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0. Content of the talk

1. State system associated with grain boundary motions

¢ The model of parabolic PDEs proposed[BpbayashiWarren-Cartef(1999

& There is only few uniqueness result for the state systerg, [to—Kenmochi-
Yamazakj(2008: the result inlD-caseof the spatial domain

¢ In 1D case, we can show an example of tleeuniqueness situation

¢ The 1stMain Theorem 1is concerned with th&ey-propertieof the 1D-state system,
and the well-posedness of tapproximating systemsvjth the uniqueness

2. Optimal control problems

& Notions ofadmissibilities: for the controls for the solutions(cf. [Colli-F.-Shaker
Gilardi-Sprekel$(2014)

& Setting of theoptimal control problemdnvolving the state system witho-uniqueness
(cf. [Kadoya-Kenmochi-Muraség (2010)

& The 2ndMain Theorem 2 is concerned with thexistence of optimal controls

¢ The 3rd Main Theorem 3 is concerned with the association between thnginal
optimal control problenand itsapproximating versions



1. State systems associated with grain boundary motions

System §), with v > 0: 0 < T < o0, 2:=(0,1), I' := 90 = {0, 1}
[ O(u—Ln) —2u=f(t,x), (t,z)e Q:=(0,T) x Q,
Ogn — KkOzn + dlj.11(n) — (n — 3) + &/ (n)|DO| = —u(t, x), (t,x)

D6 :
) 040(77>5t9—3:c( (1 )erué? 9) In @,
0, (

(=) 19,0 + no(u — fr(t, k) =0, (t,k) € ¥ := (0,T) x T,
d:n=0 onXx, 6(t,0) =0andd(t,1) = 0r,

| u(0,2) = uo(z), n(0,z) =no(z), 6(0,z) = bo(z), z €L

€ Q,

ou = u(t, z): relative temperature, o n = n(t, x): orientation degree in a polycrystal,

o0 = 0(t,x): orientation angle0 < n(t,z) <1, (t,x) € Q

e 0l 1) subdifferential of the indicator functiofy, ;; on [0, 1];
e L.>0, ng>0, k>0, Or € (0,7): given constants;
e ug € L?(Q), ny € L*(Q), 0y € L*(N): initial data.




1. State systems associated with grain boundary motions

System §), withv > 0: 0<T < o0, Q:=(0,1), I':=00={0,1}
[ O(u—Ln) —2u= f(t,x), (t,z)e Q:=(0,T) x Q,
0y — kO2n + 0I10,1)(n) — (1 — 3) + /()| D] = —u(t, z), (t,z) € Q,

D6 .
ag(n)00 — O, ((X(T})m + V@wﬁ) =0, in@,
(=1)**10u + no(u — fr(t,k)) =0, (t,k) € X :=(0,T) x T,
d:n=0 onXx, 6(t,0) =0andd(t,1) = Or,

u(0,x) = ug(x), n(0,x) =no(x), 6(0,x) = Oy(x), x € K.

\

o f € L?(Q), fr € L*(X): heat source&ontrols).

e a9 = ap(n) > 0: mobility (possibly degeneratg)
e a = a(n) > 0: mobility, with the differentiale’ (no-degenerate)

Typical choice (cf. [Kobayashi-Warren—Carter](1999):
ao(n) = a(n) =n*/2, YneR



Non-isothermal system §),, (coupling system of Fix-Caginalp typé:

[ O,(u—Ln) —d*u=f inQ,

O 9 g '
k — [040(7;)37:9] = V%, (u,n,0) inQ,

(B.C)+(I.C.)

_\

Free-energy ¢ > 0) [Warren—Kobayashi—Lobkovsky—Carter](2003

v =[u,n,0] € L*(Q)° — F,(v) := AO/ [ul d + Wo,11(m)
Y

- /Q<" — 1) dz+ @,(n; 6) € (oo, 0],

— Ay > 0: const. (depending oh andny);
~n € H'(Q) — Tpo1(n / !5x77|2dl‘+/ 0,1)(n) dz;

_vn e C@),0 € HYQ) — &, (1:0) = /
Q

subject to the boundary conditi#0) = 0 andf(1) = 6r.

