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The problem

Let H be a fixed Hilbert space with norm || - ||, and consider an operator .4
from 7 into itself that generates a Cp-semigroup (S(t)):>o that is
exponentially stable, i.e., there exist two positive constants M and w such
that

IS(®)llcop < Me™, e = 0,

We consider the evolution equation

U(t—r7)) in (0,+00) (P)

),
F(£). Vte(0,7), (1

e(t) = AU(t) + F(U(t
U(0) = lo, U(t—7) =
where 7 > 0 is the time delay, the nonlinear term F : H x H — H

satisfies some Lipschitz conditions, the initial datum U belongs to H and
f e C([0,7]; H).
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The problem

Time delay effects often appear in many applications and physical
problems. On the other hand, it is well-known (cfr. Datko, Lagnese &
Polis (1986), Datko (1988), Batkai & Piazzera (2005), Xu, Yung & Li
(2006), Nicaise & P. (2006)) that they can induce some instability.

Cristina Pignotti (L'Aquila)

Abstract evolutions equations with delay

Cortona, June 22, 2016 3 /30



The problem

Time delay effects often appear in many applications and physical
problems. On the other hand, it is well-known (cfr. Datko, Lagnese &
Polis (1986), Datko (1988), Batkai & Piazzera (2005), Xu, Yung & Li
(2006), Nicaise & P. (2006)) that they can induce some instability.

Then, we are interested in giving an exponential stability result for such a
problem under a suitable smallness condition on the delay 7.
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The problem

In Nicaise & P. (2015) we have studied the case of linear dependency on
the delayed state U(t — 7), i.e. we have considered the model

{ Ue(t) = AU(t) + G(U(t)) + kBU(t — 1) in (0, +00) (PL)
U(0) = U, BU(t —7) = g(t), Yt e (0,7),

where B is a fixed bounded operator from H into itself, G : H — H
satisfies some Lipschitz conditions, the initial datum U belongs to H and
g € C([0,7]; H).
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The problem

In Nicaise & P. (2015) we have studied the case of linear dependency on
the delayed state U(t — 7), i.e. we have considered the model

{ Ue(t) = AU(t) + G(U(t)) + kBU(t — 1) in (0, +00) (PL)
U(0) = U, BU(t —7) = g(t), Yt e (0,7),

where B is a fixed bounded operator from H into itself, G : H — H
satisfies some Lipschitz conditions, the initial datum U belongs to H and
g € C([0,7]; H).

We have proved an exponential stability result for such a problem under a
suitable condition between the constant k and the constants M, w, 7, the
norm of B and the nonlinear term G.
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Particular results

For some particular examples (see e.g. Bdtkai & Piazzera (2005), Ammari,
Nicaise & P. (2010), P. (2012), Said-Houari & Soufyane (2012), Guesmia
(2013), Liu (2013), Alabau-Boussouira, Nicaise & P. (2014), Chentouf
(2015)) we know that the above problem, under certain smallness
conditions on the delay feedback kB, is exponentially stable,

the proof being from time to time quite technical because some
observability inequalities or perturbation methods are used.
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Particular results

For some particular examples (see e.g. Bdtkai & Piazzera (2005), Ammari,
Nicaise & P. (2010), P. (2012), Said-Houari & Soufyane (2012), Guesmia
(2013), Liu (2013), Alabau-Boussouira, Nicaise & P. (2014), Chentouf
(2015)) we know that the above problem, under certain smallness
conditions on the delay feedback kB, is exponentially stable,

the proof being from time to time quite technical because some
observability inequalities or perturbation methods are used.

Our proof is simpler with respect to the ones used so far for particular
models. Moreover, we emphasize its generality. Indeed, it applies to every
model in the previous abstract form when the operator A generates an
exponentially stable semigroup.
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Well-posedness

Now, we assume that F is Lipschitz continuous, namely

3y >0 such that
IF(Ur, Uz) = F(UL, Ug) [ < A(I1UL = Urll + ([ U2 = Uz 1),

A (Ul, UQ), (Uik, U;) EHXH.
Moreover, we assume that F(0,0) = 0.
The following well-posedness result holds.

