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Problem presentation

The Cahn-Hilliard system (CH)

@, — A (—vA@+ F'(¢) —740) =0, in (0,00) x Q,

0+ o) —AO =0, in (0,00) x O,

00 Jdp OdAp
E_E_W_O' on (0,00) x 9Q,
0(0) = 6o, ¢(0) = g, in Q.
(9* —1)?
¢ = order parameter, 6 = temperature, F(¢) = 2

v, o, o > 0 problem parameters
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Problem presentation

A simple analysis of the linearized system around a stationary state

(¢ O) reveals that, in general, not all of the solutions to the stationary
system are aymptotically stable and so, their stabilization via a feedback
controller with support in an arbitrary subset w C Q) is of crucial
importance.
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Problem presentation

The Cahn-Hilliard system (CH)

¢, — A (—vA@ + F'(¢) —70) = 1.,v, in (0,00) x O,

0+ lhe)r — A8 =17,u, in (0,00) x O,

00 dp OdAp
E_E_W_O' on (0,00) x 9Q,
0(0) = 6o, ¢(0) = g, in Q.
(9* —1)?
¢ = order parameter, 6 = temperature, F(¢) = 2

v, o, o > 0 problem parameters
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Problem presentation

w open bounded subset of O C RY, d =1,2,3

wyq Is an open subset of w

17 € G3°(Q)), suppl), Cw, 17, >0 onwy
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Problem presentation

Problem

The aim is to stabilize exponentially the solution to (CH) around a
stationary solution (¢, 0« ) by the means of a feedback control

(v.u) = F(9.0)

Namely
lim (¢(t),6(t)) = (@o0: 0e0),

t—o0

with exponential decay, as the initial datum (¢, 0o) is in a neighborhood
of (qooo' 900)
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Problem presentation

Lemma

The stationary system

VA’ @y, — A(F'(9o) —700) = 0, inQ,
_Agoo = 0, in Q,
) oA -
o = (POOIBLZO, onT

v ov ov

has at least a solution

0o = constant, ¢ € H*(Q).
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Problem presentation

@ The stabilization technique already used for Navier-Stokes equations
and nonlinear parabolic systems is based on the design of the
feedback controller as linear combination of the unstable modes of
the corresponding linearized system.
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Presentation outline

© Problem presentation. Preliminaries

@ Proof of the stabilization of the linear system by a finite dimensional
control (contructed as a linear combination of the unstable
eigenvalues of the linear operator)

© Construction of the feedback control F and proof of its properties

@ Proof of the existence of a unique solution to the nonlinear closed
loop system (with (v, u) = F (6, ¢)) and stabilization of this solution.
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Preliminaries: the transformed nonlinear system

oc=uo(0+ bhe), ag= 7—00, I:= vl

@, + VA2 @ — AF' () — IAp + yAc = 1%,v, in (0,00) x Q,

0t — A0+ YA = 1%,u, in (0,00) x ),

@(0) = ¢y, (0) =0y, in Q,

dp JdAep do .
5_871/_871/_0' in (0,00) xT.
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Preliminaries: the new nonlinear system (NNS)

Y =@ =P Z=0 = 0o
ve A%y — A(F" (@ )y) — IAy +9Az = 1},v + AF,(y), in (0,00) x Q,

z; — Az + Ay = 1},u, in (0,00) X Q,

dy dAy dz .

g—aT—aV—O, In(0,00)XF,
y(0) =0 = ¢y — P, 2(0) = 20 = 09 — Teo, in Q.
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Preliminaries: the transformed nonlinear system

ye +UA%y — A((@+g(x))Y) — Ay + Az = 15,v + AF.(y),

=/ i 1
FLi=— | F'lpu(@)de

3
mq
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Preliminaries: the transformed nonlinear system (NS)

Vi +VA%y — FiAy + yAz = v+ A(F(y)+g(x)y), in (0,00) x Q,

zy — Az +yAy = 17,u, in (0,00) X Q,
dy OdAy dz .
g—aT—av—O, In(0,00)Xr,

¥(0) = yo = @y = ¢, 2(0) = 20 = 00 — Oo, in Q0.
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Preliminaries: the linear system (LS)

vi +VA%y — FAy + yAz = 17v, in (0,00) x Q,
zz — Az+yAy =17 ,u, in (0,00) x O,
dy B JdAy B 0z o
E_W_av_o' in (0,00) xT.
y(0) = yo, z(0) = z, in Q.