04(77)|(9$9\d:c+z/ 19,02 da,
2 Jo




Non-isothermal system §),, (coupling system of Fix-Caginalp typé:

[ O,(u—Ln) —d*u=f inQ,

oen v a :
\ — [aO(;)ﬁtel — Vfu(uﬂ%e) In Q1

(B.C)+(I.C.)

_\

Free-energy ¢ = 0) [Warren—Kobayashi—Lobkovsky—Carter](2003

v = [u,1,6] € L) = Folv) = A [ [ul*do+ V(0
Q

1

_5/52(77 — %)Qdaﬂ— Do(n;0) € (—o0, 0].

— Ap > 0: const. (depending oh andny);

e HY(Q) — Yoy / 9.2 dar + / 011(n) da;

—-Vn € C(), 0 € BV(Q) — ®y(n;0) = /_a(n)|D[9]eX|, with the extension
Q

0] € BVio(R) s.t. [0]** =0 on(—o0,0] and[f]** = 6r on |1, c0).



Approximating system (S)” with » > 0 ande € (0, 3]:
[ Oy(u—Ln) — %u= f(t,2), (t,7)€ Q,
87577 - /‘38277 + 68(77) - (77 - %) + 0/(77)\/\69:9|2 +e? = _u(tv ZE), (t7 :C) < Qv

e (7)B:6 — B, (a(n) Y ol

10,0|% + €2
| (B.C)+(.C)

I\

+ (v + 5)8969) =0, inQ,

e a. =ap+e¢; e[ Yosidaresularization abi q);

Approximating free-energy:

v = [u,m,0) € LA o F2(0) = Ao [ Ju do + Vo0
Q

1

2 [ 8+ 22010) € (00

-0 c H(Q) — Y (n;0) ::/a(n)\/\(9$9|2—|—82d{1:—|—y_58/ |0,0|? dz,
Q Q

subject to the boundary conditiét0) = 0 andf(1) = 6, Vi € C(Q).




Assumptions.
(A1) 0 < o € CHR?), s.t. a; '(0) = {0}.
(A2) 0 < a € C%*(R): convex o/(0) = 0, and ¢, := inf a(R) > 0.

<> Notations
e V := H'(Q): Hilbert space, endowed with the inner product:

(v, 2)v := (00, 022) 1200y + 10(Vs 2) L2(1), V|V, 2] € V2,
e VV*: dualspaceot/, F':V — V* duality map.

Range for controls:
H = L*(Q) x L*(X)

7. We regard anyf = |f, fr| € H, asf € V*, via the identification:
<f7 Z> — (fv Z)L2(Q) =+ nO(fI‘, Z>L2(F>, Vze V.

Range for solutions:

D, — { &= [a,7,0) € L2(Q)3 | 1€ H'(Q), 6 € D(2,(7; - )) }
o 0<7<1land0 <6< 6ra.e.in



Definition of solution to (S),: Vv > 0,Vf = |f, fr] € H, Yvg = |ug, no, 0] € D,,
v = [u,n,0] € L*(Q)? is called a solution t¢S),, iff. the following conditions hold.

(SO u e Wh2(0,T; V*) N L>®(0,T; L*(Q)) N L?(0,T;V), u(0) = ug in L*(Q),
n€ Wh2(0,T; L2(Q)) N L>(0,T; H'(Q)) C C(Q), n(0) = ny in L?(),
ap(n)d € WH2(0,T; L*(Q)), ®,(n;0) € L>=(0,T), cg(n)0(0) = a(ng)boin L* ().

0% == Oyan(n)0] — Ao (n)]0 € LA(Q), 0" = an(n)d:f in Q\n~*(0).

(S1) u solves the following evolution equation:
Oy(u — Ln)(t) + Fu(t) = f(t) inV* a.et e (0,1).

