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Settings of the problem

Let O ⊂ Rd , d ∈ N∗, be a bounded and open domain with smooth
boundary ∂O = Γ1 ∪ Γ2.



∂
∂t p = ∆p + f (x , p), t > 0, x ∈ O,

p = 0 on (0,∞)× Γ1,
∂
∂np = 0 on (0,∞)× Γ2,

p(0) = po .

(1)

With f , fp ∈ C (O × R);
n the unit outward normal on the boundary Γ2.
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Settings of the problem

Let pe ∈ C 2(O) be a stationary solution for (1)

, i.e.,

∆pe + f (x , pe) = 0 in O; pe = 0 on Γ1,
∂

∂n
pe = 0 on Γ2.
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Settings of the problem

Find a feedback u = u(p)

such that the solution p to

∂
∂t p = ∆p + f (x , p), t > 0, x ∈ O,

p = u on (0,∞)× Γ1,
∂
∂np = 0 on (0,∞)× Γ2,

p(0) = po ,

(2)

satisfies∫
O
|p(t, x)− pe(x)|2dx ≤ Ce−µt

∫
O
|po(x)− pe(x)|2dx , ∀t ≥ 0,

with constants C , µ > 0 and po in some set.
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The stabilizing feedback

We denote by a(x) = fp(x , pe) and by y = p − pe .



∂
∂t y = ∆y + a(x)y , t > 0, x ∈ O,

y = u on (0,∞)× Γ1,
∂
∂ny = 0 on (0,∞)× Γ2,

y(0) = yo .

(3)
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The stabilizing feedback

Set
Ay = ∆y + a(x)y , ∀y ∈ D(A),

D(A) =

{
y ∈ H2(O); y = 0 on Γ1,

∂

∂n
y = 0 on Γ2

}
.

Its eigenvalues {λi}∞i=1 and its corresponding eigenfunctions {φi}∞i=1.
There exists N ∈ N such that

λi ≥ 0 for i = 1, ...,N and λi < 0 for i ≥ N + 1.
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The stabilizing feedback

Denote by B the Gram matrix of the system
{
∂
∂nφi

}N
i=1

in the Hilbert
space L2(Γ1).

V. Barbu showed that the feedback

u = η

〈
B−1


〈y , φ1〉
〈y , φ2〉
....
〈y , φN〉

 ,


µ1

∂
∂nφ1

µ2
∂
∂nφ2

...

µN
∂
∂nφN


〉

N

assures the stability provided that the system
{
∂
∂nφi

}N
i=1

is linearly
independent.
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Proof

Via spectral decomposition, the first N modes of the solution y satisfy the
following diagonal system

∂

∂t
〈y , φj〉+

−(k − λj)λj + kη

k − λj − η
〈y , φj〉 = 0, j = 1, ...,N.

So, for η large
−(k − λj)λj + kη

k − λj − η
> 0.
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Dropping the linear independence hypothesis

Simple eigenvalues:

0 ≤ λN < λN−1 < ... < λ1.

Let γ1, ..., γN , N positive constants sufficiently large such that

λ1 < γ1 < γ2 < ... < γN .

Let the matrices

Λγk :=


1

γk−λ1
0 ... 0

0 1
γk−λ2

... 0

... ... ... ...
0 0 ... 1

γk−λN

 , k = 1, ...,N, (4)

ΛS =
N∑

k=1

Λγk .
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Dropping the linear independence hypothesis

Instead of considering the Gram matrix B, we set

Bk = ΛγkBΛγk , k = 1, ...,N.

and define
A = (B1 + B2 + ...+ BN)−1.

Then, the stabilizing feedback is

u =

〈
ΛSA


〈y , φ1〉
〈y , φ2〉
...

〈y , φN〉

 ,


∂
∂νφ1(x)
∂
∂νφ2(x)
...

∂
∂νφN(x)


〉

N

.
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The non-singularity of the sum B1 + ...+ BN .

Assume that there is z =


z1

z2

...
zN

 ∈ RN , nonzero, such that

(B1 + ...+ BN)z = 0.

It follows that

N∑
k=1

〈Bkz , z〉N = 0.

It yields the homogeneous system

N∑
i=1

zi
1

γk − λi
∂

∂ν
φi (x) = 0, ∀1 ≤ k ≤ N.
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The non-singularity of the sum B1 + ...+ BN .

The determinant of the matrix of the system is∣∣∣∣∣∣∣∣∣
1

γ1−λ1

∂
∂νφ1(x) 1

γ1−λ2

∂
∂νφ2(x) ... 1

γ1−λN
∂
∂νφN(x)

1
γ2−λ1

∂
∂νφ1(x) 1

γ2−λ2

∂
∂νφ2(x) ... 1

γ2−λN
∂
∂νφN(x)

... ... ... ...
1

γN−λ1

∂
∂νφ1(x) 1

γN−λ2

∂
∂νφ2(x) ... 1

γN−λN
∂
∂νφN(x)

∣∣∣∣∣∣∣∣∣
=

N∏
i=1

∂

∂ν
φi (x)

∣∣∣∣∣∣∣∣∣
1

γ1−λ1

1
γ1−λ2

... 1
γ1−λN

1
γ2−λ1

1
γ2−λ2

... 1
γ2−λN

... ... ... ...
1

γN−λ1

1
γN−λ2

... 1
γN−λN

∣∣∣∣∣∣∣∣∣ 6= 0, a.e. x ∈ Γ1,
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Sketch of the proof

Zt = −γ1Z +
N∑

k=2

(γ1 − γk)BkAZ, t > 0; Z(0) = Zo . (5)

1

2

d

dt
‖A

1
2Z(t)‖2

N = −γ1‖A
1
2Z(t)‖2

N +
N∑

k=2

(γ1 − γk) 〈BkAZ(t),AZ(t)〉N ,

(6)

1

2

d

dt
‖A

1
2Z(t)‖2

N ≤ −γ1‖A
1
2Z(t)‖2

N , t ≥ 0 (7)
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Applications

MHD in a 2-D periodic channel

I. M., Boundary stabilization of a 2-D periodic MHD channel flow, by
proportional feedbacks, to appear in ESAIM:COCV 2016.

phase field equations
I. M., Boundary stabilization of the phase field system by
finite-dimensional feedback controllers, Journal of Mathematical
Analysis and Applications 2014

Navier-Stokes with memory
I.M., Boundary stabilization of the Navier-Stokes Equation with
Fading Memory , International Journal of Control, 2015

I.M., Stabilization of Semilinear Heat Equations, with Fading Memory,
by boundary feedbacks, Journal of Differential Equations 2015.
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