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Motivation: Optimal Control with Measures
I Two problem classes

(A) Pointwise control (Measures on RHS, control of the amplitude)
(B) Sparse control problems (Control from a measure space)

I Applications
I point source identification
I actuator/sensor placement
 relation to optimal control with state constraints

I Challenges
I low regularity of the state variable
I unknown support of the control for (B)

I Goals
I Precise numerical analysis
I Natural assumptions on the data
I No coupling between temporal and spacial discretizations

I Main tools
I Discrete maximal parabolic regularity
I Best approximation results in various norms
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Optimal Control with Pointwise Controls

Pointwise control: model problem

Minimize J(q,u) =
1
2
‖u− ud‖2L2(0,T;L2(Ω)) +

α

2

N∑
i=1

‖qi‖2L2(0,T)

subject to the state equation

∂tu− ∆u =

N∑
i=1

qi(t) δxi in (0,T)×Ω,

u = 0 on (0,T)× ∂Ω,
u(0) = u0 in Ω,

and control constraints qa ≤ qi(t) ≤ qb for almost all t ∈ (0,T).

I N points xi ∈ Ω, δxi are the Dirac functionals
I the number N and the positions xi are a priori known
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Sparse control of parabolic PDEs

Optimal control problem

Minimize J(q,u) =
1
2
‖u− ud‖2L2(I×Ω) + α‖q‖X, q ∈ X, u ∈ V

∂tu− ∆u = q in I×Ω, u(0) = u0 in Ω,

I Desired structure I

∂tu− ∆u =

N∑
i=1

qi(t)δxi

with unknown N and unknown (but fixed) positions xi of Diracs
I Desired structure II

∂tu− ∆u =

N∑
i=1

qi(t)δxi(t)

with unknown N and unknown trajectories xi(t) of Diracs
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Example: Inverse point source reconstruction

I state equation: ∂tu− ε∆u−b ·∇u = q &boundary and initial cond.

Γin

Γout

Ω

Ωc
x0b(x)

b(x)

Boris Vexler FEM for Parabolic Control Problems in Measure Spaces June 22, 2016 7



Faculty of Mathematics Technical University of Munich

Literature
I Measure valued control for elliptic equations
I G. Buttazzo, N. Varchon, and H. Zoubairi, 2006

I C. Clason and K. Kunisch, 2011

I E. Casas, C. Clason, and K. Kunisch, 2012

I K. Pieper and B. Vexler, 2013

I E. Casas and K. Kunisch, 2013

I Pointwise control
I J.-L. Lions, 1972

I M. A. Mouroux and J.-P. Babary, 1978

I I. Chryssoverghi, 1982

I J. Droniou and J.-P. Raymond, 2000

I W. Gong, M. Hinze, and Z. Zhou, 2014

I D. Leykekhman and B. Vexler, 2013 (2-d case)

I D. Leykekhman and B. Vexler, 2016 (3-d case)

I Measure valued control for parabolic equations
I E. Casas and E. Zuazua, 2013

I E. Casas, C. Clason, and K. Kunisch, 2013

I K. Kunisch, K. Pieper, and B. Vexler, 2014

I E. Casas, B. Vexler, and E. Zuazua 2015

Boris Vexler FEM for Parabolic Control Problems in Measure Spaces June 22, 2016 8



Faculty of Mathematics Technical University of Munich

Literature
I Measure valued control for elliptic equations
I G. Buttazzo, N. Varchon, and H. Zoubairi, 2006

I C. Clason and K. Kunisch, 2011

I E. Casas, C. Clason, and K. Kunisch, 2012 with FEM analysis

I K. Pieper and B. Vexler, 2013 with FEM analysis

I E. Casas and K. Kunisch, 2013

I Pointwise control
I J.-L. Lions, 1972

I M. A. Mouroux and J.-P. Babary, 1978

I I. Chryssoverghi, 1982

I J. Droniou and J.-P. Raymond, 2000

I W. Gong, M. Hinze, and Z. Zhou, 2014

I D. Leykekhman and B. Vexler, 2013 (2-d case)

I D. Leykekhman and B. Vexler, 2016 (3-d case)

I Measure valued control for parabolic equations
I E. Casas and E. Zuazua, 2013

I E. Casas, C. Clason, and K. Kunisch, 2013

I K. Kunisch, K. Pieper, and B. Vexler, 2014

I E. Casas, B. Vexler, and E. Zuazua 2015

Boris Vexler FEM for Parabolic Control Problems in Measure Spaces June 22, 2016 8



