vo €L’(0,T;H), do €L*(Q), vo€H, doecL’(9Q)
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The optimal boundary control problem

(CP) Minimize the tracking type cost functional:

Bi
J((v,d),h) = ||V VQ||L2(Q)+ ||d dQHLZ(Q)
ﬂx
||V( )= VQHLZ(Q) + 7|‘d(T) - dQHiZ(Q)
+§|\han<g>,

subject to the boundary control constraint h(x, r)
and the state constraints (v,d) due to the state problem (1)—(3).

@ Joint work with C. Cavaterra (Milan) and E. Rocca (Pavia)
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Global strong solutions

Theorem (Cavaterra-Rocca-Wu, 2016)
Letn =2. Forany T > 0, assume

h e 20, T;H3 (I), oh e L*(0,T;H2 ().

For any (vo,do) € V x H*(Q) satisfying do|r = h|,—o,
problem (1)—(3) admits a unique global strong solution (v, d) such that

v e C([0,T]; V) N L*(0, T; H* (),
d € C([0,T); H*(Q)) N L*(0, T; H ().

Moreover, fort € [0, T],

t
IV oy + 1@l + | (I e + 1) ey ) < 1,
0

where Cy is a positive constant depending on ||vo|g1, ||dol/gz, ||h]|
||o:h|| 1, Q,andT.
L4(0,T;H2 ()

R EEERRRRRERRRRRRRRR

12(0,7H3 (1))’
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Difficulties

(1) Time-dependent boundary condition h(x, 7):
The total energy

£0) = 3IVOlz + 51790 e, + [ FAW)s

DOES NOT decrease in time as in the autonomous case (different from
Lin-Liu 1995).

(2) No additional state constraint on |d|::
We DO NOT make use of the weak maximum principle for |d|g:
(different from Climent-Ezquerra et al 2009, Bosia 2012, Grasselli-Wu
2013).

Idea: Suitable “lifting” functions + Some new estimates



Statement of the problem
Main results Well-posedness
Optimal boundary control

Lifting functions

@ dz(x,1): elliptic type (Climent-Ezquerra et al 2009)

—Adg =0, in 2 x (0,T),
dz = h(x,1), onT x (0,7).

@ d»(x,1): parabolic type (Grasselli-Wu 2013)

odp — Adp = 0, in Q x (0, T)7
dp =h(x,1), onT x (0,T),
dp|i=0 = dgo, in Q,

@ dgo: lifting of initial datum d, (Grasselli-Wu 2013)

—Adg =0, in Q,
dgo = do, onT.
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Lifted system (I)

@ Variable transformation n
d=d-—dg.

@ New system for (v, d):

Vi+V-Vv—Av+ VP = —(Vd)'Ad,
V-v=0,
d,+v-Vd = Ad — f(d) — 9,dg(1),

subject to homogeneous Dirichlet boundary conditions and initial
conditions

~

v=0, d=0, onT x (0,T),

V|1:o = Vo, d‘;:o =dop — dgo, in Q.
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Lower-order estimate in L?(Q2) x H'(Q)

@ Denote

&)

1 1, =
3 IVOle) + 3180 e + [ F@0)as

DE(t)

1 ~
IV¥(D)lli20) + 5 l1Ad() ~ £(d(0)ll22(0)-

Let (v,d) be a smooth solution to problem (1)—3) on [0, T]. The following
inequality holds fort € [0, T):

dz 3 I 13 I
€0 +De(t) < S10de (1)) + 71080 llis(e) + ?/ F(d(0)dx + 7[9].
Q
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Lifted system (ll)

@ Variable transformation

@ New system for (v,d):

Vi+Vv-Vv—Av+4 VP =—(Vd)"Ad,
V-v=0,
d, +v-Vd = Ad - f(d),

subject to homogeneous Dirichlet boundary conditions and initial
conditions

v=0, d=0, onT x (0,T),
V=0 = vo, 5\,=o =dop — dgo, in Q.
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Higher-order estimate in H!(Q) x H?(Q)

@ Denote

Ap(t) = ||VV(I)||E2(Q) +lAd() - f(d(f))HiZ(Q)’
Bp(t) ISV()lIi2 () + IV(Ad() — £(d())IF2 (0,
R(t) e (1) [lfe () + 1dp ()17 ) + 1-

Lemma

Letn = 2. If (v,d) is a smooth solution to problem (1)—(3), then
d 2
S Ap(1) + Br(1) < Cr (A3(1) + R()),

where Cr is a positive constant depending on ||vo||y2, ||do]|g1, [[h]|
[|o/h]| Qand T.

