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Cahn-Hilliard/Navier-Stokes system

CHNS system for two fluids with different densities [Dreyer], [Abels,Garcke,Griin 2012]:

Otc+v - Ve —div(m(c)Vw) = 0,
~Ac+P'(c) = w.

O:(p(c)v) — div(n(c)e(v)) + Vr — wVec (CHNS)
+div(v ® (p(c)v — pm(c)Vw)) = u,
divv = 0,

v|aQ = 0, VC-ﬁ|39 = VW-ﬁ|aQ = 07

(C7 v)|t:0 == (Ca7 Va).
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Cahn-Hilliard/Navier-Stokes system

CHNS system for two fluids with different densities [Dreyer], [Abels,Garcke,Griin 2012]:

Otc+v - Ve —div(m(c)Vw)
—Ac+§'(c)

O(p(c)v) — div(n(c)e(v)) + Vr — wVc
+div(v @ (p(c)v — pm(c)Vw))

o £

Di

divv
V|BQ =0, Vec- ﬁ|39 = Vw- ﬁ|6Q —
(C7 V)|t:0
¢ order parameter T pressure
w chemical potential p density
v velocity m mobility coefficient
u distributed control 1 viscosity coefficient

0,

w.

(CHNS)

k=

(cay va).

@ bulk free energy density
fixed densities of fluids

1

p = 3(p2 — 1)
e(v) := 3(Dv+D"v)
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Cahn-Hilliard/Navier-Stokes system

Density:
1/, . LA
ple) =3 (pl + P2+ c(p2 — m))
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Cahn-Hilliard/Navier-Stokes system

Density:
1/, . LA
ple) =3 (pl + P2+ c(p2 — m))

Ginzburg-Landau free energy:

1 .
Efrce = /*'VC(X)|2+‘~P(X)C]X
Q2
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Cahn-Hilliard/Navier-Stokes system

Density:
1/, . LA
ple) =3 (pl + P2+ c(p2 — m))

Ginzburg-Landau free energy:

1 .
Efrce = /*'VC(X)|2+SD(X)C]X
Q2

Bulk free energy density (:

~ o~ ~ K 2
© = QPconvex T Pconcave = @ — El . |
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Cahn-Hilliard/Navier-Stokes system

Density:
1/, . LA
ple) =3 (pl + P2+ c(p2 — m))

Ginzburg-Landau free energy:

1 .
Efrce = /*'VC(X)|2+SD(X)C]X
Q2

Bulk free energy density (:
~ ~ ~ K 2
© = QPconvex T Pconcave = @ — El . |

Mean value of c:
BC. + divv=0 =— Bt/c = 0.
Q
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Time discretization

M = number of time steps, 7 > 0 time step size and x; := x|¢=ir for x € {c, w,v,u}.
A triple (¢, w,v) is a solution to the time-discrete Cahn—Hilliard/Navier-Stokes system
with control u € U := [*(Q; R})M~1:

L(ciii— @) +vii1 - Ve —div(m(c)Vwi) = 0
—Acii1 + 0p(civ1) — kG D Wit

H(p(ci)viet = p(ci—1)vi) — div(n(ci)e(viii)) — w1 Ve (CHNS.)
+div(vit1 @ (p(cim1)vi — pm(ci—1)Vwi)) = uj

(c=1,v0) = (ca,Va)

C:(C—l,-.-,CM), W:(W07"'7WM)1 V:(V07"'7VM)1 U:(Ul,...,UM)
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Time discretization

M = number of time steps, 7 > 0 time step size and x; := x|¢=ir for x € {c, w,v,u}.
A triple (¢, w,v) is a solution to the time-discrete Cahn—Hilliard/Navier-Stokes system
with control u € U := [*(Q; R})M~1:
L(c. —c)+v. Ve —div(m(c,)Vw,) = 0
—Ac, +9¢(c;) — kG D w,

L(p(c)v. — pleve) — divin(e)e(v.)) — w. Ve, (CHNS.)
+div(v. ® (p(e)ve — pm(c)Vws))

u,

(c=1,v0) = (CayVa)

