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Motivation: Optimal Control with Measures

» Two problem classes
(A) Pointwise control (Measures on RHS, control of the amplitude)
(B) Sparse control problems (Control from a measure space)
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Motivation: Optimal Control with Measures

» Two problem classes
(A) Pointwise control (Measures on RHS, control of the amplitude)
(B) Sparse control problems (Control from a measure space)

Applications
» point source identification
» actuator/sensor placement
~» relation to optimal control with state constraints

Challenges
» low regularity of the state variable
» unknown support of the control for (B)

Goals
» Precise numerical analysis
» Natural assumptions on the data
» No coupling between temporal and spacial discretizations

Main tools
» Discrete maximal parabolic regularity
» Best approximation results in various norms
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Optimal Control with Pointwise Controls
Pointwise control: model problem

N
_— 1 a
Minimize J(q.u) = 5”“ - ud”f2(0’T;L2(Q)) + 5 Z ”(7/”52(0,7)
i=1

subject to the state equation

N
B —Au=> q(t)s, in(0,T)xR,
i=1
u=20 on (0, T) x 012,
u(0) = up in £2,

and control constraints g, < g;(t) < gp foralmostall t € (0,T).

» N points x; € 2, dx, are the Dirac functionals
» the number N and the positions x; are a priori known
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Sparse control of parabolic PDEs

Optimal control problem

o 1
Minimize J(q,u) = §||u — ud||f2(,XQ) +alqllx, geX,ueV

owu—Au=q inlx R, u(0)=ugin 2,
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Example: Inverse point source reconstruction

» state equation: oiu — eAu — b - Vu = g &boundary and initial cond.

Tin
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Optimal Control with Pointwise Controls

Pointwise control: model problem

N 1 2 a, 2
Minimize J(q.u) = §||U - ud||L2(0'T;L2(Q)) + EHqHL?(O,T)
subject to the state equation
Ot — Au = q(t) 0x, in(0,T) x £,

u=0 on (0,T) x 012,
u(0)=0 in 2

and control constraints g, < q(t) < qp foralmostall t < (0,T).

» |=(0,T), 2 CRY(d =2, 3) convex and polygonal/polyhedral
> Ug €L>®(Ix 2),9a,9p € R=RU {£oo} with g, < gp
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Optimal Control with Pointwise Controls

Pointwise control: model problem

N 1 o'
Minimize J(q, U) = EHU - ud||52(0,T;L2(Q)) + EHq“fZ(o'T)

subject to the state equation

Ot — Au = q(t) 0x, in(0,T) x £,
u=0 on (0,T) x 012,
u(0)=0 in 2

and control constraints g, < q(t) < qp foralmostall t < (0,T).

» |=(0,T), 2 CRY(d =2, 3) convex and polygonal/polyhedral
> Ug €L>®(Ix 2),9a,9p € R=RU {£oo} with g, < gp
» Existence and uniqueness of (§,a) € L2(/) x L2(I x 2)
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Optimality system

State equation

o — Au = q(t) ox, inlx 2,
u=0 onl x 912,
u(0)=0 in 2.
—0Z2—AZ=0—uy inl x (2,
z=0 onl x 812,
zZ(T)=0 in 2.

Optimality condition

q(t) = Plg..qs] (—;Z(t,xo)> foralmostall t € (0,T)
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Regularity

> Te L (EWSS(Q2)NWH(W=15(2)), r<oo,s<?2

> O e L (W) NWI(EW18(2)), r<oo,s<3
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Regularity

two dimensional case

> Te L (EWSS(Q2)NWH(W=15(2)), r<oo,s<?2
> z € L2(I,H3(2)) N H'(I; L3(2))

> O e L (W) NWI(EW18(2)), r<oo,s<3
> Z e L2(I,H3(2)) NH(I; L3(12))

three dimensional case
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Regularity

two dimensional case

> T LM(EWES(2)) n W w=15(2)),
> Z e L2(I,H2(2)) N H'(I; L3(R2))

r<oo,s<2

Z € L7(I; W2P(By)) N W' (I;LP(Bg)), p < 00, By = Ba(Xo), Bq C 2

three dimensional case

> 0 e L(EWS()n W w=18()),
> Z € L2(1;H2()) N H(I;L2(2))

r<oo,s<3

Ze Lr(l; W2,p(Bd)) nw? ’r(l;Lp(Bd)), p <3,By= Bd(Xo), 870' c
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3. Finite element discretization in space and time
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Finite element discretization in space and time

Discretization concept

» state/adjoint variable: dG(0) in time (implicit Euler), P4 in space
» control variable: dG(0) in time
» maximal time step k, maximal spacial mesh size h
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Finite element discretization in space and time

Discretization concept

» state/adjoint variable: dG(0) in time (implicit Euler), P4 in space
» control variable: dG(0) in time
» maximal time step k, maximal spacial mesh size h

Discretized optimal control problem

. 1
Minimize J(qn. Ukn) = §||Ukh UdHLz(o r12(0) T ||C7kh||L2 07

subject to uxn € Xkn, Gkh € Qinad = Qun N Qad

-
B(ukn, okn) = /0 Qn(t)oin(t xo)  for all wyn € Xin.