20,13 (1))’

14(0,T;H2 ()’
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Existence and continuous dependence

@ Existence: semi-Galerkin scheme + a priori estimates
@ Continuous dependence in H' () x H*(Q):

Lemma

Let (v\?,d™) (i = 1,2) be two strong solutions corresponding to the initial
data (v, d{") and the boundary datah on [0, T]. Denote v = v(") — v,
d=d® —d?, vy =v{" —v{?,dog = d" —d, h =h" — @, then for

t € [0,T]

I8
190l oy + 180 ey + [ U9y + 1oy e
(
t
< 112 3 112 N 2 1 2
< Cr[ ol ey + I19ollieca) + / (IR, + 10R@IEy . )ar].

where Cr > 0 is a constant depending on HV(()D i ) ||d((f) [l ()
]| . oD QandT.

Bl 1
L2(0,T;HZ (1) L4(0,T;HZ (1))
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Main results

(1) Existence of an optimal boundary control

(2) First-order necessary optimality condition
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Admissible set of controls

@ Let T € (0,400) and (vo,do) € V x H*(Q) be given.
@ Denote

U :={h | he*0,T;H3(T)), h € L*(0, T; HZ(I"))},
and the affine space of control functions U (associated with (vo,do))
U :={h | h €U with h(x,7)|—o = do(x)|r }.
@ Admissible set of control functions:

Ui :={hedd | |n| <M, ||oh|

<M
LZ(O,T;H%(F)) - L“(O,T;H%(F)) - }

for suitably large M > 0.
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The control-to-state operator S

H :=[C([0,T); V) N L*(0, T; H*(Q)) N H' (0, T; H)]
x [C([0, T); B () N L*(0, T; HY(Q)) N H'(0, T; H' ()]
The control-to-state mapping S (associated with (vo, do)):
S:U—H, held— Sh):=(v,d) eH,

where (v, d) is the global strong solution to problem (1)—(3) on [0, 7] subject
to (Vo, d()).

Lemma

The control-to-state mapping S is Lipschitz continuous from U into the space

W =[c([0, T]; V) N L*(0, T; H ()] x [C([0, T]; H* () N L*(0, T; H ()]
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Existence

Theorem (Cavaterra-Rocca-Wu 2016)

Suppose that the assumption (A1) is satisfied and (vo,do) € V x H*(Q).
The optimal control problem (CP) admits at least one solution ((v*, d*), h*)
such that

n e uM
and (v¥, d*) = S(h") is the unique global strong solution to problem (1)—3)
subject to the initial data (vo,do).

Proof: finding a minimizing sequence + passing to the limit
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Differentiability of S (1)

Definition
Consider the control-to-state operator S associated with a given initial data
(vo,do) € V x H*(Q). Let

Wr =[C([0, T}; H) N L*(0, T; V)] x [C([0, T|; H'(Q)) N L*(0, T; H*(Q2))]

We say that S : U/ — H C Wi is Fréchet differentiable, if for any h* €
there exists a linear operator denoted by S’(h*) : &/ — {h*} — W, such that

[S(h* + &) — S(h*) — &' (h*) (&),

=0,
l1€]l—0 lI€lles

where £ €U — {h*} is an arbitrary (small) perturbation of h*.
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Key: the linearized system