Faculty of Mathematics Technical University of Munich

Literature
I Measure valued control for elliptic equations
I G. Buttazzo, N. Varchon, and H. Zoubairi, 2006

I C. Clason and K. Kunisch, 2011

I E. Casas, C. Clason, and K. Kunisch, 2012 with FEM analysis

I K. Pieper and B. Vexler, 2013 with FEM analysis

I E. Casas and K. Kunisch, 2013

I Pointwise control
I J.-L. Lions, 1972

I M. A. Mouroux and J.-P. Babary, 1978

I I. Chryssoverghi, 1982

I J. Droniou and J.-P. Raymond, 2000

I W. Gong, M. Hinze, and Z. Zhou, 2014

I D. Leykekhman and B. Vexler, 2013 (2-d case)

I D. Leykekhman and B. Vexler, 2016 (3-d case)

I Measure valued control for parabolic equations
I E. Casas and E. Zuazua, 2013

I E. Casas, C. Clason, and K. Kunisch, 2013

I K. Kunisch, K. Pieper, and B. Vexler, 2014

I E. Casas, B. Vexler, and E. Zuazua 2015

Boris Vexler FEM for Parabolic Control Problems in Measure Spaces June 22, 2016 8



Faculty of Mathematics Technical University of Munich

Literature
I Measure valued control for elliptic equations
I G. Buttazzo, N. Varchon, and H. Zoubairi, 2006

I C. Clason and K. Kunisch, 2011

I E. Casas, C. Clason, and K. Kunisch, 2012 with FEM analysis

I K. Pieper and B. Vexler, 2013 with FEM analysis

I E. Casas and K. Kunisch, 2013

I Pointwise control
I J.-L. Lions, 1972

I M. A. Mouroux and J.-P. Babary, 1978

I I. Chryssoverghi, 1982

I J. Droniou and J.-P. Raymond, 2000

I W. Gong, M. Hinze, and Z. Zhou, 2014 with FEM analysis

I D. Leykekhman and B. Vexler, 2013 (2-d case) with FEM analysis

I D. Leykekhman and B. Vexler, 2016 (3-d case) with FEM analysis

I Measure valued control for parabolic equations
I E. Casas and E. Zuazua, 2013

I E. Casas, C. Clason, and K. Kunisch, 2013

I K. Kunisch, K. Pieper, and B. Vexler, 2014

I E. Casas, B. Vexler, and E. Zuazua 2015

Boris Vexler FEM for Parabolic Control Problems in Measure Spaces June 22, 2016 8



Faculty of Mathematics Technical University of Munich

Literature
I Measure valued control for elliptic equations
I G. Buttazzo, N. Varchon, and H. Zoubairi, 2006

I C. Clason and K. Kunisch, 2011

I E. Casas, C. Clason, and K. Kunisch, 2012 with FEM analysis

I K. Pieper and B. Vexler, 2013 with FEM analysis

I E. Casas and K. Kunisch, 2013

I Pointwise control
I J.-L. Lions, 1972

I M. A. Mouroux and J.-P. Babary, 1978

I I. Chryssoverghi, 1982

I J. Droniou and J.-P. Raymond, 2000

I W. Gong, M. Hinze, and Z. Zhou, 2014 with FEM analysis

I D. Leykekhman and B. Vexler, 2013 (2-d case) with FEM analysis

I D. Leykekhman and B. Vexler, 2016 (3-d case) with FEM analysis

I Measure valued control for parabolic equations
I E. Casas and E. Zuazua, 2013

I E. Casas, C. Clason, and K. Kunisch, 2013

I K. Kunisch, K. Pieper, and B. Vexler, 2014

I E. Casas, B. Vexler, and E. Zuazua 2015

Boris Vexler FEM for Parabolic Control Problems in Measure Spaces June 22, 2016 8



Faculty of Mathematics Technical University of Munich

Literature
I Measure valued control for elliptic equations
I G. Buttazzo, N. Varchon, and H. Zoubairi, 2006

