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Pyragas feedback control

Control system (Schisgl, Nagumo, ..)
oy —Ay+R(y)=u inQ:=Qx(0,T)
y(-,0) = o(), in Q2
oy =0 in¥ :=0Qx(0,7T)

with cubic reaction term R(y) = p(y — y1)(¥ — y2)(¥ — ¥3),
p>0,y1 <yo < ya.
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Pyragas feedback control

Control system (Schisgl, Nagumo, ..)
oy —Ay+R(y)=u inQ:=Qx(0,T)
y(-,0) = o(), in Q2
oy =0 in¥ :=0Qx(0,7T)

with cubic reaction term R(y) = p(y — y1)(¥ — y2)(¥ — ¥3),
p>0,y1 <y2<ys

Pyragas feedback: Let7 >0and ¢ : Q x [-7,0] — R be given,
y(t) —Ay(t) + R(y(t)) = » (y(t—7)—y(1), t>0,
y(,8) = &(,9), se[-1,0].

If y has period 7, then the feedback vanishes. This type of feedback is very
popular in Theoretical Physics. — Lasers
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Nonlocal Pyragas feedback

Letnow ¢ : Q x [-T,0] —» R,

dy(t) — Ay(t) + R(y(1) = </g (t—7)dr - ()), t>0,

y(-,s) ( S€ [_T70]’
with given feedback gain « and a kernel g € L>°(0, T) that satisfies

0<g(t)y<pB a.e.inf0,T]

/OTg(T) dr =
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Some references

@ K. Pyragas,

Continuous control of chaos by self-controlling feedback.
Phys. Rev. Lett. 1992.
@ J. Lober, R. Coles, J. Siebert, H. Engel, E. Schéll,
Control of chemical wave propagation in Engineering of Chemical Complexity II.
A. S. Mikhailov, G. Ertl (Eds.), World Scientific, Singapore, 2014
@ E. Scholl, H.G. Schuster,

Handbook of Chaos Control.
Wiley-VCH (2008).

Many members of the optimal control community considered problems with
time-delay.
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Forward problem: g+— y

Depending on the chosen feedback kernel g, different solutions y are
generated.
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Forward problem: g+— y

Depending on the chosen feedback kernel g, different solutions y are
generated.

Q=(0,200), T =400, o(x,t):=} (1 — tanh (%))

"Weak gamma delay kernel” g(t) = e~ !, y; =0, y3 = 1

Fredi Tréltzsch (TU Berlin) June 23, 2016

71740



Forward problem: g~y

Depending on the chosen feedback kernel g, different solutions y are

generated.

Q = (0,200), T =400, &(x,t):=} (1 — tanh (%))

"Weak gamma delay kernel” g(t) =e !, y;1 =0, y3 =1
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X-axis

¥» = 0.25, x = —1.65
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Well-posedness of the problem

Theorem (Control-to-state mapping)

Foreach g € L>(0,T), » € C(Q x [-T,0]), the feedback equation has a

unique weak solution y, € C(Q) N W(0, T). The mapping G : g — Y is of

class C*°.

Idea of the proof:
)
@y — Ay + RY) + 5y)(t) = / g(r)y(t — ) dr

—n/g (t—17) d’7'+li/ g(n)o(t—7)dr

Pg(t)

t
= n/ g(t—8s)y(x,s)ds + dgy(1).
0
Now we proceed as in Casas, Ryll, T., CMAM 2014. t—o00?
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Optimal feedback design problem (P1)

Design problem: Find a kernel g such that the solution y, associated with g is
as close as possible to a desired function y.
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Optimal feedback design problem (P1)

Design problem: Find a kernel g such that the solution y, associated with g is

as close as possible to a desired function y.

q . 1 ~112 v 2
216'2 F(g) :== 5 1Yo = Ylli2(q) + EHgHLZ(O,T) (P1)

where y; solves
;
m/ 9Pt - 7)dr — ry(t) inQ,
0
®(s), se[-T,0], in Q
0 inx,

ory(t) — Ay(t) + R(y (1))
y(s)
Ony(t)