C:(C—l,-.-,CM), W:(W07"'7WM)1 V:(V07"'7VM)1 U:(Ul,...,UM)
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Time discretization

M = number of time steps, 7 > 0 time step size and x; := x|¢=ir for x € {c, w,v,u}.
A triple (¢, w,v) is a solution to the time-discrete Cahn—Hilliard/Navier-Stokes system
with control u € U := [*(Q; R})M~1:
L(c. —c)+v. Ve —div(m(c,)Vw,) = 0
—Ac, +9¢(c;) — kG D w,

L(p(c)v. — pleve) — divin(e)e(v.)) — w. Ve, (CHNS.)
+div(v. ® (p(e)ve — pm(c)Vws))

u,

(c=1,v0) = (CayVa)

X1 = HYQ)M+ x HY(Q)M x H' (R,
X = HA(QME x HX(QN:  x H(QR),

m,n

Solution operator S, : U3 u— {(c,w,v)}

C:(C—l,-.-,CM), W:(W07"'7WM)1 V:(V07"~7VM)1 U:(Ul,...,UM)
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Optimal control problem (P,)

Optimal control problem

min J(c,w,v,u) s.t. u€ Una, (c,w,v) € Sy(u).

(e;w,v,u)
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Optimal control problem (P,)

Optimal control problem

min J(c,w,v,u) s.t. u€ Una, (c,w,v) € Sy(u).

(e;w,v,u)

Assumptions:

e Q C R® bounded, sufficiently smooth

e m neC*R), 0<C <m(c),n(c) < G forallc€R
(cavs) € H2 () X HB o (R?), [,y p(cs) < o0
@ U.q C U convex, closed, nonempty

e J € C*(X1 x U), bounded below, partially coercive on U,q w.r.t. u
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Optimal control problem (P,)

Optimal control problem

min J(c,w,v,u) s.t. u€ Una, (c,w,v) € Sy(u).

(e;w,v,u)

Assumptions:

e Q C R® bounded, sufficiently smooth

e m neC*R), 0<C <m(c),n(c) < G forallc€R
(cavs) € H2 () X HB o (R?), [,y p(cs) < o0
@ U.q C U convex, closed, nonempty

e J € C*(X1 x U), bounded below, partially coercive on U,q w.r.t. u

Next steps:
o Existence of solution to state system (for general potentials ()
o Existence of minimizers (for general potentials )
o First order optimality conditions (for smooth potentials ¢)
o Stationary system by limit process (for the DOP )
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Energy estimate

Cahn—Hilliard /Navier—Stokes system:
Ller =) +v. Ve —div(m(c)Vw.) = 0 (1)
—w, — Ac, +9¢(c;) — ke, 2 0 (2)

L(p(c)v. — pleva) — div(n(c.)e(v.)) — w. Ve,
+div(v. ® (p(c)ve — pm(c)Vws)) = u. 3)

=z

(@), w) +((2), Her — ) + ((3), v, ):
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Energy estimate
/u+ -v, dx
Q

:/ [%(Q —c)w, + wyv. - Ve, + m(c)|Vw.|?

Q
—twi(c —c)+ Ve V(e — ) + dp(c.)(c — ) — Zco(c — )
+ 2(pleo)vs = ple)ve) v + m(co)le(v.))P®

— (v.®2):Dv, — w,v, - Vco] dx
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Energy estimate
/u+ -v, dx
Q

:/ [%(Q —c)w. + wv. - Ve, + m(c)|Vw.|?