= Bv.9) = M _ (vt O)px T (V. V0o + o (Mm—1. 9, _1)o + (Vg 03 )
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A priori error estimates

Error estimates by Gong, Hinze, and Zhou
» two dimension: with k < ch?

- 1
1@ — Qinll < C(k2 + h)
» three dimensions: with k < ch®

o 11
lq — Gunll < C(k2 + h2)
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A priori error estimates

Error estimates by Gong, Hinze, and Zhou
» two dimension: with k < ch?

- 1
1@ — Qinll < C(k2 + h)
» three dimensions: with k < ch®
- 1 1
1@ — Qunll < C(k2 + hz)

Our error estimates

» two dimension: with no k—h coupling

_ _ 7
1G — Gunll < Cly(k +h?), Iy =[Inh|2

» three dimensions: with no k-h coupling

_ 1
1G — Gknll < Clin(k2 +h),  lkn = [Ink[®|Inh|?
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Required estimates (three dimensional case)

From coercivity and optimality systems . . .

2

.
al|g—gnll < (/0 (Z(t. x0) _2kh(t:X0))2dt> with  Zxy = Zkn(Ukn(q))-
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Required estimates (three dimensional case)

From coercivity and optimality systems . . .
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2

.
al|g—gnll < (/0 (Z(t. x0) _2kh(t:X0))2dt> with  Zxy = Zkn(Ukn(q))-

» Decompose Z — 2y, = Z — Zyp, + Zkn — 2k, With B(okn.Z —Zp) =0
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» Decompose Z — 2kh =Z—Zyp + Zipy _2kh with B((pkh,i - Ekh) =0
» Require local error estimates for z — Zx, in L™ (2; L?(/)) norm

» Require stability estimate for Z,, — 24, leading to
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Pointwise error estimates for elliptic problems

» Poisson equation
—Av =f in 2,

v=20 on of2,
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Pointwise error estimates for elliptic problems

» Poisson equation
—Av =f in 2,

v=0 on 012,
» FEM Ritz-Projection v, = Rpv € V,

(VVh, Von) = (f.on) Veon € Vp

Boris Vexler FEM for Parabolic Control Problems in Measure Spaces June 22, 2016

17



~ Faculty of Mathematics Technical University of Munich TI.ITI

Pointwise error estimates for elliptic problems

» Poisson equation
—Av =f in 2,

v=0 on 012,
» FEM Ritz-Projection v, = Rpv € V,
(Vvh, Viop) = (f.on) Yeon € Vp

» Global best approximation in L>°(£2) norm

V— Vgl = <cl|lnh| inf |lu— 00
| hllLe(2) < cl |X€Vh|| XllL=(2)
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Pointwise error estimates for elliptic problems

v

Poisson equation
—Av=f in 2,

v=0 on 012,
FEM Ritz-Projection v, = Rpv € V,
(Vvh, Viop) = (f.on) Yeon € Vp

Global best approximation in L°°(£2) norm

v

v

V— Vgl = <cl|lnh| inf |lu— 00
| hllLe(2) < cl |X€Vh|| XllL=(2)

v

Local / interior best approximation (Schatz / Wahlbin)

. N
|(v = vh)(x0)| < clInhl X'Q“;h IV = XL (By(xo)) + €A 2 IV = VhllL2(

Boris Vexler FEM for Parabolic Control Problems in Measure Spaces June 22, 2016 17
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Global best approximation type results

» Heat equation

Ov—Av=f in(0,T) x £,
v=0 on(0,T)xo0f,
v(0)=0 in 2

» Galerkin approximtion vx, € Xun

B(V — Vi, 0kn) =0 Voun € Xin

— (O < clyp inf — . oo - oo
V=VknllL(2:20)) < Clin_inf (||V X2 () + IV = TVl 200 (Q)))
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Interior best approximation type results

» Let v be the solution of the heat equation
» Let vy, € Xipy be its Galerkin approximation
> Xo € 2,Bg = Bd(Xo) with Bi(j Cc 2

1

T 2
2 .
t.Xo) — t, at| <cly inf — [ oo
(/0 (v(t,x0) — Vin(t. X0)) ) khxlexkh{HV X2 (L(B4))

Y w
+d7 2|V = Xl 22y + 9 2h||v(V_X)HL2(I;L2(Q))+---}-

Boris Vexler FEM for Parabolic Control Problems in Measure Spaces June 22, 2016 19
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Tools to prove best approximation results

> D Leykekhman and B. Vexler
A priori error estimates for three dimensional parabolic optimal control problems with pointwise control

Boris Vexler
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Tools to prove best approximation results
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Discrete maximal parabolic regularity
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Maximal parabolic regularity: tools for proof

v
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Smoothing estimates for homogeneous equation (f = 0)

CM,,

tm

sup ([l 8eukn (Ol + Il At ()1 + kol 1 1ll < IPauolll.

€lm

dG(r) discretization as subdiagonal Pade approximation
Dunford-Taylor formula

resolvent estimates

generalization of Eriksson, Johnson, Larsson (Part VI) 1998
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