)
and C={geL®(0,T):0< g(r) < B, /Og(T)dT=1}.
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Optimal feedback design problem (P1)

Design problem: Find a kernel g such that the solution y, associated with g is

as close as possible to a desired function y.

q L 1 ~112 v 2
216'2 F(g) :== 5 1Yo = Ylli2(q) + EHgHLZ(O,T) (P1)

where y; solves
;
m/ 9Pt - 7)dr — ry(t) inQ,
0
®(s), se[-T,0], in Q
0 inx,

ory(t) — Ay(t) + R(y (1))
y(s)
Ony(t)

)
and C={geL®(0,T):0< g(r) < B, /Og(T)dT=1}.

Theorem
There exists at least one optimal “control” g for this problem.
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Oscillating states

For various feedback kernels g, states y, are obtained that look like
time-periodic patterns.

t-axis
t-axis

t=06=3
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A simple ODE with delay

X'(t) = rkx(t-1), t>0
x(s) = o(9), -1<s<0,
®(s)=0,s<0, ¢(0)=1.

@ T. Erneux,

Applied delay differential equations,
Springer, 2009

A\

K=—7/2

o= —1.8,0(0)=1,0(s) =0,5s <0

. X

kr=-—1.1
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A linear ODE with delay

We follow

@ Bellman, R.

A survey of the mathematical theory of time-lag, retarded control, and hereditary processes,
With the assistance of John M. Danskin, Jr.
The Rand Corporation,1954

@ Hale, J. K., Verduyn Lunel, S.M.

Introduction to functional differential equations,
Springer,1993

Consider the

ODE with delay

X'(t)+ax(t) = wx(t—7), t>0,
x(s) = o(s), se[-7,0],

with given a, € Rand ¢ € C'[-,0].
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The fundamental solution

For the variation of constants formula, we need the

Fundamental solution X

X () +aX(t) = sX({t-71), t>0,
X0) = 1
X(s) = 0, s<0.
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The fundamental solution

For the variation of constants formula, we need the

Fundamental solution X
X'(t) +aX(t) kX(t—7), t>0,
X(0) 1
X(s) = 0, s<0.

Theorem (Variation of constants formula)

If® € C'[—7,0], then the linear delay equation above attains a unique
differentiable solution x. It is given by

x(t) = X(t)®(0) + O X(t—s—7)d(s)ds

—T

cf. Bellman or Hale/Veerduyn Lunel.

Fredi Tréltzsch (TU Berlin) June 23, 2016

14 /40



Series expansion of X

The characteristic equation for A € C
AN+a—rke =0,

has only countably many zeros J;, j € Ny, that can be ordered with respect to
decreasing real parts so that

ReX; > Re)ji1 VjeNg.

The values )\; appear in conjugate complex pairs.
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Linear PDE case — Fourier method

For convenience, we take Q2 = (0, 1) and consider the case of the linear local

Pyragas feedback.

Pyragas type feedback equation

Ory(t) — Ouxy(t) + (a+ k) y(t)
Oxy (1)
y('as)

ky(t—7), t>0,
0, t>0,xe{0,1},
d(-, 8) s € [-7,0].

Fredi Tréltzsch (TU Berlin) June 23, 2016

16/ 40



Linear PDE case — Fourier method

For convenience, we take Q2 = (0, 1) and consider the case of the linear local

Pyragas feedback.

Pyragas type feedback equation

ay(t) —Ouy(t) +(a+r)y(t) = ry(t—r7), t>0,
oxy(t) 0, t>0,x<c{0,1},
y('vs) q)(',S) RS [*7_70]'

Eigenvalues un, normalized eigenfunctions wp:

{ —W,/,’(X) = Man(X)7 (7 )7
OxWn(X) 0, XE{ 1}

in = MPm?,  wp(x) = v2cos(nmx), neN.