I C. Clason and K. Kunisch, 2011

I E. Casas, C. Clason, and K. Kunisch, 2012 with FEM analysis

I K. Pieper and B. Vexler, 2013 with FEM analysis

I E. Casas and K. Kunisch, 2013

I Pointwise control
I J.-L. Lions, 1972

I M. A. Mouroux and J.-P. Babary, 1978

I I. Chryssoverghi, 1982

I J. Droniou and J.-P. Raymond, 2000

I W. Gong, M. Hinze, and Z. Zhou, 2014 with FEM analysis

I D. Leykekhman and B. Vexler, 2013 (2-d case) with FEM analysis

I D. Leykekhman and B. Vexler, 2016 (3-d case) with FEM analysis

I Measure valued control for parabolic equations
I E. Casas and E. Zuazua, 2013

I E. Casas, C. Clason, and K. Kunisch, 2013 with FEM analysis

I K. Kunisch, K. Pieper, and B. Vexler, 2014 with FEM analysis

I E. Casas, B. Vexler, and E. Zuazua 2015 with FEM analysis

Boris Vexler FEM for Parabolic Control Problems in Measure Spaces June 22, 2016 8



Faculty of Mathematics Technical University of Munich

Outline

1. Motivation

2. Pointwise control: Optimality system and regularity

3. Finite element discretization in space and time

4. Conclusions and Extensions

Boris Vexler FEM for Parabolic Control Problems in Measure Spaces June 22, 2016 9



Faculty of Mathematics Technical University of Munich

Optimal Control with Pointwise Controls

Pointwise control: model problem

Minimize J(q,u) =
1
2
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α

2
‖q‖2L2(0,T)

subject to the state equation

∂tu− ∆u = q(t) δx0 in (0,T)×Ω,
u = 0 on (0,T)× ∂Ω,

u(0) = 0 in Ω

and control constraints qa ≤ q(t) ≤ qb for almost all t ∈ (0,T).

I I = (0,T), Ω ⊂ Rd (d = 2,3) convex and polygonal/polyhedral
I ud ∈ L∞(I×Ω), qa,qb ∈ R = R ∪ {±∞} with qa < qb

I Existence and uniqueness of (q̄, ū) ∈ L2(I)× L2(I×Ω)
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Optimality system

State equation

∂tū− ∆ū = q̄(t) δx0 in I×Ω,
ū = 0 on I× ∂Ω,

ū(0) = 0 in Ω.

Adjoint equation

−∂tz̄− ∆z̄ = ū− ud in I×Ω,
z̄ = 0 on I× ∂Ω,

z̄(T) = 0 in Ω.

Optimality condition

q̄(t) = P[qa,qb]

(
−
1
α
z̄(t, x0)

)
for almost all t ∈ (0,T)
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Regularity

two dimensional case
I ū ∈ Lr(I;W1,s

0 (Ω)) ∩W1,r(I;W−1,s(Ω)), r <∞, s < 2

I z̄ ∈ L2(I;H2(Ω)) ∩ H1(I;L2(Ω))

z̄ ∈ Lr(I;W2,p(Bd)) ∩W1,r(I;Lp(Bd)), p <∞, Bd = Bd(x0), Bd ⊂ Ω
z̄ ∈ Cγ (̄I;C(Bd)), γ < 1

I q̄ ∈ Cγ (̄I), γ < 1

three dimensional case
I ū ∈ Lr(I;W1,s

0 (Ω)) ∩W1,r(I;W−1,s(Ω)), r <∞, s < 3
2

I z̄ ∈ L2(I;H2(Ω)) ∩ H1(I;L2(Ω))

z̄ ∈ Lr(I;W2,p(Bd)) ∩W1,r(I;Lp(Bd)), p < 3, Bd = Bd(x0), Bd ⊂ Ω
z̄ ∈ Cγ (̄I;C(Bd)), γ < 1

2

I q̄ ∈ Cγ (̄I), γ < 1
2
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I ū ∈ Lr(I;W1,s

0 (Ω)) ∩W1,r(I;W−1,s(Ω)), r <∞, s < 2

I z̄ ∈ L2(I;H2(Ω)) ∩ H1(I;L2(Ω))

z̄ ∈ Lr(I;W2,p(Bd)) ∩W1,r(I;Lp(Bd)), p <∞, Bd = Bd(x0), Bd ⊂ Ω
z̄ ∈ Cγ (̄I;C(Bd)), γ < 1

I q̄ ∈ Cγ (̄I), γ < 1

three dimensional case
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Finite element discretization in space and time

Discretization concept
I state/adjoint variable: dG(0) in time (implicit Euler), P1 in space
I control variable: dG(0) in time
I maximal time step k, maximal spacial mesh size h

Discretized optimal control problem

Minimize J(qkh,ukh) =
1
2
‖ukh − ud‖2L2(0,T;L2(Ω)) +

α

2
‖qkh‖2L2(0,T)

subject to ukh ∈ Xkh, qkh ∈ Qkh,ad = Qkh ∩Qad

B(ukh, ϕkh) =

∫ T

0
qkh(t)ϕkh(t, x0) for all ϕkh ∈ Xkh.

