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@ Optimal control of elliptic and parabolic PDEs with constraints on the
control and/or the state on a stationary surface;

@ Optimal control of parabolic PDEs on evolving surfaces;

@ Next steps
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Approach

We follow the planar case to treat optimal control problems on surfaces.
Concerning discretization, the approximation of the surface has to be considered;
— Elliptic case
@ Use Dziuk’s finite element concept for the Laplace Beltrami operator of
1988 for the discretization of the state equation;
o Use variational discretization (H. COAP 2005) for the discretization of the
control problem;
o Use a semismooth Newton method of Hintermiiller, Ito and Kunisch;
Michael Ulbrich (SIOPT 2003) to solve the resulting nonlinear systems.
— Parabolic case
@ Combine dg in time discretization with the spatial FE treatment of the
Laplace Beltrami operator in the case of stationary surfaces;
@ Use the ESFEM of Dziuk and Elliott (Acta Numerica 2013) for the
discretization of the parabolic PDE on the evolving surface;
@ Alternatively, use the pullback approach of H. Kréner (arXiv:1501.07900
2016) for the treatment of the evolving surfaces;
@ Use variational discretization (H. COAP 2005) for the discretization of the
control problem.
@ Use a semismooth Newton method of Hintermiiller et al. (SIOPT 2003)
and M. Ulbrich (SIOPT 2003) to solve the resulting nonlinear systems.
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Problem statement, elliptic case

Let T C R™1, n = 1,2 denote an n-dimensional, sufficiently smooth, closed
hypersurface.

Consider

1 a
i J = — — 2 — 2
wer2@ T @) = gy = 2l + el

(P) subject to u € U,y and
/Vrersa +ceypdl = /mp dr,ve € H(I),
r r

where U,y = {ve L’ |[a<v<b},a<beR
For simplicity we assume I' to be compact and ¢ = 1.

It follows by standard arguments that problem (P) admits a unique solution
u € U,q with unique associated state y =: Su € H?(T), and

u=Pu, (= 5p@). pl)=S"(Su—2).
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Technicalities

We assume that T is of class C2. As an embedded, compact hypersurface in
R it is orientable with an exterior unit normal field v and hence the zero level
set of a signed distance function d such that |d(x)| = dist(x, ) and

o) = Y90

=——"—forxerl.
(Ivd ()l

Further, there exists a neighborhood N/ C R™t! of T, such that d is also of class
C? on N and the projection

a:N =T, a(x)=x—dx)Vd(x)
is unique with Vd(x) = v(a(x)), see e.g. Gilbarg-Trudinger 1998.
For ¢ : T — R we with $(x) = ¢(a(x)) have
Vig = (1 —ww')V,
with the euclidean projection (I — vvT) onto the tangential space of T.
The Laplace-Beltrami operator Ar : H1(I') — H()* in its weak form reads

y — —/Vrer(-)dl' € HY(n)*.
r
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Approximation of Gamma
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Discretization of the surface I’

Following Dziuk 1988, we consider polyhedral
rt = l_J 71
icly,

consisting of triangles T,’; with corners on I, whose maximum diameter is
denoted by h, yielding a regular and, if needed, quasiuniform partition.
We assume

ar"y=r
in a one-to-one manner. In order to compare functions defined on " with
functions on I we use a to lift a function y € L2(T") to T

y'(a(x)) = y(x) vxerh,
and for y € L2(I') and sufficiently small h > 0 we define the inverse lift

yi(x) = y(a(x)) vxerh,

For small enough mesh parameters h the lift operation (-); : L2(T) — L2(T")

defines a linear homeomorphism with inverse (-)!. Moreover, there exists C > 0
such that

1— cr? <1+ ChH?,

2 12
< “(')l”L(LZ(r)’p(rh))’ ”(') ||L(L2(I'h),L2(I'))
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Discrete control problem

Problem (P) is approximated by the following sequence of optimal control
problems

. 1 2 @ 2
uGLz(IIH'I)I?yGVh J("?.Y) - E”y - zl||l_2(rh) + 5||u||’_2(rh)