Fourier ansatz: yt) =Y ya(t)wa(x)
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Family of ODEs with delay

kys(t—7), t>0

{ Yn(t) + an yn(t)
CDn(S), Se [_7—7 0],

Yn(S)

where a, = a+r + pin,  Pn(S) = f01 d(x, S) wy(x) dx.
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Family of ODEs with delay

kys(t—7), t>0

{ Yn(t) + an yn(t)
CDn(S), Se [_7—7 0],

Yn(S)

where a, = a+r + pin,  Pn(S) = f01 d(x, S) wy(x) dx.

Let { Yn(f)} denote the family of associated fundamental solutions. Then

Yo(t) = Z Tr e ( real function!)

and o
Ya(t) = Ya(H)®,(0) + Yo(t—s—7) ®p(s) ds.
Characteristic equations: A4a,—rke " =0.
Roots: Anj€C, jeNp.
Fredi Tréltzsch (TU Berlin) June 23, 2016
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Examples of fundamental solutions

Wetake a=1+40.01,x = —1,i.e. a, = 0.01 + n°x2, n € Ny.

Fundamental solution Yy Fundamental solution Y;.

For t > fy > 0, the functions Y, decay rapidly as n — cc.
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Zeros of the characteristic equation

For each n € Ny, the zeros A, j € No, appear in pairs of conjugate complex numbers
and can be ordered with respect to decreasing real parts, we have w.l.o.g

fnj, f=2k+1
Aj=14 7 j k € No.
rrl,ja j:2k»
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Zeros of the characteristic equation

For each n € Ny, the zeros A, j € No, appear in pairs of conjugate complex numbers
and can be ordered with respect to decreasing real parts, we have w.l.o.g

fnj, f=2k+1
Aj=14 7 j k € No.
rn,ja j:2k»

Lemma

Assume that k < 0. Then, for each n € N, the zeros of the characteristic
equations obey
Rer,; > Rer .1 VjeN.

Proof: Follows from the characteristic equations by a careful discussion of the zeros v
of the equation

v cotv

0O=v+ce sinv.

Growth Assumption: Re rhj > Re rpq vn € No.
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Fourier expansion of y(-, t)

Fourier expansion for y(x, t):

y(x, t) = i <Yn(t)<bn(0) + /0 Yo(t — s —T1)Pp(S) ds) Wn(x), t>r.
n=0 -7

By the Lemma (j = 0 dominates) with u, = Re A\5,0, v, =Im A\, 0

u,t COS(Vn t) + xe~trcos(vy (t+1))
Y(t)~2e 14 2ke~Uncos(vy) + k2 @2t = n(l), 1= oo,
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Fourier expansion of y(-, t)

Fourier expansion for y(x, t):

y(x, t) = i <Yn(t)<bn(0) + /0 Yo(t — s —T1)Pp(S) ds) Wn(x), t>r.
n=0 -7

By the Lemma (j = 0 dominates) with u, = Re A\5,0, v, =Im A\, 0

cos(vpt) + ke Ucos(v, (t+ 1))
Yo(t) ~ 24! =: — 0.
n(t) ~ 28 == 2k6-Uncos(Vy) + K2 €2tn m(t), 1

Next, the growth assumption yields (n = 0 dominates)

o0 0

y(x,t) ~ Z (77,,(t)d>,,(0) +/ nn(t — 8 — 7)Pn(S) ds) Wn(X)
n=0 -7

0

~ (Uo(t)d’o(o) +/

—T

no(t — 8 —7)do(S) ds) wo(X)

oscillating if not identically vanishing
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Oscillatory behavior

Let ® be in C'([~7,0],L>(Q)). If x < 0, the growth assumption is fulfilled and

0
> no(£)o(0) + / no(t— s — 7)o(s) ds

is not identically vanishing, then y(x, t) is oscillatory as t — oc.
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Oscillatory behavior

Let ® be in C'([~7,0],L>(Q)). If x < 0, the growth assumption is fulfilled and

0
> no(£)o(0) + / no(t— s — 7)o(s) ds

—T

is not identically vanishing, then y(x, t) is oscillatory as t — oc.