(S2 7 solves the following variational inequality:
(Den(t) — (n(t) = 3),1(t) — ) r2) + Yio,1(0()) — Yio,11()
+ [ (1) = 9o )IDBOI| < 0. Vi € H'(@), aet € (0.7)

(S3 60 solves the following evolution equation:
0*(t) + 0®,(n(t);0(t)) 2 0, in L*(Q), a.e.t € (0,T),
where Vi) € HY(Q), 09, (n; -) denotesL?-subdifferential of®,, (7); -).




Definition of solution to (S)¥: Vv > 0, Ve € (0,5], Vf = [f, fr] € H, Vv =
[uo, no, 00] € Dy, v = [u,n,0] € L*(Q)? is called a solution t¢S), iff. the following
conditions hold.
(SO. v e WH2(0,T; V*) N L*>®(0,T; L*(Q)) N L?(0,
n € WhH2(0,T; L*(2)) N L=(0, T; HY()) C C(Q
6 € WH2(0,T; L*(Q)) N L>(0,T; HY(Q)) € C(Q
(S1). wu solves the following evolution equation:

V), u(0) = ug in L*(Q),

1
), n(0) =no in L*(Q),
), 0(0) =0y in L?(Q).

O¢(u — Ln)(t) + Fu(t) = f(t) inV* a.et € (0,71).

(S2. n solves the followingrariational identity

(On(t) — (n(t) = 5), ) r2(0) + K(Den(t), 0x9) 2(0) + (Be((t)), ©) r2(0)
D)V [0:0()]2 + €2, ¢) 12() = 0, Vo € H'(Q), a.e.t € (0,7T).

(S3). 0 solves the following evolution equation:
a:(n(t)0:0(t) + 0PY(n(t);6(t)) 2 0, in L*(Q), a.e.t € (0,T),
where Vi; € H(Q), 0®Y(7); -) denotes.?-subdifferential of®,, (7; ).




Main Theorem 1 (Key-properties of solutiong. (1) Vv > 0, let us define:
S, “H x D, 3 [f,vo] — {v = [u,n,6] : solutionto (S), }C L*(Q)>.
Then,V[f,vo] € HxD,, S,(f,vo) # (), NOT singletorin general, and moreover

vp — U, £, — finH, vg., — v in L*(Q)3, asn — oo,
{Z#,, (von)}: b.d.d., andv,, = [un,nn, 0,] € Sy, (F,,von), Vn €N,
—> Ing} C{n}, Jv=1[u,n, 0 € S,.(f,vy), S.t.

Uny = [unka Mny, s an] — U= [u, n, 9] weakly- in L>°(0, T; LQ(Q))1

[Ungos Mg > €0 (g, ) Oy, ] — [, 1, 0(1)6] In L*(Q) x C(Q) x C([0,T7; L*(Q2)),
\ VVnpbn, — /v8In L2(0,T; H'(2)), ask — oc.

N\

() Yv >0, Ve € (0,1], let us define:
SY H x D, > [f,vo] — {v = [u,n,0] : solutionto ()Y }C L*(Q)>.

Then, V[f,vo] € H x D,, SZ(f,vo) be a singletonand continuousw.r.t. the
strong topologies frort{ x L?(Q)% into L*(Q) x C(Q) x C([0,T]; L*()).

1. (1) i1s obtained by the observation of approximating limit- 0, based orill).



Main Theorem 1 (Key-properties of solutiong. (1) Vv > 0, let us define:
S, “H x D, 3 [f,vo] — {v = [u,n,6] : solutionto (S), }C L*(Q)>.
Then,V[f,vo] € HxD,, S,(f,vo) # (), NOT singletorin general, and moreover

vp — U, £, — finH, vg., — v in L*(Q)3, asn — oo,
{Z#,, (von)}: b.d.d., andv,, = [un,nn, 0,] € Sy, (F,,von), Vn €N,
—> Ing} C{n}, Jv=1[u,n, 0 € S,.(f,vy), S.t.