Leth* € U be given and (v*,d*) = S(h*). Forany ¢ € U — {h*},
the linearized problem

dw — Aw + VP + (v - V)w + (w - V)v*

=_-V. (Voo Vd*)—V-(Vd* O Ve), inQ x (0,T),

V- -w=0, inQ x (0,7),

Oip— Ap+ (VF - V) + (w - V)d" = —f'(d") g, inQ x (0,T),
with £'(d")¢ :=2(d" - p)d" + |d" [P — ¢,

w=0 o¢=¢, onT x (0,7),

Wm0 =0, ¢limo=0, in Q.

admits a unique weak solution (w, ¢) such that
w e C([0,T); H) N L*(0,T; V) NH'(0,T; V'),
¢ € C(10, 7); H'()) N L*(0, T; H*(2)) N H'(0, T; L*()).
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Differentiability of S (Il)

Theorem (Cavaterra-Rocca-Wu 2016)

Given (vo,dy) € V x H?(Q), the corresponding state-to-control operator S is
Fréchet differentiable.
For any h* € U, the Fréchet derivative S’ (h*) is given by

S'(h")é = (w,¢), YEecU—{h"},

where (w, ¢) is the unique global weak solution to the linearized problem.

Proof: Consider
h=h"+¢ ¢cU—{h"}, (v,d)=8h), (v',d°)=38nh").
For the difference
(w,e) :=(v—Vv' —w,d—d" — ¢),
we obtain

2
HWHC([O,T];LZ) + He||C([0A,T];H1) + HWHLZ((),T;HI) + He||L2(0,T;H2) < Crll€ll-
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The first-order necessary optimality condition (1)

Theorem (Cavaterra-Rocca-Wu 2016)

Given (vo,dy) € V x H?(Q). Assume thath* is an optimal control for problem
(CP) in the admissible set U with the associate state (v*,d*) = S(h*).

Then for any h € U, denoting by (w, ¢) the unique global weak solution to
the linearized problem corresponding to ¢ = h — h*, we have

) /OT/Q(vﬁ—vQ)-wdxdz+/32/0T/Q(d“—dQ)-¢dxdt

Iy /Q (V(T) = va) - w(T)dx + fis /Q (@(T) — da) - $(T)dx

T
+7/ /hﬁ.(h—h”)detzo, Vh e Uy
0 T
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The adjoint system and adjoint state (I)

@ Let h be an optimal control for problem (CP) in the admissible set 2/}
with the associate state (v, d*) = S(h").

@ The associated adjoint state (p, q) satisfies

OPp+Ap+VP+ (V- V)p— (b VIV — (G- VA" + B (v} —vp) =0,
V-p=0,

8+ AG+ (v V) — £(d)q — i(d*,p) + fo(d* — dg) =0,
where
F(d',p) = V- [V'd © (Vb + VD),
and on the boundary " and at time t = T,
Pr =0, qr=0,
Pli=r = B:(V}(T) = va), @li=r = Bu(d*(T) — dq).
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The adjoint system and adjoint state (ll)

Assume
vo €V, if 83 >0,
do € H'(Q)  with (d*(T) — do)|r =0, if B4 > 0.
Then the adjoint problem admits a unique weak solution (p, q) such that
p e C([0,T); V)N L*(0,T; H(Q) N V) N H' (0, T; H),
g € C([0, T]; H'(2)) N L*(0, T; H''(Q)) N H' (0, T; H'(Q)),

for some s € (3,1).

Proof: change of variable

p(t) =p(T —1), q()=q(T —1).
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The first-order necessary optimality condition (I1)

Theorem (Cavaterra-Rocca-Wu 2016)
Assume

vo €V, if3; >0,
do € H'(Q) with (@*(T) — dg)|r =0, if B4 > 0.

Suppose thath* is an optimal control for problem (CP) in U with the
associate state (v¢,d*) = S(h*) and (p, q) is the adjoint state. Then

/T/(vq -n) - (h — h¥)dSdt

/ / JV"a* © (Vp + V'D)] - n) - (h — h*)dSdr

+7/ /h“.(h—hﬁ)dsczzzo, Vhel
0 T
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Open problems

@ Optimal boundary control under additional state constraint |d| = 1
@ Optimal boundary control under additional state constraint |d| = 1
@ General E-L system with rotation/stretching effects
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