PROPOSITION

For any initial datum Uy € ‘H and f € C([0, 7]; H), there exists a unique
(mild) solution U € C([0, +00),H) of problem (P). Moreover,

U(t) = S(£)Up + /Ot S(t — s)F(U(s), U(s — 7)) ds. (F)
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Well-posedness

Proof.

We use an iterative argument. Namely in the interval (0, 7), problem (P)
can be seen as a standard evolution problem

{ Ui(t) = AU(t) + F(U(t)) in (0,7)
U(0) = U,

where F1(U(t)) = F(U(t), f(t)). This problem has a unique solution
U e C([0,7],H) ( see [Th. 1.2, Ch. 6 of Pazy (1983)]) satisfying

U(t) = S(t)Up + /Ot S(t — s)F1(U(s)) ds.

This yields U(t), for t € [0, 7].
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Well-posedness

Therefore on (7,27), problem (P) can be seen as the evolution problem

{ Ue(t) = AU(t) + F2(U(t)) in (7,27)
U(r) = U(m-),

where F>(U(t)) = F(U(t), U(t — 7)), since U(t — 7) can be regarded as a
datum being known from the first step. Hence, this problem has a unique
solution U € C([r,27],H) given by

U(t) = S(t — T)U(T—) + /t S(t — s)Fa(U(s)) ds, Vit € [r, 27].

By iterating this procedure, we obtain a global solution U satisfying
(F). O]
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Stability result

THEOREM |[Nicaise & P. (2016)]

Let us assume v < 575 . There exists 1o := 70(y,w, M) such that the time
delay T satisfies T < 19, then there are w' > 0, M’ > 0, such that the

solution U € C([0,+0o0),H) of problem (P), with Uy € H and
f € C([0,7]; H), satisfies

1Vl < M ([Uolle+7 [ =I5}l cs). Ve =o0.
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e Note that our stability theorem is very general. Indeed, it furnishes
stability results for previously studied models for wave type equations (cfr.
Ammari, Nicaise & P. (2010), P. (2012), Nicaise & P. (2014), Chentouf
(2015), Han, Li & Liu (2016))), Timoshenko models (cfr. Said-Houari &
Soufyane (2012), Apalara & Messaoudi (2014)).

e Also, it includes recent stability results for problems with viscoelastic
damping and time delay (cfr. Guesmia (2013), Alabau-Boussouira, Nicaise
& P. (2014), Dai & Yang (2014), (2016)).
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Concrete models

Wave equation with internal dampings

Let Q C R” be an open bounded domain with a boundary 99 of class C2.
We denote by v(x) the outer unit normal vector at a point x € 9. Let m
be the standard multiplier, m(x) = x — xp, xo € R", and let w be the
intersection between an open neighborhood of the set

fo={x€dQ : m(x)-v(x)>0}
and €. Let us consider the system

ure(x, t) — Au(x, t) + axuue(x, t) + kue(x, t — 1) =0,
in Q x (0,400),

u(x,t) =0, on 9Q x (0,+00),

u(x,0) = uo(x), wue(x,0)=uwi(x), in Q,

ur(x,t) = f(x,t), in Qx(—7,0),
where a, k are real numbers, a > 0, and the initial data are taken in
suitable spaces.
For simplicity we consider the delay term acting in-the -whole domain=Q.
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Wave equation with internal dampings

Let us denote
U= (u,u)’.

Then, the above problem for k = 0, that is without time delay, may be
rewritten as

{ U =AU,
U(O) = (uOvul)Ta

where the operator A is defined by

A(0) = (haer )

D(A) = (H*(Q) N Hy(Q)) x Hy(<).

with domain
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Wave equation with internal dampings

Denote by H the Hilbert space
H = H}(Q) x [3(Q),

equipped with the inner product
u
% )

It is well-known that A generates a Co— semigroup exponentially stable
(see e.g. Chen (1979)).