Q
—twi(c —c)+ Ve V(e — ) + dp(c.)(c — ) — Zco(c — )
+ Hp(co)ve = p(e)ve) - v + n(co)le(v))®

— (v.®2):Dv, — w,v, - Vco] dx
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Energy estimate
/u+ -v, dx
Q

:/Q[%(c —c)w 4+ wov. Ve 4+ m(c)|Vw,
—tw(c —c)+ Ve V(e — ) + dp(c.)(c — ) — Zco(c — )
+ 2(pleo)vs = ple)ve) v + m(co)le(v.))P®

— (v, ®2z):Dv, — w.v, -V, | dx
( )

a(a—b) = 3[a* = b+ (a—b)’], Dp(c.)(c. — ) = p(c.) — p(c.)
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Energy estimate
/u+ -v, dx
Q

:/Q[;(c w4 wiv Ve, + m(c)|Vw 2
— lw(c,—c) + Ve V(e —c) + dp(c)(c — ) — Ea(c —c)
+ 2(p(co)v. = ple)ve) v + m(co)le(v.))?
— (v.®2):Dv, — wv. Ve dx

1
(povi = pve)v, = 3 [poﬁ = p-pa + (po — p IV + p(v. — Vo)’
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Energy estimate
/u+ -v, dx
Q

:/Q[%(c —c)w. + wov. - Ve, + m((:o)|VW+|2
—twi(c —c)+ Ve V(e — ) + dp(c.)(c — ) — Zco(c — )
+ Hple)ve = ple)ve) -ve + n(eo)le(v.))l®

— (v.®2z):Dv. — w.v. - Ve, | dx
( )

/(v®z):Dvdx = 71/|v|2divzdx
Q 2 Ja
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Energy estimate

/u+-v+dx
Q

:/Q[%(c —c)w. + wov. - Ve, + m((:o)|VW+|2
—twi(c —c)+ Ve V(e — ) + dp(c.)(c — ) — Zco(c — )
+ Hple)ve = ple)ve) -ve + n(eo)le(v.))l®

— (v.®2z):Dv, — w,v, - Vco] dx

> [ M)Vl + n(e)lew )P + A[Ve. - Ve + ae. - )]
Q

11 e Lve P+ o)) - Ll + Lvel + oe)
+ 2 (GAev 4 SIVe P+ 3() = 2 (Gae) + 5 IVel + 3(e)

i |v£\2 [divz + L(p(c) — p(c,))} + p(c)|vs — Vo|2]
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Energy estimate
/u+ -v, dx
Q

:/Q[%(c —c)w. + wov. - Ve, + m((:o)|VW+|2
—twi(c —c)+ Ve V(e — ) + dp(c.)(c — ) — Zco(c — )
+ Hple)ve = ple)ve) -ve + n(eo)le(v.))l®

— (v, ®2z): Dv. — w,v. - Vco] dx
> [ [me)Vul + n(e)lew ) + £[Ve. — Ve + ae. - )]
Q

11 *y Lwe i ae)) - 1( o Lvel + ae)
+ 2 (Goe P+ SIve P+ 3(e) = 2(Gae )N + 5 IVel + 3(e)
v.

+ Wl [dive+ L(p() — p(e))] + ple)lv. —vol?]

2 2
Total energy: E(v,c,p) := /% + |V2C| + &(c) dx
Q
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Energy estimate

/u+-v+dx
Q

(e —co)we + wov. - Ve, + m((:o)|VW+|2

Ak
—twi(c —c)+ Ve V(e — ) + dp(c.)(c — ) — Zco(c — )
+ 2(plco)ve = pleJve) v+ m(co)le(v.))l®
— (v, ®2z): Dv. — w,v. - Vco] dx
> [ [me)Vul + n(e)lew ) + £[Ve. — Ve + ae. - )]
+ (B e ple) — E(var e, p(e)))

i |v£\2 [divz + L(p(c) — p(c,))} + p(c)|vs — Vo|2]

divz = plv, - Ve +div(m(c.)Vw,)] = -
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Energy estimate

2
Total energy: E(v,c,p) := /M + —
Q

Lemma 1 (Energy estimate)

If (¢, w,v) is a solution to the one time step CHNS system with control u., then

_ 2 _ 2 _ 2
E(v., ¢, p(c.)) + / [pedle wb [Pe Vel e el
o 2 2 2

+ 7(ca)|e(v. ) + Tm(ca) w. ] dx

< E(vo,co,p(c))) + /u+-v+ dx.
Q

for z = p(c-)vo — pm(c-)Vws,.
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Energy estimate