P
(Pn) subjectto u € U;’d and
Yn = Shu,
with U;'d ={ve L2rhyja<v< b}. For some v € L2(rhy let
Spv := yp € V, solve
/h VinyaVine + cynp dart = /h vodl" Vo € v,
r r

where

Vi={p e (") |Vieth: ol € PTI)} C H'(™).
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Discrete Laplace-Beltrami operator (Dziuk 88)

Dziuk 88 explained, how to implement Sy, : L2(M") — L2(I'"). The key ingredient
is the discrete Laplace-Beltrami operator

—Arhy =v on l‘,,,

which for v € HY([,)* is defined by
/r VYV, ¢dTh = (Vs O ey, Hi(r,) =
h

Let ¢1,...,¢n denote the piecewise linear, continuous a nodal basis of V}, and

N
let y, = Z Yi®i- Then the solution y, € V};, of —Ar,y, = v is defined through
=

the solution of the linear system
N
Z_Vi/r Vi, ®iVr,oxdTh = (v, o) yi(r,yui(r,)= for k=1,..., N.
i=1 h

It remains to compute integrals fT,- V.—h¢,-V|-h¢de£ which can be done by
h

parametrising functions over the unit triangle T C R2.
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Error estimate for the control problem (Vierling, H. JCM 2012)

It follows by standard arguments that problem (Pp) admits a unique solution
up € U:d with unique associated state y, € V}, and

1
un = Pyn (—Eph(uh)) s Pnlun) :== S5 (Spup — z).

With the help of
1
(Pugd (v,)) =Py, (v) for all v € L2(T)

and the error estimate of Dziuk 1988
1C)'Sn () = Sllcz(ry 2y < CH*.

we now can prove

ﬂ%—wmm+m,yhm<c(\m)aops)u—ahm

+ H(( )'Sh()i — S) HL2(r)> < Ch.
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Sketch of proof

uy is the L2(I'")-orthogonal projection of — (ép(u))l. thus a feasible test control,
(ocun + py(un)s uy — up) 2chy 2 0.

On the other hand u; is the L?(I"")-orthogonal projection of —ép(u),. thus

1
= — o,y — <o.
( aP(”)I up, up = up) 20hy <
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uy is the L2(r")-orthogonal projection of — (ép(u))l. thus a feasible test control,
(ocun + py(un)s uy — up) 2chy 2 0.

On the other hand u; is the L?(I"")-orthogonal projection of —ép(u),. thus

! <o

(_;P(”)I — up, up — up)2chy <0

Adding these inequalities yields

2
alluy — upllp2 ey < ((Pa(un) — p(u)1) s o — p) 2 0hy

= (pn(un) = Sy (y — 2D — un) 20hy + (S (v — 21 — P(u)i> ur — un) 12 rhy-



UH
™
n

Sketch of proof

uy is the L2(r")-orthogonal projection of — (ép(u))l. thus a feasible test control,
(ocun + py(un)s uy — up) 2chy 2 0.
On the other hand u; is the L?(I"")-orthogonal projection of —ép(u),. thus
! <o
(_;P(”)I — up, up — up)2chy <0
Adding these inequalities yields
2
alluy — upllp2 ey < ((Pa(un) — p(u)1) s o — p) 2 0hy
= (pn(un) = Sy (y — 2D — un) 20hy + (S (v — 21 — P(u)i> ur — un) 12 rhy-
The first addend is estimated via

1 1
(Pn(un) — Sp(y — 2), ur — un) 2 0ny < = lvn = }'I”iz“—h) + 5 IShur — ,Vlllfz(,—h) .
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Sketch of proof

uy is the L2(r")-orthogonal projection of — (ép(u))l. thus a feasible test control,
(ocun + py(un)s uy — up) 2chy 2 0.
On the other hand u; is the L?(I"")-orthogonal projection of —ép(u),. thus
! <o
(_;P(”)I — up, up — up)2chy <0
Adding these inequalities yields
2
alluy — upllp2 ey < ((Pa(un) — p(u)1) s o — p) 2 0hy
= (pn(un) = Sy (y — 2D — un) 20hy + (S (v — 21 — P(u)i> ur — un) 12 rhy-
The first addend is estimated via
Pn () — S50 = 21> = u) 2oy < — 5 vm = il ey + = 1Sun = i1l
pn(up w = 2w = up)y2chy = =2 lyvh = yill2cny + S 1IShur = yilli2cny -
The second addend satisfies

