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1. Biofilm development

Eberl-Parker-van Loosdrecht [3](2001) (Sharp interface model)

Ω ⊂ R3, Q = Ω× (0, T ), Qℓ (liquid region), Qs (solid region),

u: biomass density, v: velocity of the fluid, w: nutrient concentration

(B) ut −∆β(u) + bu = f(w)u, 0 ≤ u < u∗, in Q,

(NS) vt − ν∆v+ (v · ∇)v = −
∇P
ρ

, div v = 0, in Qℓ,

v = 0 in Qs,

(N) wt − div(d(u)∇w) + v · ∇w = −f(w)u,

0 ≤ w ≤ 1, in Q,

· β is an increasing function on [0, u∗), β(0) = β′(0) = 0, β(u) ↑ ∞ (u ↑ u∗),
· f(w)u is called the nutrient consumption:

f(w) =
k1w

k2 + w
with constants k1, k2 > 0, (growth rate)

· d(u) is bounded, strictly positive and smooth in u ∈ [0, u∗],
· b, ν, ρ are positive constants, P is the pressure of the fluid.



A relaxation model

We postulate that there is a thin layer between solid and liquid.

It is determined by the spatial average of u: uε := ρε ∗ u, δ0 ∈ (0, u∗)

(solid) δ0 ≤ uε(x, t) < u∗, v = 0

(mixture) 0 < uε < δ0,

0 ≤ |v| ≤ p0(u
ε)

(liquid) uε = 0, no constraint on v



2. Approximate problems and variational formulation

(1) Weak formulation of (B): ut −∆β(u)+v · ∇uε + bu ∋ f(w)u in Q

H := L2(Ω), V := H1(Ω), V ⊂ H ⊂ V ∗

|z|V = {|∇z|2H + n0

∫
Γ
|z|2dΓ}

1
2, n0 > 0;

< ·, · >: V ∗ × V → R, duality;

F : V → V ∗, duality map,

< Fũ, z >:=
∫
Ω
∇ũ · ∇zdx+ n0

∫
Γ
ũzdΓ

(F ũ ≈ −∆ũ in Ω,−∂ũ
∂n = n0ũ on Γ)

Given w ∈ L2(0, T ;V ), v ∈ L2(0, T ;V 3) and u0 ∈ H, we consider:

(B;w,v, u0)


u ∈W1,2(0, T ;V ∗), ũ ∈ L2(0, T ;V ), ũ ∈ β(u) a.e. on Q,

u′(t) + F ũ(t)+v(t) · ∇uε(t)+bu(t) = f(w(t))u(t) in V ∗,

u(·,0) = u0 in V ∗

where β: maximal monotone, β(0) ∈ 0, β′+(0) = 0, β(r) ↑ ∞ (r ↑ u∗),

See Brézis [1] (1973) and Damlamian-K. [2] (1999) for −∆β.



(2) Approximate Navier-Stokes variational inequality

(NS) vt − ν∆v+∂IK(uε;t)(v) + (v · ∇)v ∋ −∇Pρ , divv = 0, in Q,

Dσ(Ω) := {z ∈ D(Ω)3 | div z = 0 in Ω},
Hσ := Dσ(Ω) in L2(Ω)3,

Vσ := Dσ(Ω) in H1
0(Ω)3,

V∗σ: dual space of Vσ, Vσ ⊂ Hσ ⊂ V∗σ.
K(uε; t) := {z ∈ Vσ||z| ≤ p0(u

ε(·, t)) in Ω}.
Kµ(uε; t) := {z ∈ Vσ||z| ≤ pµ(uε(·, t)) in Ω}.

(NS)µ vt − ν∆v+∂IKµ(uε;t)(v) + (v · ∇)v ∋ −∇Pρ , divv = 0, in Q,

(NS;u,v0)µ



v ∈W1,2(0, T ;Hσ), |v| ≤ pµ(uε) a.e. on Q;∫
Ω
v′(t) · (v(t)− η)dx+ ν

∫
Ω
∇v(t) · ∇(v(t)− η)dx

+
∫
Ω
(v(t) · ∇)v(t) · (v(t)− η)dx ≤ 0,

∀η ∈ Vσ, |η| ≤ pµ(uε(·, t)) a.e. on Ω,

v(·,0) = v0 in Hσ,

See Fukao-K.[3](2015) and Gokieli-K-Niezgódka [6](2016).