@ Our case of "integral pyragas” can be discussed similarly, but it seems to be even
more difficult to estimate the behavior of the A, ;. Plots of the eigenvalues indicate

an encouraging behavior.
@ The nonlinear equation stabilizes patterns that, in the linear case, would be

unstable. The discussion is open.
@ Our result for the local Pyragas complies with a result of Bainov and Mishev, who
show that the solution is oscillating according to their definition.

@ Bainov, D.D., Mishev, D.P.
Oscillation theory for neutral differential equations with delay,
A. Hilger, 1991
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Outline

e Optimal feedback for periodic targets
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Optimal feedback design for periodic target functions

We recall the
Optimal control problem (P1):
m|n F(9) =5 HYg nyZ(o) + %HQHEz(o,T)
T
() - By(t)+ R(D) = & /0 gy (t—r)dr —ky(t) inQ,
y(s) = o(s), se[-T,0], in Q
8ny(t) =0 in X,
where C={g € L>*(0,T7):0<g(r / a(r
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Adjoint equation
The reduced functional F is differentiable. The necessary condition for an
optimal g is

F'(9)(g—g) >0 VvgeC.

Adjoint equation
For given g € C, the associated adjoint state ¢, is defined as the solution to

- Orp(t) — () + R (y4(1)) (1)

—m/ 9(r) p(t+7) dr — 5 o(t) + Yol 1) — (1),
(p(S):O, ERS [T72T]7
Anp(t) =0, te(0,T).
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First order necessary optimality conditions

There holds

T[ (T
F’(g)h:/0 [/0 /ngg(X,T)yg(X,T—t)dXdT—‘rl/g(t) h(t) dt.
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First order necessary optimality conditions

There holds
T T
F'(g)h = /0 [/0 /Qgpg(X,T)yg(X, T —t)dxdT + v g(t)| h(t) dt.

The integral constraint fOT g(t)dt =1 is alinear and regular constraint.
Theory of Lagrange multiplier rules in Banach spaces —

Theorem (Necessary optimality conditions)

Let g € C be the optimal kernel for the problem of optimal feedback design.
Then there exists a Lagrange multiplier i € R such that

T T
I Ve | eaemiyotxT = )i+ +v3(D)| (a() - 3(t) et > 0 € C.
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Class of step functions g

Select0<ti<tb<T;b—t>6>0

—0, L <7<,
gr) =4 k-t T

0, else.

0

0 4 L T

Here, %, t1, & are our control parameters to be optimized.

The integral restriction is automatically fulfilled.
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Example 1

Q2 =(-20,20), Time interval of observation: [20, 40]

Y(x,t) = 3 sin(t — cos(55(x + 20))),

25
2
15
1
05
3 0
05
-1
15
2
25

-20 -15 -10 -5 o 5 10 15 20
X-axis

x-axis

Desired pattern’y Optimal pattern

Computed optimal value: F = 1.320e + 03, |VF(k, t, )| = 4.5e — 02
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Two equivalent periodic patterns

Periodic patterns should be considered as equivalent, if they just differ by a

time shift.
25 25
2 2
15 15
1 1
05 05
0 0
0.5 0.5
-1 -1
-15 -1.5
-2 -2
25 25

2 2 X-axis

X-axis

y= 3sm<t—cos 20(x+20)) w =3 sin t+3—cos 210(x+20)

t-axis
taxis

The right pattern is a simple time shift of the left, but

% / (y — w)?dxdt ~ 1.4374¢ + 04
Q
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Re-definition of the objective function
Measure the difference of y to the closest time shiftof y : Q x R — R:

Shifted objective function

f(g) = min //Q(yg(x, t) — y(x,t+ s))? dxdt.
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Re-definition of the objective function

Measure the difference of y to the closest time shiftof y : Q x R — R:

Shifted objective function

f(g) = min //Q(yg(x, t) — y(x,t+ s))? dxdt.