→ B(v, ϕ) =
∑M

m=1〈vt, ϕ〉Im×Ω + (∇v,∇ϕ)I×Ω +
∑M

m=2([v]m−1, ϕ
+
m−1)Ω + (v+0 , ϕ

+
0 )Ω
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Finite element discretization in space and time

Discretization concept
I state/adjoint variable: dG(0) in time (implicit Euler), P1 in space
I control variable: dG(0) in time
I maximal time step k, maximal spacial mesh size h

Discretized optimal control problem

Minimize J(qkh,ukh) =
1
2
‖ukh − ud‖2L2(0,T;L2(Ω)) +

α

2
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A priori error estimates

Error estimates by Gong, Hinze, and Zhou
I two dimension: with k ≤ ch2

‖q̄− q̄kh‖ ≤ C(k
1
2 + h)

I three dimensions: with k ≤ ch3

‖q̄− q̄kh‖ ≤ C(k
1
2 + h

1
2 )

Our error estimates
I two dimension: with no k–h coupling

‖q̄− q̄kh‖ ≤ C lh(k + h2), lh = |lnh|
7
2

I three dimensions: with no k–h coupling

‖q̄− q̄kh‖ ≤ Clkh(k
1
2 + h), lkh = |ln k|6|lnh|2
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Required estimates (three dimensional case)

From coercivity and optimality systems . . .

α‖q̄−q̄h‖ ≤

(∫ T

0

(
z̄(t, x0)− ẑkh(t, x0)

)2
dt

) 1
2

with ẑkh = zkh(ukh(q̄)).

I Decompose z̄− ẑkh = z̄− z̃kh + z̃kh − ẑkh with B(ϕkh, z̄− z̃kh) = 0

I Require local error estimates for z̄− z̃kh in L∞(Ω;L2(I)) norm

I Require stability estimate for z̃kh − ẑkh leading to

‖u− ukh‖L2(I;L3/2(Ω))

I Require error estimates in L2(I;L3/2(Ω)) norm
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with ẑkh = zkh(ukh(q̄)).
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)2
dt

) 1
2
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‖u− ukh‖L2(I;L3/2(Ω))

I Require error estimates in L2(I;L3/2(Ω)) norm

Boris Vexler FEM for Parabolic Control Problems in Measure Spaces June 22, 2016 16



Faculty of Mathematics Technical University of Munich

Required estimates (three dimensional case)

From coercivity and optimality systems . . .

α‖q̄−q̄h‖ ≤

(∫ T

0

(
z̄(t, x0)− ẑkh(t, x0)
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Pointwise error estimates for elliptic problems

I Poisson equation
−∆v = f in Ω,

v = 0 on ∂Ω,

I FEM Ritz-Projection vh = Rhv ∈ Vh

(∇vh,∇ϕh) = (f, ϕh) ∀ϕh ∈ Vh

I Global best approximation in L∞(Ω) norm

‖v − vh‖L∞(Ω) ≤ c|lnh| inf
χ∈Vh

‖u− χ‖L∞(Ω)

I Local / interior best approximation (Schatz / Wahlbin)

|(v − vh)(x0)| ≤ c|lnh| inf
χ∈Vh

‖v − χ‖L∞(Bd(x0)) + cd−
N
2 ‖v − vh‖L2(Ω)
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Global best approximation type results

I Heat equation

∂tv − ∆v = f in (0,T)×Ω,
v = 0 on (0,T)× ∂Ω,

v(0) = 0 in Ω

I Galerkin approximtion vkh ∈ Xkh

B(v − vkh, ϕkh) = 0 ∀ϕkh ∈ Xkh

Theorem

‖v−vkh‖L∞(Ω;L2(I)) ≤ clkh inf
χ∈Xkh

(
‖v − χ‖L2(I;L∞(Ω)) + ‖v − πkv‖L2(I;L∞(Ω))

)
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Interior best approximation type results

I Let v be the solution of the heat equation
I Let vkh ∈ Xkh be its Galerkin approximation
I x0 ∈ Ω, Bd = Bd(x0) with Bd ⊂ Ω

Theorem

(∫ T

0

(
v(t, x0)− vkh(t, x0)

)2
dt

) 1
2

≤ clkh inf
χ∈Xkh

{
‖v − χ‖L2(I;L∞(Bd))

+ d−
N
2 ‖v − χ‖L2(I;L2(Ω)) + d−

N
2 h‖∇(v − χ)‖L2(I;L2(Ω)) + . . .