Gabriela Marinoschi, ISMMA ()



Functional framework

H=1%(Q), V=H{(Q), V' =(HQ))
Introduce A: D(A) CHxH — HxH,

D(A) = {w=(y,z) € H*(Q) x H(Q); Aw € H x H,
dy JdAy 0dz
81/_81/_81/_00nr}

_[vA2—FA A
A= A —A]
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The linear system

Lemma

The operator A is quasi m-accretive on H X H and its resolvent is
compact.
Let (yo,20) € Hx H and U = (v, u) € L?(0, T; H x H). Then, problem

%(Y(t)vZ(t)) + Ay (1), 2(1)) = 1,U(1), ae t€(0,00),  (LS)

(¥(0),2(0)) = (%0, 20)

has a unique solution

(v.z) € C([0, T]; Hx H)NL?(0, T; H*(Q) x H}(Q))
NC((0, T]; H*(Q) x H}(QY))

forall T > 0.

Gabriela Marinoschi, ISMMA ()



The linear system

A is self-adjoint = its eigenvalues are real and semi-simple.

The eigenvectors corresponding to distinct eigenvalues are orthogonal

The resolvent of A is compact = there exists a finite number N of
nonpositive eigenvalues

Ai <0, fori=1,.. N.

AM< A< <Ay< )\N+1 < ...
Let (¢;,,)i>1 be the eigenvectors.

Gabriela Marinoschi, ISMMA ()
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2. Stabilization of the linear system by a finite dimensional

controller

N

U(t, x) = (v(t,x), u(t,x)) =} w;(t)(@;(x), $;(x))

j=1

The open loop linear system (OLS)

N
C(0),2() + A (D, 2()) = Y w1y 9,). ae t>0
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2. Stabilization of the linear system by a finite dimensional
controller

Lemma

There exist w; € L2(R"), j =1,..., N, such that the controller

N
U(t, x) = (v(t,x), u(t, x)) = ; w; (1) (9;(x), ¥;(x)), =0, x € O,

stabilizes exponentially (OLS), that is its solution (y, z) satisfies

ly ()Ml + 1121y < Coe™ (V0] + 12°]]) + for all £ >0

N o 1/2
(£ [0 a) <G (el + 191,

Cp is a positive constant depending on the problem parameters (v, v, 1)
and ||,

L2(Q)
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2. Stabilization of the linear system by a finite dimensional

controller

Let Ty > 0 be arbitrary fixed.
The solution is represented by a sum of two pairs of functions such that

the functions in the first pair vanishes at t = Ty and the functions in the
second pair decrease exponential to 0, as t — 0.

[ee]

(v(t,x), 2(t, %)) = }_ &;(£)(9;(x). (), (t,x) € (0,00) x O,

J=1

N
i+ Aig =) widy, ;(0) =g, fori>1,
j=1

dU:/()1;(¢i¢j+¢,¢j)dx, =1 N, i=1,..
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2. Stabilization of the linear system by a finite dimensional
controller

(i) System from i =1, ..., N is null controllable in Ty

&(To)=0foralli=1,..,N,
Ingredients: system {\/I5,¢;, v/ 12,1[11-}1’-\’:1 is linearly independent on w,

Kalman Lemma
(ii) System from i = N + 1, ...is stabilized exponentially in origin

To 1/2
GO < Geter <|c,-o|+(/o Wi o) )

fort > To, i>2N+1
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3. Construction of the feedback control and properties

Let
A:D(A) C H—H, A= —-A+1,

D(A) = {W € H*(Q); aa']’/" =0on r}.

Define A*, & > 0.
A% is a linear continuous positive and self-adjoint operator on H

D(A%) = {w € H; [|A®w]|,; < oo}

||W||D(A"‘) = [|A%w|l}, -

D(A%) C H?*(Q) with equality if and only if 2a < 3/2
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3. Construction of the feedback control and properties

®(y°,2°%) (P)
= win{ [ (| + o], + 1wl ) o

subject to (OLS), for all W = (wy, ..., wy) € L2(0,oo;]RN)
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3. Construction of the feedback control and properties

Lemma

For each pair (y°,2°) € D(A'Y/?) x D(AY*), problem (P) has a unique
optimal solution ({Wj*}J/-V:l, y*, z").