* « 1 *
(Sl = 2 = oy ur = un) 2 ony < Nl = wnlifa ony + 5~ IS5 = 2 = p(hillz2ch -
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Sketch of proof

uy is the L2(r")-orthogonal projection of — (ép(u))l. thus a feasible test control,
(ocun + py(un)s uy — up) 2chy 2 0.
On the other hand u; is the L?(I"")-orthogonal projection of —ép(u),. thus
1
(_;P(”)I — up; up — ) 20hy <O
Adding these inequalities yields
2
alluy — upllp2 ey < ((Pa(un) — p(u)1) s o — p) 2 0hy
= (pn(un) = Sy (y — 2D — un) 20hy + (S (v — 21 — P(u)i> ur — un) 12 rhy-
The first addend is estimated via
* 1 2 1 2
(Pn(un) = Sy — 2o — wn) 2y < = llyn = yill2eny + 5 ISk — yilli2ch -
The second addend satisfies
x o 2 1 e 2
Shly — 20 — el u —wn) 2eny < llur = wnllizeny + 5—WSE (v — 20 — P)illi2ch) -
Together this yields

1
2 2 2 2
alluy — unllpaehy + Ilyn = yilli2eny < ;”5:(}' = 2) = P@hll2eny + I1Shur — y1lly2 oh)
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State constraints (H., H. Kroner 2016)

In the case of additional state constraints, the planar case directly extends to
surfaces.

Consider
i 1 2 X112
sergin ) = 5l = 2l + 5 g
subject to u € U,g := {u € L>(N;a < u < b},
/Vrertp + cypdl = /uapdr,\ﬂp € H(I)
r r

and y € Y :={y € L°(S);y < c}.

(P)

Slater condition: assume that u € U,q exists with y(u) < c.

It then follows by standard arguments that problem (P) admits a unigue solution
u € U,y with unique associated state y(u) =: Su € H?(l"), and y(u) < c,

w=Pu, (~1p@), pl)=5"(Su—2)+ ) n 20, [(c=ndu=0,

where p is a Radon measure on I.
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State constraints discrete

Problem (P) is approximated by the following sequence of optimal control

problems
min _J(u,y) = olly — 2liZany + o Nl
(Pn) uel?(rh), yeVv, 2 e+ LA
subject to v € U}, y, = Spu, and yu(x) < c (i=1,...,nv)

with U, = {v € [2(T") | a < v < b} and x; the finite element nodes.
It follows by standard arguments that problem (P,) admits a unique solution
up € U;' with unique associated state y, € Vi, yn(x)) < c (j=1,...,nv), and

1
up = PUhd (_Eph(uh)> 7Ph(uh) = S,’; ((S,,u,. — Zl) + /J,h) s h Z 0,/ C_.Yhle/h =0.
a T

Here pup = Z Kjdx; with p; € R.
l_
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Error analysis for state constraints (H., H. Kréner 2016, arXiv:1606.03025)

We assume that a Slater condition is satisfied. Then

@ No control constraints, then u € W1:S(I)(s € [1,2)):

3_d
llu — uplli2qrys 11y — Yhllury < Ch2 73 (/| log .

@ Uniform control constraints and state constraints; u € L°°(I), up, € L°°([})
uniformly in h:

llo — ";:”LZ(I'V lly — J/f'.||H1(,-) < Ch|log h|.

Key proof ingredient: uniform error estimates for finite element approximations
of elliptic surface PDEs by Demlow SIAM J. Numer. Anal. 47 (2009).
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State constraints, parabolic (H., H. Kréner 2016, arXiv:1604.07658)

Discretization of the PDE with cg(0) in space and dg(0) in time with time
gridpoints 0 = tg < --- < ty = T and 7 := T /N. Control action

m
(Bu)(x,t) := > wj(t)f(x), control space is U := L?(0, T)™, control actions

f; € H(T). There holds
® maxy<a<n [1Y1(*s tn) — Y(b,r) (s ta)llLoo(r,) < C+/|log hl(h + 7).

