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Cahn–Hilliard/Navier–Stokes system

CHNS system for two fluids with different densities [Dreyer], [Abels,Garcke,Grün 2012]:

∂tc + v · ∇c − div(m(c)∇w) = 0,

−∆c + ϕ̂′(c) = w .

∂t(ρ(c)v)− div(η(c)ε(v)) +∇π − w∇c (CHNS)

+ div(v ⊗ (ρ(c)v − ρ̂m(c)∇w)) = u,

div v = 0,

v|∂Ω = 0, ∇c · ~n|∂Ω = ∇w · ~n|∂Ω = 0,

(c, v)|t=0 = (ca, va).
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Cahn–Hilliard/Navier–Stokes system

c order parameter
w chemical potential
v velocity
u distributed control

π pressure
ρ density
m mobility coefficient
η viscosity coefficient

ϕ̂ bulk free energy density
ρ̂i fixed densities of fluids
ρ̂ := 1

2
(ρ̂2 − ρ̂1)

ε(v) := 1
2
(Dv + DTv)
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Cahn–Hilliard/Navier–Stokes system

Density:

ρ(c) =
1

2

(
ρ̂1 + ρ̂2 + c(ρ̂2 − ρ̂1)

)

Ginzburg-Landau free energy:

Efree =

∫
Ω

1

2
|∇c(x)|2 + ϕ̂(x) dx

Bulk free energy density ϕ̂:

ϕ̂ = ϕ̂convex + ϕ̂concave = ϕ− κ

2
| . |2

Mean value of c:

BC. + div v = 0 =⇒ ∂t

∫
Ω

c = 0.
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� H. Garcke, M. Hinze, C. Kahle, A stable and linear time discretization for a thermodynamically consistent
model for two-phase incompressible flow, Applied Numerical Mathematics 99, 151–171, (2016).

Result for optimization with single densities:

� H. Hintermüller, W., Optimal control of a semidiscrete Cahn-Hilliard-Navier-Stokes system, SIAM J. Control
Optim. 52, No. 1, 747–772 (2014).

� S.P. Frigeri, E. Roccca, J. Sprekels, Optimal distributed control of a nonlocal Cahn–Hilliard/Navier–Stokes
system in 2D, WIAS Preprint No. 2036, (2014).

� P. Colli, G. Gilardi, J. Sprekels, A boundary control problem for the pure Cahn–Hilliard equation with
dynamic boundary conditions, Adv. Nonlinear Anal., 4, 311–325 (2015).

� P. Colli, G. Gilardi, E. Rocca, J. Sprekels, Optimal distributed control of a diffuse interface model of tumor
growth, WIAS Preprint No. 2093, (2015).

� E. Rocca, J. Sprekels, Optimal distributed control of a nonlocal convective Cahn–Hilliard equation by the
velocity in three dimensions, SIAM J. Control Optim. 53, 1654–1680 (2015).

� P. Colli, G. Gilardi, J. Sprekels, Distributed optimal control of a nonstandard nonlocal phase field system,
WIAS Preprint No. 2266, (2016).

1.1 Cahn–Hilliard/Navier–Stokes system Optimal control CaHi/NaSt with variable densities 5 / 19



Time discretization

c = (c−1, ..., cM ), w = (w0, ...,wM ), v = (v0, ..., vM ), u = (u1, ..., uM )

M = number of time steps, τ > 0 time step size and xi := x |t=iτ for x ∈ {c,w , v, u}.
A triple (c,w , v) is a solution to the time-discrete Cahn–Hilliard/Navier–Stokes system

with control u ∈ U := L2(Ω;R3)M−1:

1
τ

(ci+1 − ci ) + vi+1 · ∇ci − div(m(ci )∇wi+1) = 0

−∆ci+1 + ∂ϕ(ci+1)− κci 3 wi+1

1
τ

(ρ(ci )vi+1 − ρ(ci−1)vi )− div(η(ci )ε(vi+1))− wi+1∇ci

+ div(vi+1 ⊗ (ρ(ci−1)vi − ρ̂m(ci−1)∇wi )) = ui+1

(c−1, v0) = (ca, va)

(CHNSτ )

X1 := H1(Ω)M+1
m × H1(Ω)M

m × H1(Ω;R3)M
0,σ

X2 := H2(Ω)M+1
m,~n × H2(Ω)M

m,~n × H1(Ω;R3)M
0,σ

Solution operator Sϕ : U 3 u 7→
{

(c,w , v)
}
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Optimal control problem (Pϕ)

Optimal control problem

min
(c,w,v,u)

J (c,w , v, u) s.t. u ∈ Uad, (c,w , v) ∈ Sϕ(u).