IN

(y°, 2%

a (]l + ]

o (2=, +
H H

IN

H

V(y°,2%) € D(A) x D(AY?)
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3. Construction of the feedback control and properties

There exists a linear positive operator

R € L(D(A'?) x D(AY*); (D(AY?) x (D(AV*))
such that

q)(yo,zo) = (R(yo,zo), (yo,zo)) for all (yo,zo) = D(Al/2) X D(A1/4).

N

Moreover, R(y°, 2°) is the Gateaux derivative of the function ® at (y°, z°)

@' (0, 2%) = R(y°, 20), for all (y°,2°) € D(AY?) x D(AY*)

and R is self-adjoint.
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3. Construction of the feedback control and properties

N
S (0).2(0) + A (D), 2() = Y w1l 9,). ae t>0

—.
Il
—
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3. Construction of the feedback control and properties

S (0. 2(6) + Ay (1), 2(8) = BW(1), ae. t>0,
((0).2(0) = (°.2).
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3. Construction of the feedback control and properties

B:RV - HxH, B":HxH—R",

Lo@iwi w1
foral W=1| ... | eRV
1Z;¢;Wi Wy

BW =

M=M=

1

Jo 1o(pra1 + ¢,q2)dx "
B*q = forallq:[q }EHXH.
Jo Lo (onar + Pya2)dx ?
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3. Construction of the feedback control and properties

(15v,15u) =1;U = —BB*R(y", z")
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3. Construction of the feedback control and properties

Lemma

Let W* = {w;}V., and (y*, z*) be optimal for problem (P)

1

corresponding to (y°,z°) € D(AY/?) x D(AY*). Then,

W*(t) = —=B*R(y*(t),z*(t)), forall t > 0.

R has the following properties

IN

(R, 2°), (v°, 2°))

2¢; [|(y°. 2°) ||2D(A1/2)><D(A1/4) '

2¢ | (v*. 2% HfD(A1/2)><D(A1/4)

IN

V (%, 2% € D(AY?) x D(AY*)
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3. Construction of the feedback control and properties

Lemma

HR(yO’ZO)HHXH = CRH(yO’ZO)HD(A)XD(Al/Q)’

V (y°, 2% € D(A) x D(A?)
R satisfies the Riccati algebraic equation
“ 2
2 (R(yo'zo)'A(yo'ZO))HxH +8 R(yo'ZO)HIRN
- el
H H'

Y (y0, 20) € D(A3/?) x D(A3/%).
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4. Feedback stabilization of the closed loop nonlinear

system

V(0. 2(0) + Aly(0).2()) = G(y(t) —1LU(2), ae t>0,
(¥(0),2(0)) = (,2),

where (yo, 29) is fixed, G(y(t)) = (G(y(t)),0) and

G(y) = AF(y) + Alg(x)y).
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4. Feedback stabilization of the closed loop nonlinear

system

—(y(t),z(t)) + A(y(t),z(t)) = G(y(t)) — BB*R(y(t),2(t)), ae. t,
(¥(0),2(0)) = (v0.2),

where (yo, 29) is fixed, G(y(t)) = (G(y(t)),0) and

G(y) = AF(y) + Alg(x)y).
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4. Feedback stabilization of the closed loop nonlinear
system

Let Xoo := VOl + [[A@ ||, - There exists xq > 0 such that the
following hold true. If x., < x, there exists p such that for all pairs

||y0||D(A1/2) + ||ZO||D(A1/4) <p
the closed loop system has a unique solution

(y.z) € C(0,00,H x H)NL%(0, 00; D(A¥2) x D(A3*))
NW2(0, c0; (D(A'2) x D(AY*))"),

which is exponentially stable, that is

ly () lpgarrzy + 12() [ parvsy < CPe_kt(HYOHD(Al/2) + |20l p(arra))-

v

Gabriela Marinoschi, ISMMA () K1TO une 2010,



4. Feedback stabilization of the closed loop nonlinear
system

Proof is organized in 3 steps: existence, uniqueness and stabilization. [

@ Step 1. Existence is proved on every interval [0, T| by the Schauder
fixed point theorem.
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4. Feedback stabilization of the closed loop nonlinear
system

Proof is organized in 3 steps: existence, uniqueness and stabilization. [

e Step 1. Existence is proved on every interval [0, T| by the Schauder
fixed point theorem.

