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1. Biofilm development

Eberl-Parker-van Loosdrecht [3](2001) (Sharp interface model)
QcR3 Q=x(0,7), Qy (liquid region), Qs (solid region),
w. biomass density, v: velocity of the fluid, w: nutrient concentration

(B)  ut—AB(w) +bu= f(w)u, 0 <u<u’,in Q,

interface (NS) vi—vAv+4+(v-V)v= —E, div v=20, in Qy,

(“liauid v=20in Qs, "

(N)  wi—div(d(w)Vw) + v - Vw = — f(w)u,
0<w<1,in Q,

. Bis an increasing function on [0, u*), 8(0) = B/(0) = 0, B(u) 1t oo (u T u*),
. f(w)u is called the nutrient consumption:

k1w

f(w) = with constants ki1, ko> > 0, (growth rate)

. d(u) is bounded, strictly positive and smooth in v € [0, u*],
- b, v, p are positive constants, P is the pressure of the fluid.

ko 4+ w



A relaxation model
We postulate that there is a thin layer between solid and liquid.
It is determined by the spatial average of u: u® := p: xu, g € (0,u*)

(solid) 6g < uf(x,t) <u*, v=0
(mixture) 0 < u® < dp,

0 < |v| < po(u)
(liquid) u® = 0, no constraint on v

\ mixture Po (1)
é (0<u€<dy)

t 2 A

(,,
LB ( 5, < uE < u)




2. Approximate problems and variational formulation

(1) Weak formulation of (B): u; — AB(u)+v-Vut +bu > f(w)u in Q

B(u)

H :=L%(Q), V= HY(Q), VchV*
2lv = (V2 +no [ |2dr}2, no > 0;

<> V*xV —= R, duality;
F:V — V* duality map,

y <Fuz>—/Vu Vzd:r;—l—no/uzdl_

Fig.1

(Fu~ —Au in Q,—5> =ngu on ')

Given w € L2(0,T;V), v € L2(0,T;V3) and ug € H, we consider:

(B;w,Vv,ug)

7\

y

\

we Wh200,T;v*), 4 e L2(0,T;V), @€ B8(u) a.e. on Q,
u'(t) + Fa(t)+v(t) - Vue(t)Fbu(t) = f(w(t))u(t) in V*,
u(-,0) =wug in V*

where B: maximal monotone, 3(0) € 0, B;(O) =0, B(r) T oo (rtu*),

See Brézis [1] (1973) and Damlamian-K. [2] (1999) for —ARB.



(2) Approximate Navier-Stokes variational inequality
(NS) vi—vAVHIT ey (V) + (V- V)V 3 —VTP, divv = 0, in Q,

Dy (Q) == {z € D()3 | divz=0 in Q},

H, := D, (Q) in L?(Q)3, Po(
Vo :=Ds(Q2) in H5(2)3, o
V*: dual space of V,, Vo C H, C V. ’ o
K(u®t) i={z € Vo||z| < po(u®(-,t)) in €2} \
Ku(u®;t) :={z € Vol|lz| <pu(u(-,t)) in Q}. - \50 -

(NS)u vi—=vAVHIL e ey (V) + (V- V)V 3 —%, divv = 0, in Q,

p

v € WH2(0,T; He), |v| < pu(uf) a.e. on Q;
/Q V(1) - (v(t) — n)dz + v /Q Vv (t) - V(v(t) — n)dz

(NSiuvolu + [[(v(®)- VIV - (v(8) = m)de < 0,

. Vn € Vo, |n] <pu(us(-,t)) a.e. on €,
| v(-,0) =vg in Hp,
See Fukao-K.[3](2015) and Gokieli-K-Niezgddka [6](2016).




(3) Variational formulation of nutrient transport/consumption

(N) wy — div(d(u®)Vw) + v - Vw+0I gy (w) 3 = f(w)u in Q
where K(N) :={zecV | 0<2z2<1,|Vz| <N in 2} for a const. N > 0.

(wewb2(0,T; H)nc([0,T]; V), 0<w< 1, |[Vw| < N;
/Q W' (8) (w(t) — 2)dx + /Q d(uf (1)) Vw(t) - V(w(t) — z)dz

(Vv w0) ) [ v(e) - Fu(®) (w(t) - )da < — [ Fo@)u(t)(w(?) - 2)de
VzeV, 0<z<1, |[Vz| <N,

- w(0) = wo.
d(u®)
Approximate full problem F,:  For each
parameter p > 0 a triplet {wy, vy, wyu} is

called a solution of P,, if uy,vy, and wy
satisfy the system

(B;wuavﬂauO)a (NS;U’,LL?VO)/M (N;’U,M,VILL,QUO) 0 T

Fig.2



3. Convergence and an existence result

Assume that the parameter € > 0 is fixed,

ug € H, B(ug) € L*(©2) (hence 0 < ug < u*), B: primitive of g,
vp € Vo N C(Q),

vo = 0 on a neighborhood of {x € Q | ug(z) > dp}
wg €V, 0<wg <1, [Vuwg| <N on Q.

Then we have:

Proposition. For any small x > 0 problem P, has at least one solution

{wp, v, wut
Proof. Find a fixed point of § by the Schauder’s fixed-point theorem:

Iteration Scheme

u — Vv by solving (NS;u,vg)y — w by solving (N;u,v,wq)u
0 )
T u=Su i

y Z y
N\ A\ N\

< u by solving (B;w, Vv, ug)

A
AN
AN
AN



Theorem (Gokieli-K-Niezgodka [5](2016)). There exists a sequence {un}
with un, — 0 such that

wp, — u weakly in Wh2(0,T; V*), wuy,(t) — u(t) weakly in H, Vvt c [0, T],
wy, — w in C([0,T]; V), weakly in W12(0,T; H),
vy, — v in L?(0,T; Hy) and weakly in L?(0,T; Vy),

and that {u,v,w} satisfies (B; w,v,uq), (N;u,v,wg) and
v] < po(u®) a.e. in Q@ (hence v =0 a.e. in {u*(z,t) > do});
t " ( )dd—|—tVV( Ydzd
/O/QUV—T] raT V/O/Q VvV vV —n)axraTt

+//(v Vv (v— )dacd7-+—|V(t)—77(t)| < o — (O,

I\J

/Qv(t) n(t)dz is of BV in t € [0,T], v(0)=vg in Hy,

Vvt € [0,T], Vn € K(uf),

where K(uf) = {77 c Cl([O,T];W(l):(A;(Q)) T7;1|p§[)§972)(§55[1§r§xé)t) <90}, }
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