2
Total energy: E(v,c,p) := /M + —
Q

Lemma 1 (Energy estimate)

If (¢, w,v) is a solution to the one time step CHNS system with control u., then

. o N 5 .
E(v., ., 3(c.)) + / [f)(cf)|v+ Vs +|Vc+ Vel +K|c+ el
Q 2 2 2

+ 7(ca)|e(v. ) + Tm(ca) w. ] dx

S E(Voacoyﬁ(cf)) + /u+'v+ dx.
Q

for divz = (p(c.) — p(c)).
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Modified Cahn—Hilliard /Navier—Stokes system

Take
z = G(¢o, oy Wo, Vo)
(e )ve — pm(c)Vw, if cc,c.€Z ae. on Q2
" | (Bogovskii operator) otherwise.

1.4 Modified state system
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Modified Cahn—Hilliard /Navier—Stokes system

Take
z = G(¢o, oy Wo, Vo)
(e )ve — pm(c)Vw, if cc,c.€Z ae. on Q2
" | (Bogovskii operator) otherwise.

Modified Cahn—Hilliard/Navier—Stokes system:

Lle, — )+ v, Ve, —div(m(c,)Vw,) = 0
—Ac, +9¢(c;) — ke, D wy

L(p(c v — e ve) — div(n(c.)e(v.)) - w. Ve,

+div(v. ® G(co, cywe,ve)) = uy

1.4 Modified state system Optimal control CaHi/NaSt with variable densities




Modified Cahn—Hilliard /Navier—Stokes system

Take
z = G(¢o, oy Wo, Vo)
(e )ve — pm(c)Vw, if cc,c.€Z ae. on Q2
" | (Bogovskii operator) otherwise.

Modified Cahn—Hilliard/Navier—Stokes system:
Lle, — )+ v, Ve, —div(m(c,)Vw,) = 0
—Ac, +9¢(c;) — ke, D wy

(e, — e v.) — div(i(e)e(v.)) — w Ve,
+div(v, ® G(co, e, o, ve)) = uy

Theorem 2 (Existence of solution to (CHNS,))

Let M =1, ¢ : Hy — R convex, Isc and c_,c, € Hy,, ¢, € D(0y), vo € Hj,, u. € L2
Then (CHNS,) has a solution (c.,w,,v,) € S,(u.) C Hi x Hy x Hg,,.
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Regularity

Sketch of the proof: Rewrite (CHNS;) as —div(m(c,Vw.))
G(c.,wi,v,) = F(c,w,,v,), with G(¢,, w,,v.) = —Ac, + 9¢(c,)
Show: G invertible, F, G~ continuous, —div(n(co)e(vy))

FoG™': %% [3? continuous + compact
Apply Leray-Schauder principle
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Regularity & original problem

Sketch of the proof: Rewrite (CHNS;) as —div(m(c,Vw.))
G(c.,wi,v,) = F(c,w,,v,), with G(¢,, w,,v.) = —Ac, + 9¢(c,)
Show: G invertible, F, G~ continuous, —div(n(co)e(vy))

FoG™': %% [3? continuous + compact
Apply Leray-Schauder principle

Theorem 3 (Regularity of solution to (CHNS.))

Every solution (c, w,v) of (CHNS.) belongs to Xz, if ca,va € H? and u € U.
Moreover, the mapping U > u — S,(u) C Xz is bounded.

1.5 Regularity Optimal control CaHi/NaSt with variable densities



Regularity & original problem

Sketch of the proof: Rewrite (CHNS;) as —div(m(c,Vw.))
G(c.,wi,v,) = F(c,w,,v,), with G(¢,, w,,v.) = —Ac, + 9¢(c,)
Show: G invertible, F, G~! continuous, —div(n(co)e(vs))

FoG™': %% [3? continuous + compact
Apply Leray-Schauder principle

Theorem 3 (Regularity of solution to (CHNS.))