@ Step 2. Uniqueness is proved on [0, T| following by an usual method
and using that BB* is linear continuous from V' x V/ — V/ x V/.

e Existence and uniqueness on [0, c0) follow by those above.

@ Step 3. Estimates using Riccati eq. and the properties of R lead to

1y () lpgarrzy + 12() [ parrsy < CPefkt(HYOHD(Al/Z) + |20l pave))-
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4. Feedback stabilization of the closed loop nonlinear

system

Let (y0,20) € D(AY?) x D(AY*)

St = {(y,Z)ELz(O. T;H x H); sup (Hy(t)HzD(A1/2)+||Z(t)H2D(A1/4)>
te(0,T)

o (ol ol o< )

St is a convex closed subset of L2(O, T: D(A3/2*E) x H), e€(0,1/4)
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4. Feedback stabilization of the closed loop nonlinear

system

Fix (y¥,Z) € St and consider the Cauchy problem
C((0).2(0) + Ay (1), (1)) + BB'R(y (1), 2(1)) = G((1)), ae. ¢
((0).2(0)) = (v0.2).
Define
¥r:Sr— L2(0, T;D(A* ) x H), ¥7(7.2) = (v,2)
i) ¥7(S7) C St provided that r is well chosen

i) Y7(ST) is relatively compact in L2(0, T; D(A3/2*£) x H)
iii) Y1 is continuous in L2(0, T; D(A3/27¢) x H) norm.

Gabriela Marinoschi, ISMMA () une 2010,



4. Feedback stabilization of the closed loop nonlinear

system
e Multiply eq. by R(y(t),z(t)) scalarly in H x H and use Riccati eq.
2 2 N 3/2 2 3/4
Iy () are) + NzOlban + [ (4726, +[4742(s)

't
< o (ool + ol qary + [ 16N o)
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4. Feedback stabilization of the closed loop nonlinear

system

e Multiply eq. by R(y(t),z(t)) scalarly in H x H and use Riccati eq.
2 2 N 4302 2 3/4
Iy (8 army + 2(8) ey + | (HA y(s)| + |4 4z(s)]
t
< o (Ioollbgary + laallgany + [ 16 o)

@ Estimate G norm

.
/O IGE (NI dt < C(° + [ pull3 o r* + ]300 7).
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4. Feedback stabilization of the closed loop nonlinear

system

e Multiply eq. by R(y(t),z(t)) scalarly in H x H and use Riccati eq.
t 2
1y (D)1 pgarray + 12(E) I arvay + A2y (s)|| + A 2(s)
(A/2) (A9 s H
2 2 ! 2
< o (Ioollbgary + laallgany + [ 16 o)
@ Estimate G norm
T2 6 2 4 2 2
/0 IG(NN dt < Cr° + | @uollze0 7 + 1811200 7).

o Fixr
Crp® + CCp(r° + (|9l oo * + 1811300 ) < 72
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4. Feedback stabilization of the closed loop nonlinear

system

Poo = Xoo = VPl + 180l

Pl + 4 llgullS + CCH 2
- 2

where C is a constant independent of ¢, and Cp depends on the problem
parameters and [|¢|| ;2 () -
Assume

Xo *

Xeo < Xo
Fix r (depending on [l ||, .,) and p < (2Cp)~/2r such that for

1¥ollp(arrz) +ll20ll pavey < o,

the closed loop system is exponentially stable.
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4. Feedback stabilization of the closed loop nonlinear
system

Xeo = VPl + 180, |loe < X0 (depends on [|g,,]|,,)

Any constant stationary solution can be stabilized. \
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4. Feedback stabilization of the closed loop nonlinear
system

One might work directly with the linearized system assuming the key
hypothesis that all unstable eigenvalues {/\j}’.V: | are semi-simple.

In this case the condition ||V ||, + |A¢sll < Xo is no longer
necessary.

Gabriela Marinoschi, ISMMA ()
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