Then, from our abstract theorem, an exponential stability estimate still
holds in presence of a time delay feedback with |k| sufficiently small (cfr.
P. (2012)).

<t

)> - /Q (Vu(x)Vii(x) + v(x)¥(x)}bdx
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Concrete models

Wave equation with boundary feedback and internal time delay

Let ©Q be a bounded domain in IR", n > 2. We denote by 9Q the
boundary of Q and we assume that 9Q = o U1, where g, I'; are closed
subsets of 9Q with [g N T = 0. Moreover we assume measl g > 0. Let us
consider the system

ure(x, t) — Au(x, t) + kug(x,t —7) =0, x€Q, t >0,
u(x t)=0, xelp, t>0
( ,t) = —aue(x,t), xel, t>0
( 0) = wp(x), ue(x,0)=uw1(x), x€Q,

ut(x, t)=g(x,t), xe€Q, te(-r,0),
where v stands for the unit normal vector of 9 pointing towards the
exterior of  and % is the normal derivative; a and k are two real
numbers, a > 0, and the initial data are taken in suitable spaces.
Denoting by m the standard multiplier, that is m(x) = x — xp, we assume

m(x)-v(x) <0, xe€lg, and m(x)-v(x) >0 >0, xeli.
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Wave equation with boundary feedback

Let A= —A be the unbounded operator in H = L?(Q) with domain

du
Hi = D(A) = {U S HZ(Q), Ur, = 0, 5”1 = 0} .

We define
C e L(L3(T1); H 1), Cu=+aA_1Nu,Yu € L*(T}),
C*'w = Vawpr,, Vw € D(A?) = Hy,

where H_1 = (D(A))’ (the duality is in the sense of H), A_; is the
extension of A to H, namely for all h € H and ¢ € D(A), A_1h is the
unique element in H_; such that

(A_ih; Q) ,—H, Z/QhAgodx.
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Wave equation with boundary feedback

Here and below N € £(L?(I'1); L?(R)), Vv € L?(I'1), Nv is the unique
solution (transposition solution) of

ow
Aw =0, wr, =0, 5“_1 =v

We can rewrite the problem without delay term as

ug(t) + Au(t) + CC*ue(t) =0, t>0,
u(0) = u° u(0) = ul,

and then as an abstract Cauchy problem in a product Banach space.

For this take the Hilbert space H := H:1 x H and the unbounded linear
2

operator

A:DA) CH— H,

u o uz
A( u» ) o < —Aul—CC*Ug )’
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Wave equation with boundary feedback

where

D(A) = {(ul,uz) S H% X H% : Aup 4+ CC*uy € H} .

The operator A generates a strongly continuous semigroup on H.

The exponential stability of the previous model with k = 0 it is well-known
(see Lasiecka & Triggiani (1987), Komornik & Zuazua (1990)).

Then, our abstract theorem result allows to extend the exponential

stability result also in presence of time delay, for |k| small (cfr. Ammari,
Nicaise & P. (2010)).
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Concrete models

Wave equation with memory and delay

Let Q2 C R" be an open bounded set with a smooth boundary. Let us
consider the following problem:

uee(x, t) — Au(x, t) + [° p(s)Au(x, t — s)ds

+kue(x,t —7) =0 in Q x (0, +00)
u(x,t) =0 on 92 x (0,+0c0)
u(x,t) = ug(x,t) in Q x (—o0,0]

where the initial datum ug belongs to a suitable space, k is a real number
and the memory kernel 1 : [0, +00) — [0, 4+00) is a locally absolutely
continuous function satisfying

i) 41(0) = po > 0;

i) [o7° u(t)dt = fi < 1;

i) 1/ (t) < —ap(t), for some a > 0.