Every solution (c, w,v) of (CHNS;) belongs to X», if ca,va € H? and u € U.
Moreover, the mapping U > u — S,(u) C Xz is bounded.

Based on a result by [Hintermiiller,Schiela,Wollner'14] we obtain:

Theorem 4 (Existence of solutions to (CHNS))

IfS C U bnd, Ty C I°, c; € [-1,1] a.e., there exists 3 > 0:
¢(x) > Y(x) = Blx — Projz, (x)] VYx€eR
= S,(u)=S8,(u) Yues. 7, I

S
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Existence of minimizers & stationarity conditions

Theorem 5 (Existence of minimizers to (P,))

Under the assumptions of Theorem 4, (P,) admits a minimizer.
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Existence of minimizers & stationarity conditions

Theorem 5 (Existence of minimizers to (P))

Under the assumptions of Theorem 4, (P,) admits a minimizer.

Theorem 6 (First order necessary optimality conditions for smooth )
Assume o ¢ € C'(Hn(Q)), ¢ € L(Hy 5(Q); L*(Q2))
@ z=(c,w,v,u) € X X Uaa is a minimizer for (P,).

Then there exists (p, r,q) € H'(Q)i x H'(Q)x x H'(Q;RY))">:

L(p-—po) — Ar-+¢"(c)'r- — kr. = Jeo(2) + Fi(2, Pos G0, Q)
—r-—div(m-Vp.) —q.-Vec. = Ju.(2) + F2(z,90)
2p-(a- — o) — (D )(p--v- — pm--Vw.)
—div(n-e(a-)) + p-Ve. = Juo(2) + F3(z,90)
(Juo(2) =0 )1 ™" € [Ry(Uaa —u)]™.
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Regularization

Regularization of the double obstacle potential ©:

°° | | / ,

-1 1
© Op (00)a
— —
(09)a * pe(a) Yo = [(0¥)a * pe(a)
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Regularization

Regularization of the double obstacle potential ©:

Ay

>
—
-
QO
hY
~—

S

Theorem 7 (Consistency o — 0)

Let (), w(®) v(®), u(")))a>0 be a sequence of minimizers for (P,.,).
Then a subsequence converges weakly in X, to a minimizer (c, w,v,u) for (Py).
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Convergence of minimizers

Theorem 8 (Limiting e-almost C-stationarity conditions)

3 subseq. (p'), r(®,q() 2= (p,r,0), (pa) ()™ s Ao, 2l = 9 () > 2

(HR)~ 2
Llc. — )+ v. - Ve —div(m(c.)Vw.) = 0
—Ac, +a, — kG, = w.

Lp(c)v. — ple-ve) — div(n(c)e(v ) — w, Ve,
+div(v, ® (p(c-)vo — pm(c-)Vw,)) = u
2(p-—po) — Ar-+ A — kr. = Je(2) + Fi(2, o, 90, a5)

—r.—div(m-Vp.) —q - Ve = Ju,(2) + F2(z,9.)
1p-(a- —a.) — (Da-)(p--v- — pm_Vw-)

— div(n-e(a)) + p-Ve- = Fuu(2) + Fo(z,0)

(Juo(2) —a '™ € [Ri(Uaa —u)]".
Moreover, for all Lipschitz functions A : R — R with A(—1) = A(1) = 0:
(aoaA(CO))Lgn =0 <>‘07A(C°)>Hr1" =0

(a0,r0)2 =0 Iimini’()\go‘),r(go‘))L%n >0

For all e > 0 there exists M5 C M, :={-1< ¢, <1}, |M,\ M| <e:
<)\o, V> =0 Vve H;(Q), V|Q\Mg =0
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Numerical examples (with single density)

Example 1:

Example 2:
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Conclusion

Summary:

Energy-stable time-discretization

Existence of solutions to the (modified) state equations
o Existence of minimizers

o First order conditions for smooth potentials

Regularization of the potential

Limiting system for the double-obstacle potential
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