Uny = [unka Mny, s an] — U= [u, n, 9] weakly- in L>°(0, T; LQ(Q))1

[Ungos Mg > €0 (g, ) Oy, ] — [, 1, 0(1)6] In L*(Q) x C(Q) x C([0,T7; L*(Q2)),
\ VVnpbn, — /v8In L2(0,T; H'(2)), ask — oc.

N\

() Yv >0, Ve € (0,1], let us define:
SY H x D, > [f,vo] — {v = [u,n,0] : solutionto ()Y }C L*(Q)>.

Then, V[f,vo] € H x D,, SZ(f,vo) be a singletonand continuousw.r.t. the
strong topologies frort{ x L?(Q)% into L*(Q) x C(Q) x C([0,T]; L*()).

1. (I is deduced fromiKenmochi-Niezgodkd (1994, [Ito-Kenmochi-Yamazakj2008)].
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<> Example of no-uniqueness situation: whenv = 0 and f = [f, fr] = [0, 0]

Multiple solutions v = [u, 77, 8] with common initial data:

a(t,z) =0 andi(t,z) = 5(sin(3=) + 1)X(1—g\/ﬁ, Ln/m) (2) + X atnym (@),
V(t,x) € QQ steady-state in Fix—Caginalp syste@hlen-Elliott](1994




<> Example of no-uniqueness situation: whenv = 0 and f = [f, fr] = [0, 0]
Multiple solutions © = [, 77, 8] with common initial data:

0(t,z) = b(t)x(o

) + 0rxa),1)(x), a(t) € 771(0),b(¢) € [0,6r],V(t,z) € Q

0,a(t)) (T
— ao(7)00(t) + 0Po(7j(t);0(t)) 2 0 in L?(Q), a.e.t € (0,7




2. Optimal controls problems

Keypoint: admissible classes Vv > 0, Ywvg = [ug, no, 00| € D, : fixed

Class of admissible controls:
VM >0, Hy = { f = [f, f[‘] cH ‘ |f‘H1(Q) <M and|fr“H1(2) <M }

t. H s IS to give a constraint for the controls, to get the compactness far(icf. [Colli—
F.-ShakerGilardi-Sprekel$ (2014)).

Class of admissible solutions:VM > 0,V f € Hjy,,

’ Hwn} = {S% (fn,v0n)} C L2(Q)> with )
fen < 277 C (0,3, {fa} C M
{vo.n € Dyic,} C L*(0)3, s.t.

v, — v weakly inL?(Q)?,

f,— finH, v, — voin L?(Q)?,

FL (vo,n) — Fu(vo), @SN — o0

AKf(fa”O) ‘= < (NS S,/(f,’vo)

\ /

1. Inthe light ofMain Theorem 1theweak convergence fdmw,,} can be changed by:
[Uny 1y ey, (01) 0] — [u, 1, c0(n)0] in LH(Q) x C(Q) x C([0, T]; L*(R2)), asn — oo.

10



Target profile: o' = [uf,nf,07] € L?(Q)?

Optimal control problem (OP;wv¢)%, with v > 0, M > 0, vo € D,: to find
= 1[f* fit] € Hu (optimal contro), which minimize the following cost functional

I onHyr:
f=1ffrl€e My Zu(f) :=inf{ wg(v) | ve Ay (F,vo) |,
with v = [u,n, 0] € L*(Q) x L™(Q)? — wg(v) 1= %/0 (I(u — UT)(t)’i2(Q)‘|‘

+1(n = 0" ()220 +| [0 ()0 — a0(n)OT] ()]}, dt

+1/¢0f@H2 1 fr () g ) d
5/, rz(e) T2

1. This setting is refer tpKadoya-Kenmochi-Murasé (2010.

Main Theorem 2 (Existence of optimal controlg. Vv > 0,VM > 0,Vvg € D,,
1[f*, v*] (optimal pai), s.t.:
dis(wo) = inf  Zu(f) = wp(v")

feHy

11



Target profile: o' = [uf,nf,07] € L?(Q)?