}
.
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Tools to prove best approximation results

I Pointwise elliptic FEM results on convex polyhedral domains
I Stability of the Ritz projection in L∞ norm
I Discrete resolvent estimates

I Duality argument with regularized Dirac on RHS

I Discrete maximal parabolic regularity

I Tailored localization technique

I D. Leykekhman and B. Vexler
A priori error estimates for three dimensional parabolic optimal control problems with pointwise control
SIAM Journal on Control and Optimization, accepted, 2016

I D. Leykekhman and B. Vexler
Finite element pointwise results on convex polyhedral domains
SIAM Journal on Numerical Analysis 54(2), pp. 561–587, 2016

I D. Leykekhman and B. Vexler
Discrete maximal parabolic regularity for Galerkin finite element methods
Numerische Mathematik, accepted, 2016
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Maximal parabolic regularity results

Continuous maximal parabolic regularity
Let f ∈ Lr(I;Lp(Ω)) with 1 < r,p <∞ and let

∂tv − ∆v = f, v(0) = 0.

Then ∂tv, ∆v ∈ Lr(I;Lp(Ω)) and

‖∂tv‖Lr(I;Lp(Ω)) + ‖∆v‖Lr(I;Lp(Ω)) ≤ c‖f‖Lr(I;Lp(Ω)).

Discrete maximal parabolic regularity
Let f ∈ Lr(I;Lp(Ω)) with 1 ≤ r,p ≤ ∞ and let

B(vkh, ϕkh) = (f, ϕkh)I×Ω for all ϕkh ∈ Xkh. Then,

(
M∑

m=1

km‖k−1m [vkh]m−1‖rLp(Ω)

) 1
r

+ ‖∆hvkh‖Lr(I;Lp(Ω)) ≤ c|ln k|‖f‖Lr(I;Lp(Ω)).
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Maximal parabolic regularity in general norms

I Require a resolvent estimate for a norm |||·||| on Vh∣∣∣∣∣∣∣∣∣(z + ∆h)−1χ
∣∣∣∣∣∣∣∣∣ ≤ Mh

|z| |||χ|||, for z ∈ C \ { z ∈ C | |arg (z)| ≤ γ }

I fulfilled for |||v||| = ‖v‖Lp(Ω) with Mh ≤ C

I fulfilled for |||v||| = ‖σ N
2 v‖Lp(Ω) with Mh ≤ C|lnh|,

σ =
√
|x − x0|2 + K2h2

Discrete maximal parabolic regularity

(
M∑

m=1

km

∣∣∣∣∣∣∣∣∣k−1m [vkh]m−1

∣∣∣∣∣∣∣∣∣s +

∫
I
|||∆hvkh|||sdt

) 1
s

≤ CMh|ln k|
(∫

I
|||f|||sdt

) 1
s
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Maximal parabolic regularity: tools for proof

I Smoothing estimates for homogeneous equation (f = 0)

sup
t∈Im

(|||∂tukh(t)|||+ |||∆hukh(t)|||) + k−1m |||[ukh]m−1||| ≤
CMh

tm
|||Phu0|||,

I dG(r) discretization as subdiagonal Pade approximation
I Dunford-Taylor formula
I resolvent estimates
I generalization of Eriksson, Johnson, Larsson (Part VI) 1998
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Conclusions and Extensions

Conclusions
I Precise numerical analysis for pointwise control problems

I Discrete maximal parabolic results
I Global and local (almost) best approximations in L∞(Ω;L2(I))

I Improved error estimates

I No coupling between k and h

Extensions
I Numerical analysis for sparse control problem inM(Ω;L2(0,T))

I Global and local (almost) best approximations in L∞(I×Ω)
I Application to parabolic control problems with state constraints

I Global and local (almost) best approximations in L∞(I;W1,∞(Ω))
I Application to parabolic control problems with gradient constraints
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