Assume that y is T /2-periodic, define Q := Q x [T/2, T]. For constant
Hyg||L2(é) and periodic y, the minimization of f is equivalent to

Optimal control problem (P2)

min fcorr(g) = (yg ’ }/(' v S))Lz(é) ) (P2)

min 1-— =
geC s€[0,7/2] ||yy||L2([;)) ly( + S)HLz(é)

Fredi Tréltzsch (TU Berlin) June 23, 2016 29/40



Re-definition of the objective function

Measure the difference of y to the closest time shiftof y : Q x R — R:
Shifted objective function

f(g) = min //Q(yg(x, t) — y(x,t+ s))? dxdt.

Assume that y is T /2-periodic, define Q := Q x [T/2, T]. For constant
Hyg||L2(é) and periodic y, the minimization of f is equivalent to

Optimal control problem (P2)

V. ¥(+9) iy ) (P2)

min foorr(g) :== min |1 — =
gec " s€[0,7/2] 1¥all 2y 1Y (- + $)l 120

This idea of using the normalized cross correlation is a well-known tool in
signal processing. It is also used in quantum control.

Fredi Tréltzsch (TU Berlin) June 23, 2016 29/40



Q Pyragas type feedback

e Forward and design problem

Q Oscillating solutions

e Optimal feedback for periodic targets

© Numerical examples



Example 2: Example 1 with shifted objective function

25
35

2
kY 15

1
2

05

o

05
15

A
10 18

2
5

25

20 -5 10 -6 0 5 0 15 20
X-axis

t-axis
n
5]
t-axis

X-axis

Desired pattern y Optimal pattern

Computed optimal values:
foorr = 0.1229, [ty = 0], & = 3.0031, kK = —2.4318
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Example 3: varying parameters x, t;, t, s

Q = (—20,20), time interval: [20,40], ¥(0,t) = sin(t—1),

O(x, 1) =1 (1 ~tanh (Xszg)) f=ming § [7,(¥(0.1) — J(0.t + s))alt

1,-0.497475, 1,1 526081, x=1.348121, 0 -0.925417, 11 911810,

¥(0, t) and optimal y(0, t) Optimal y

Optimal solution:
k=—1.348,t =0.4974, t, = 1.626, f = 1.0118, shift s = 0.9234
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Example 4 — reconstruct a given kernel g

Data: Delay-time T = 10, Tepg = 40, Q = (—1,1),

y1=0,2=025y3=1,p=1,k=-2

®(x, ) = 1; We define ¥ as the state associated with g(t) = e™".

Desired y y(0,1)

Fredi Tréltzsch (TU Berlin)
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Reconstructed g

Without regularization

4 5 5
Time < [s]

Optimal g Optimal state
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Example 5 — Optimal kernel with regularization

v=10"3

5 5 ‘ E] 10 0 2 u  2w w3
Time < s] Time t[s]

Optimal g Optimal state
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Example 6 — synthetic desired state y

Data as above Example 4, but y(x, t) = sin (t + 7/2), v = 0.

4 I I

Time =)

Optimal g

Fredi Tréltzsch (TU Berlin)
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Time t[s]

Optimal state
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Example 7 — without integral constraint

Data as in the last example, but we skip the integral constraint fOT g(t)dt =1.

Time =]

Optimal g

Fredi Tréltzsch (TU Berlin)

28 30 E3
Time t[s]

Optimal state
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Example 8 — extinction of an incoming wave

o~

y=0
®(x,t) =1, Kk = —1, no regularization

09
16
st [ ) 14
[ 12
/ |
7 | 1
| |
| | 08
| | 0.6
(
ost | | 04

| | 02

| 02

| 04l
50

5
Time ~ 5]

Optimal g Optimal state
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Example 9 — extinction of an incoming wave

o(x, t) = sin(3t), k = —5,

1 02 03 o0& _o05 08
Time r [s]

Optimal g

Fredi Tréltzsch (TU Berlin)
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Reference:

[3 P Nestler, E. Schall, F.T,,
Optimization of nonlocal time-delayed feedback controllers
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Thank you
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