Assumptions:

Ω ⊂ R3 bounded, sufficiently smooth

m, η ∈ C 2(R), 0 < C1 ≤ m(c), η(c) ≤ C2 for all c ∈ R
(ca, va) ∈ H2

m,~n(Ω)× H2
0,σ(Ω;R3),

∫
Ω
ϕ(ca) <∞

Uad ⊂ U convex, closed, nonempty

J ∈ C 1(X1 × U), bounded below, partially coercive on Uad w.r.t. u

Next steps:

Existence of solution to state system (for general potentials ϕ)

Existence of minimizers (for general potentials ϕ)

First order optimality conditions (for smooth potentials ϕ)

Stationary system by limit process (for the DOP ϕ)
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Energy estimate

Cahn–Hilliard/Navier–Stokes system:

1
τ

(c+ − c◦) + v+ · ∇c◦ − div(m(c◦)∇w+) = 0 (1)

−w+ −∆c+ + ∂ϕ(c+)− κc◦ 3 0 (2)

1
τ

(ρ(c◦)v+ − ρ(c )v◦)− div(η(c◦)ε(v+))− w+∇c◦
+div(v+ ⊗ (ρ(c )v◦ − ρ̂m(c )∇w◦)︸ ︷︷ ︸

:=z

) = u+ (3)

〈 (1),w+ 〉+ 〈 (2), 1
τ

(c+ − c◦) 〉+ 〈 (3), v+ 〉:
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Energy estimate

∫
Ω

u+ · v+ dx

=

∫
Ω

[
1
τ

(c+ − c◦)w+ + w+v+ · ∇c◦ + m(c◦)|∇w+|2

− 1
τ
w+(c+ − c◦) + 1

τ
∇c+ · ∇(c+ − c◦) + ∂ϕ(c+)(c+ − c◦) − κ

τ
c◦(c+ − c◦)

+ 1
τ

(ρ(c◦)v+ − ρ(c )v◦) · v+ + η(c◦)|ε(v+))|2

− (v+ ⊗ z) : Dv+ − w+v+ · ∇c◦
]
dx
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[
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+ − ρ ρ2
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+ + ρ (v+ − v◦)2

]
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m(c◦)|∇w+|2 + η(c◦)|ε(v+))|2 + 1

2τ

[
|∇c+ −∇c◦|2 + κ(c+ − c◦)2]

+
1

τ

(1

2
ρ(c◦)|v+|2 +

1

2
|∇c+|2 + ϕ̂(c+)

)
− 1

τ

(1

2
ρ(c )|v◦|2 +

1

2
|∇c◦|2 + ϕ̂(c◦)

)
+
|v+|2

2

[
div z + 1

τ
(ρ(c◦)− ρ(c ))

]
+ ρ(c )|v+ − v◦|2

]
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ρ|v|2

2
+
|∇c|2

2
+ ϕ̂(c) dx
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[
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+
1

τ

(
E(v+, c+, ρ(c◦)− E(v◦, c◦, ρ(c ))

)
+
|v+|2

2

[
div z + 1

τ
(ρ(c◦)− ρ(c ))

]
+ ρ(c )|v+ − v◦|2

]
div z = ρ̂[v◦ · ∇c + div(m(c )∇w◦)] = 1

τ
(ρ(c◦)− ρ(c ))
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Energy estimate

Total energy: E(v, c, ρ) :=

∫
Ω

ρ|v|2

2
+
|∇c|2

2
+ ϕ̂(c) dx

Lemma 1 (Energy estimate)

If (c,w , v) is a solution to the one time step CHNS system with control u+, then

E(v+, c+, ρ(c◦)) +

∫
Ω

[ρ(c )|v+ − v◦|2

2
+
|∇c+ −∇c◦|2

2
+
κ|c+ − c◦|2

2

+ τη(c◦)|ε(v+)|2 + τm(c◦)|w+|2
]
dx

≤ E(v◦, c◦, ρ(c )) +

∫
Ω

u+ · v+ dx .

for z = ρ(c )v◦ − ρ̂m(c )∇w◦.

ρ(c)

ρ̃(c)

I
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(ρ̃(c◦)− ρ̃(c )).

ρ(c) ρ̃(c)

I
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Modified Cahn–Hilliard/Navier–Stokes system

Take

z := G(c◦, c ,w◦, v◦)

:=

{
ρ(c )v◦ − ρ̂m(c )∇w◦ if c◦, c ∈ I a.e. on Ω

(Bogovskii operator) otherwise.

Modified Cahn–Hilliard/Navier–Stokes system:

1
τ

(c+ − c◦) + v+ · ∇c◦ − div(m(c◦)∇w+) = 0

−∆c+ + ∂ϕ(c+)− κc◦ 3 w+

1
τ

(ρ̃(c◦)v+ − ρ̃(c )v◦)− div(η(c◦)ε(v+))− w+∇c◦
+ div(v+ ⊗ G(c◦, c ,w◦, v◦)) = u+

(CHNSτ )

Theorem 2 (Existence of solution to (CHNSτ ))

Let M = 1, ϕ : H1
m → R convex, lsc and c , c◦ ∈ H1

m, c◦ ∈ D(∂ϕ), v◦ ∈ H1
0,σ, u+ ∈ L2.