Approximating control problem (OP; UO)'f\4,e with v, M, e € (0,%], vo. € D,..!
to find f7 = [fZ, f.] € Hu (approximating optimal contrpl which minimize the
following approximating cost functional/; . on’H:

fetarm Sued) =g [ (= u) Ot
+1(n = ') ®)2 )+ [0 )0 — ac(n))OT] (B[} 2(r))

e .
+§/O (‘f(t)|%2(9) + fr(t)‘%Q(I‘)) dt, with v = [u,n, 9] = Sé/(f’v())

Proposition 1 (Existence of approximating optimal controlyg. Vv > 0, VM > 0,
Ve € (0,3), Vvo,. € Dyye, 3[fL, v] (@pproximating optimal pajr s.t.:

dire(voe) = inf  Zaro(f)

fFeHy

1. This proposition is obtained by means of the standard argumemthahizing sequence

12



Main Theorem 3 (Association between the control problemsLet» > 0, M > 0 be
fixed. Thenvvg € D,, 3[f*,v*] € Hy x AL, (f;vo) (optimal pai), I{e, < 27"},
Hvon € Dyse, by Hf s vilt € Hu x S (f:vo,n) (SEquence of approximating
optimal paiy s.t.:

A, (Vo) = I, (fr) = drr(vo) = wy=(v¥) asn — oo

<> Keypoints of the proofs

Main Theorem 2. diagonal argument

Let us take: a minimizing sequencéf,, } C H, for the cost functional 7,,,
with a sequence afdmissible solutions,, € A%,(f,,,vo), Vn € N

—> Hem <27}, Hvom € Dogenn by H b C Hu with {0, = SY (f,,v0)}, S.t.:
Vo.m — Vo iN L2(Q)3, FZ (vo,m) — Fu(v0), Admissibility ]

fo — f.inH, asm — oo, Vn € N of solutions

— Applying the diagonal argument:

[f*,v*]e Hy x A%, (f*,vo) (optimal pai)

Admissibility
of controls

13



Main Theorem 3: a consequence fronMain Theorem 1 & the admissibilities

Let us take: any optimal paif f, ©] € Hy x A%, (f, vo)
—> e, <27}, HOon € Duse,}, HFnt C Hy with {8, = S (F, Do)}, St

Main Theorem 1
diy(vo) = lim e, (f,) = lim djy ., (Do) & Admissibility ]
of solutions

On the other hand: taking approximating optimal paif§ , "] € Hs X Sgn(f;';, Vo.n),

. » ) Main Theorem 1
nll_)rilo dirz,(Von) = lim e (T,,) > djy(vo) & Admissibility ]
of controls

[]

Remark. If v > 0, then the conclusions as Main Theorems 2—8an be obtained by
adopting the following standard type functional:

1 1 :
[f,v] € H x L3(Q)3 — v — vl [2200) + 5“1%’ with the targew™ € L2(Q)3

as a constitute conponent of tbest functional

14



3. Problems in future

(1) Necessary conditions for the optimal pairs
Strategy : “Necessary condition for the approximating optimal pairs
= “Observation for the original optimal pairs, via the approximating limit
(1l ) Expansion of the results to the general higher-dimenaional cases
Keypoints: to find an appropriate approximating state systems, which have the both
“uniqueness and “smoothnes’s
(111') Expansion of the results to the cases with anisotropies
Strategy : continuation of therecent study Moll-S—~Watanab&2010 concerned with
the anisotropic versions of the state systems
(IV) Structural observations for solutions

Keypoints: previous works of total-variation flows,e.g. JAndreu-Caselles
Mazon|(2004), [Bellettin—CasellesNovagd(2002, [KobayashtGiga (1999, [Giga-
Gigd (2010, [Moll](2005-), [Rybka-Muchd(2000-), [S](2000-), e.t.c.

Strategy: to obtain some additional properties of solutions, including tloacrete
profiles of optimal pairs

(V) Uniqueness of the state systems
Status : there is no advance, yet
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