(3) Variational formulation of nutrient transport/consumption

(N) wt − div(d(uε)∇w) + v · ∇w+∂IK(N)(w) ∋ −f(w)u in Q

where K(N) := {z ∈ V | 0 ≤ z ≤ 1, |∇z| ≤ N in Ω} for a const. N > 0.

(N ;u,v, w0)



w ∈W1,2(0, T ;H) ∩ C([0, T ];V ), 0 ≤ w ≤ 1, |∇w| ≤ N ;∫
Ω
w′(t)(w(t)− z)dx+

∫
Ω
d(uε(t))∇w(t) · ∇(w(t)− z)dx

+
∫
Ω
v(t) · ∇w(t)(w(t)− z)dx ≤ −

∫
Ω
f(w(t))u(t)(w(t)− z)dx,

∀z ∈ V, 0 ≤ z ≤ 1, |∇z| ≤ N,

w(0) = w0.

Approximate full problem Pµ: For each

parameter µ > 0 a triplet {uµ,vµ, wµ} is

called a solution of Pµ, if uµ,vµ and wµ

satisfy the system

(B;wµ,vµ, u0), (NS;uµ,v0)µ, (N ;uµ,vµ, w0)



3. Convergence and an existence result

Assume that the parameter ε > 0 is fixed,

u0 ∈ H, β̂(u0) ∈ L1(Ω) (hence 0 ≤ u0 ≤ u∗), β̂ : primitive of β,

v0 ∈ Vσ ∩C(Ω),

v0 = 0 on a neighborhood of {x ∈ Ω | uε0(x) > δ0}
w0 ∈ V, 0 ≤ w0 ≤ 1, |∇w0| ≤ N on Ω.

Then we have:

Proposition. For any small µ > 0 problem Pµ has at least one solution

{uµ,vµ, wµ}.
Proof. Find a fixed point of S by the Schauder’s fixed-point theorem:

Iteration Scheme

u −→ v by solving (NS;u,v0)µ −→ w by solving (N ;u,v, w0)µ
↑ ↓
↑ ū = Su ↓
←−←−←−←−←−←−←−←−←− ū by solving (B;w,v, u0)



Theorem (Gokieli-K-Niezgódka [5](2016)). There exists a sequence {µn}
with µn → 0 such that

uµn → u weakly in W1,2(0, T ;V ∗), uµn(t)→ u(t) weakly in H, ∀t ∈ [0, T ],
wµn → w in C([0, T ];V ), weakly in W1,2(0, T ;H),
vµn → v in L2(0, T ;Hσ) and weakly in L2(0, T ;Vσ),

and that {u,v, w} satisfies (B;w,v, u0), (N ;u,v, w0) and

|v| ≤ p0(u
ε) a.e. in Q (hence v = 0 a.e. in {uε(x, t) ≥ δ0});∫ t

0

∫
Ω
η′ · (v − η)dxdτ + ν

∫ t

0

∫
Ω
∇v · ∇(v − η)dxdτ

+
∫ t

0

∫
Ω
(v · ∇)v · (v − η)dxdτ +

1

2
|v(t)− η(t)|2Hσ

≤
1

2
|v0 − η(0)|2Hσ

,

∫
Ω
v(t) · η(t)dx is of BV in t ∈ [0, T ], v(0) = v0 in Hσ,

∀t ∈ [0, T ], ∀η ∈ K(uε),

where K(uε) :=

{
η ∈ C1([0, T ];W1,4

0,σ(Ω))

∣∣∣∣∣ supp(η) ⊂ {uε(x, t) < δ0},
|η| ≤ p0(u

ε) on Q

}
.
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6. M. Gokieli, N. Kenmochi and M. Niezgódka (2016), Variational inequalities for Navier-

Stokes type with time-dependent constraints, in preparation.

7. M. Peszynska, A. Trykozko, G, Iltis and S. Schlueter (2015), Biofilm growth in porous

media: Experiments, computational modeling at the porescale, and upscaling, Advances in

Water Resources, 1-14.



Thank you for your attention