We know that the above problem is exponentially stable for k = 0 (see
e.g. Giorgi, Mundz Rivera & Pata (2001
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Wave equation with memory and delay

As in Dafermos (1970), let us introduce the new variable
nt(x,s) = u(x,t) — u(x, t — s).

Then, we can rewrite the problem, without delay term, as

uge(x, t) = (1 — fi)Au(x, t) + [~ p(s)Ant(x,s)ds =0 in Q x (0,400)
ni(x,s) = —nk(x,s) + ut(x,t) in Q x (0, +00) x (0, +00),

u(x,t) =0 on 92 x (0, +00)

nt(x,s) =0 in 9Q x (0,+00), t >0,

u(x,0) = up(x) and wue(x,0) =uwu1(x) in Q,

n°(x,s) = no(x,s) in Q x (0, +oc0),

with initial conditions

up(x) = wo(x,0), x € Q,
ur(x) = %0 (x, t)]¢m0, x € Q,
no(x,s) = uo(x,0) — up(x,—s), x€Q, se(0,+).
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Wave equation with memory and delay

We denote U/ := (u, us,*) 7. Then we can rewrite the problem in the
abstract form

{ U =AU, (PA1)
U(O) = (u0> uy, 770)T7
where the operator A is defined by

u v
Al v | = Q=p)Au+ [;°u(s)Aw(s)ds |,
w —Ws + Vv

with domain (cf. Giorgi, Mundz Rivera & Pata (2001), Pata (2010))

D(A) = { (v, )T € H3(RQ) x HB(R) x L2((0, +00); HE(Q)
(1=t [ u(s)n(s)as € H(2) 1 H(@),

0" € L((0,+00); Ho(Q))}
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Wave equation with memory and delay

where Li((O, 00); H}(2)) is the Hilbert space of Hi— valued functions on
(0, +00), endowed with the inner product

o hsiomonngon = [ ([ 197000 )70, 5)ds ) o

Denote by H the Hilbert space

H = Hp(Q) x L2(Q) x L3((0, 00); Hp(R)),

equipped with the inner product

> = (l—ﬁ)/VuVde—i-/ vvdx
Q
H
// s)VwV wdsdx.

—
S < &
§z <t
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Wave equation with memory and delay

It is well-known that A generates a Cy—semigroup exponentially stable.
Then our exponentially stability result applies for |k| small to the model
with time delay (cfr. Guesmia (2013), Alabau—Boussouira, Nicaise & P.

(2014), Dai & Yang (2014), (2016)).
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More general nonlinearities

Now we consider a more general class of nonlinearities. More precisely, we
assume that for every constant c there exists a positive constant L(c) such
that

IF (U1, U2) = F(UL, U3)[l < L(c)([[Ur = Uzl + ([ U1 = Uzlln),
for all (Ui, Un), (Us, U3) € H x H with [[Uj|l, Ul < c, i=1,2.

Moreover, we assume that there exists an increasing continuous function
X : [0,400) = [0, +00), with x(0) = 0, such that V (U, U2) € H x H,

|F (U1, Ua)|ln < x(max{[|Usll#, | U2l%})([| ULl + | U2]|32) -
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More general nonlinearities

Now we consider a more general class of nonlinearities. More precisely, we
assume that for every constant c there exists a positive constant L(c) such
that

IF (U1, U2) = F(UL, U3)[l < L(c)([[Ur = Uzl + ([ U1 = Uzlln),
for all (Ui, Un), (Us, U3) € H x H with [[Uj|l, Ul < c, i=1,2.

Moreover, we assume that there exists an increasing continuous function
X : [0,400) = [0, +00), with x(0) = 0, such that V (U, U2) € H x H,

|F (U1, Ua)|ln < x(max{[|Usll#, | U2l%})([| ULl + | U2]|32) -

We can give an exponential stability result under a well-posedness
assumption for small initial data.
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The case F locally Lipschitz

THEOREM |[Nicaise & P. (2016)]
Suppose that

3 po>0and C, > 0suchthatV Uy € H, f e C([0,7]; H)
with (|| Uoll3, + [y e*[If(s)l5,ds)"/? < po.
there exists a unique global solution

U e C([0, +00,H) to (P) with [|U()]l% < Cpy < x" 1 (5), V £ > 0.