Then (CHNSτ ) has a solution (c+,w+, v+) ∈ Sϕ(u+) ⊂ H1
m × H1

m × H1
0,σ.
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Regularity

Sketch of the proof: Rewrite (CHNSτ ) as

G(c+,w+, v+) = F (c+,w+, v+), with G(c+,w+, v+) :=

 −div(m(c◦∇w+))
−∆c+ + ∂ϕ(c+)
−div(η(c◦)ε(v+))


Show: G invertible, F ,G−1 continuous,

F ◦ G−1 : L3/2 → L3/2 continuous + compact

Apply Leray-Schauder principle

Theorem 3 (Regularity of solution to (CHNSτ ))

Every solution (c,w , v) of (CHNSτ ) belongs to X2, if ca, va ∈ H2 and u ∈ U.
Moreover, the mapping U 3 u 7→ Sϕ(u) ⊂ X2 is bounded.

Based on a result by [Hintermüller,Schiela,Wollner’14] we obtain:

Theorem 4 (Existence of solutions to (CHNSτ ))

If S ⊂ U bnd, I1 ⊂ I◦, ca ∈ [−1, 1] a.e., there exists β > 0:

ϕ(x) ≥ ψ(x) := β|x − ProjI1
(x)| ∀x ∈ R

=⇒ Sϕ(u) = Sϕ(u) ∀u ∈ S. I1

ϕ

ψ
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Existence of minimizers & stationarity conditions

Theorem 5 (Existence of minimizers to (Pϕ))

Under the assumptions of Theorem 4, (Pϕ) admits a minimizer.

Theorem 6 (First order necessary optimality conditions for smooth ϕ)

Assume ϕ ∈ C 1(H1
m(Ω)), ϕ′ ∈ L(H2

m,~n(Ω); L2(Ω))

z = (c,w , v, u) ∈ X2 × Uad is a minimizer for (Pϕ).

Then there exists (p, r , q) ∈ H1(Ω)M
m × H1(Ω)M

m × H1(Ω;RN )M−1
0,σ :

1
τ

(p − p◦)−∆r + ϕ′′(c◦)∗r − κr+ = Jc◦(z) + F1(z , p◦, q◦, q+)

−r − div(m ∇p )− q · ∇c = Jw◦(z) + F2(z , q◦)

1
τ
ρ (q − q◦)− (Dq )(ρ v − ρ̂m ∇w )

− div(η ε(q )) + p ∇c = Jv◦(z) + F3(z , q◦)

(Ju◦(z)− q )M−1
1 ∈ [R+(Uad − u)]+.
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Regularization

Regularization of the double obstacle potential ϕ:

ϕ

→

∂ϕ

→

(∂ϕ)α

→

(∂ϕ)α ∗ ρε(α)

→

ϕα :=
∫

(∂ϕ)α ∗ ρε(α)

Theorem 7 (Consistency α→ 0)

Let
(
(c (α),w (α), v(α), u(α))

)
α>0

be a sequence of minimizers for (Pϕα).

Then a subsequence converges weakly in X2 to a minimizer (c,w , v, u) for (Pϕ).
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Convergence of minimizers

Theorem 8 (Limiting ε-almost C-stationarity conditions)

∃ subseq. (p(α), r (α), q(α)) ⇀
X1

(p, r , q), (ϕα)′′(c
(α)
+ )∗r

(α)
◦ ⇀

(H1
m)∗

λ◦, a
(α)
◦ := ϕ′α(c

(α)
◦ ) ⇀

L2
m

a◦:

1
τ

(c+ − c◦) + v+ · ∇c◦ − div(m(c◦)∇w+) = 0

−∆c+ + a+ − κc◦ = w+

1
τ

(ρ(c◦)v+ − ρ(c )v◦)− div(η(c◦)ε(v+))− w+∇c◦
+div(v+ ⊗ (ρ(c )v◦ − ρ̂m(c )∇w◦)) = u+

1
τ

(p − p◦)−∆r + λ − κr+ = Jc◦(z) + F1(z , p◦, q◦, q+)

−r − div(m ∇p )− q · ∇c = Jw◦(z) + F2(z , q◦)
1
τ
ρ (q − q◦)− (Dq )(ρ v − ρ̂m ∇w )

− div(η ε(q )) + p ∇c = Jv◦(z) + F3(z , q◦)

(Ju◦(z)− q )M−
1 ∈ [R+(Uad − u)]+.

Moreover, for all Lipschitz functions Λ : R→ R with Λ(−1) = Λ(1) = 0:

( a◦,Λ(c◦) )L2
m

= 0 〈λ◦,Λ(c◦) 〉H1
m

= 0

( a◦, r◦ )L2
m

= 0 lim inf(λ(α)
◦ , r (α)

◦ )L2
m
≥ 0

For all ε > 0 there exists Mε
◦ ⊂ M◦ := {−1 < c◦ < 1}, |M◦ \Mε

◦ | < ε:

〈λ◦, v 〉 = 0 ∀v ∈ H1
m(Ω), v |Ω\Mε◦ = 0
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Numerical examples (with single density)

Example 1:

Example 2:
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Conclusion

Summary:

Energy-stable time-discretization

Existence of solutions to the (modified) state equations

Existence of minimizers

First order conditions for smooth potentials

Regularization of the potential

Limiting system for the double-obstacle potential
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Thank You for Your Attention!
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