Then, there exists Ty = To(y,w, M) such that for every Uy € H and

f € C([0,7]; H) satisfying the assumption from (H), if the time delay
verifies 7 < 7 , the solution U of problem (P) satisfies the exponential
decay estimate

1U(t)lI2 < Me™ 2 (|| Vol + X(Cpo)/o e”?[[f(s)ll3 ds), Vt=0,

for suitable positive constants M, .
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We now give a class of examples for wich assumption (H) is satisfied.
Let us consider the second order evolution equation

uge + Aqu+ CC*up = VG(u) + kBB*ue(t — 1), t>0, (n
u(0) = wo, u(0) = 1, B*u(t — 1) = g(t), t € (0,7),

with (ug, u1) € V x H, where H is a real Hilbert space, with norm || - |4,

and A; : D(A1) — H, is a positive self-adjoint operator with a compact
1 1

inverse in H. Moreover, we denote by V := D(A}) the domain of A?.
Further, for i=1,2, let W; be a real Hilbert space (which will be identified
to its dual space) and let C € L(W4, H), B € L(W», H).

Assume that, for some constant y > 0

18" ulfy, < ulCulfhy,, VeV

Let be given a functional G : V — IR such that G is Gateaux
differentiable at any x € V.
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We further assume (cfr. Alabau-Boussouira, Cannarsa & Sforza (2008))
that

a) For any u € V there exists a positive constant c(u) such that

IDG(u)(v)| < e(u)l|lvin, Vv eV,
where DG(u) is the Gateaux derivative of G at u.

Consequently DG(u) can be extended in the whole H and we will denote
by V G(u) the unique element in H such that

(VG(u),v)n = DG(u)(v), Yv € H.
b) For all ¢ > 0, there exists L(c) > 0 such that

IVG(u) — VE(W)[l1 < L(O)|IAT (1 — V)

1 1
for all u,v € V such that [|Aj u||y < c and |[Aj vy < c.
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c) There exists a suitable increasing continuous function 1 satisfying
¥(0) = 0 such that

1 1
VGt < v(IAT ul)l| A7 ullf), Yue V.

Denoting v := u; and U := (u, v)7, this problem may be rewritten in the

form (P) with
0 1
A'_(—Al —CC*)’

F(U):=(0,VG(u))", BU:=(0,BB*v)".

The assumptions on G imply that F satisfies previous assumptions in
H =V x H, with x = 1.
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We define the energy of solutions of problem (Il) as

1 1. 1
E(t) = E(t,u()) = Slluelly + Sl Afulfy — G(u)
1 [t .
b [ KB (o) 5.
t—T1

We will show that for the above model an exponential stability result
holds, for |k| small, if A generates an exponentially stable semigroup.
First of all note that

E0) = C a0l + (). B )
k * k *
8w, ~ W8 e 1R,

< —[[Cu(O)fy, + KB ue (81,

Then, if |k| < %u the energy is not increasing.
We can prove the following well-posedness result for sufficiently small data
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PROPOSITION
The assumption (H) is satisfied for |k| < 1/p.

— If A generates an exponentially stable continuous semigroup on H,
then the exponential estimate holds for small initial data, for 7 small
enough.

e The abstract model (II) includes semilinear versions of previously
analyzed concrete models for wave-type equations (cfr. Nicaise & P.
(2006)). Of course, due to the presence of the nonlinearity we obtain the
stability result (for small initial data) under a more restrictive assumption
on the delay feedback. Observe also that models with viscoelastic damping
could be considered but with also an extra not—delayed damping necessary
to avoid blow-up of solutions, at least for small data.
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Thank you for your attention!
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