With this we are able to show

N
o allu—ull} +7 X il t0) =y enlltag,y < Cv/TT0BRI(h+/7).
p2

Key: Uniform estimates for the state y under natural regularity conditions
combined with variational discretization. Avoid estimates for the adjoint state.
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Implementation with semismooth Newton method (H., Vierling OMS 2012)

Combine variational discretization of H. COAP 2005 with finite element
techniques for PDEs on surfaces developed by Dziuk 1988 and semi-smooth
Newton techniques from Hintermiiller et al SIOPT 2003 to solve the
oo—dimensional problem

1
Gh(up) = up — P (_Eph(uh)) =0
The generalized derivative of Gy, is given by
- X g
DGy(u) = (1 + as,,s,,) ,

where X = Xy erta<— 1 p,(u)lvl<b}
The semi-smooth Newton method for (P,) then reads
Given u the next iterate ut is computed by performing three steps

@ set (1 —x) uh)lv] = ((1 = )P (—Lon(w)) ) 4] € {a,b}.
Q Solve x X
A g + =& * _ Cx* _ +
(r+ as,,s,,) xut = X (Shz — Spsn(1 — x)ut)
for xut by CG iteration over Lz(l'(—ép,,(u)).
Q Set u = xut + (1 — x)ut.
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I the unit sphere in R3 and @ = 1.5 10~

We consider

min J(u,y) subjectto —Ary+y=u—r, —-1<u<l.
u€L2(r), yeHY(I)
We choose z = 52ax3(x? — x2) , to obtain the solution
r=min (1,max ( — 1, 4x3(x} — xzz)))

Step 2 Step3

Figure: Selected steps of semismooth Newton method.

reg. refs. | 0 1 2 3 4 5
L2-error 5.8925e-01 1.4299e-01 3.5120e-02 8.7123e-03 2.2057e-03 5.4855e-04
EOC - 2.0430 2.0255 2.0112 1.9818 2.0075
# Steps 6 6 6 6 6 6

Table: L2-error, EOC and number of semismooth Newton iterationsiterations.
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Consider

min J(u,y) subject to —Ary =u—r, y=0ondl —-05<u<05
u€L?(r), yEH'(T)

with solution & = r = max ( — 0.5, min (0.5, sin(7x) sin(wy))).

Step 1 Step6 Step 7 Step 11

Figure: Selected steps of semismooth Newton method.

reg. refs. | 0 1 2 3 4 5
L2-error 3.5319e-01 6.6120e-02 1.5904e-02 3.6357e-03 8.8597e-04 2.1769e-04
EOC - 2.4173 2.0557 2.1291 2.0369 2.0250
7 Steps 11 12 12 11 13 12

Table: L2-error, EOC and number of semismooth Newton iterations.
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I Torus and @ = 103

Let z such that

min J(u,y) subject to —Ary =u—r, —-1<u<l, /ydl' = /udl’ =0
u€lL?(r), yeH(r) r r
is solved by
i =r=max(—1,min (1,5xyz)).
Step 1 Step 2 Step 3 Step 6

Figure: Selected steps of semismooth Newton method.

reg. refs. | 0 1 2 3 4 5
L2-error 3.4603e-01 9.8016e-02 2.6178e-02 6.6283e-03 1.6680e-03 4.1889e-04
EOC - 1.8198e+00 1.9047e+-00 1.9816e+-00 1.9905e+00 1.9935e+-00

# Steps 9 3 3 3 2 2

Table: L2-error, EOC and number of semismooth Newton iterations.
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Problem data: b = 1, z = 8sin(wx) sin(7z), « = 10~!. Numerical solution on

refinement level 8 as reference solution.

Level

1-2

llu™ — unll2s

2.2543632887749
2.0097197103454
1.9880953229332
1.9707724502506
1.9187206279711
1.8808617316338

ly* — ynll s,

1.3533941706509
1.1016844875780
1.0304424150678
1.0158452194757
1.0370412238907
1.1614534037133
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Control of parabolic PDEs on evolving surfaces

Consider

2
ue":;'(]o J(U) 7”5(") ZIIL2(Q) + 5 ||u||L2(Q)

subject to a < wu < bandy = S(u), where

(P)
/ ¥ + Ve(t)yVe(t)e + cypdr(t) = / updr(t), Ve € H(I (1)),
r(t) r(t)

<>y=5(u)

and its variational discrete counterpart

. 1 ) o )
(Pa) "ergl(rbd)J(U) = 5l1Sa(w) = 21lli2(g) + 5 llullizq,)
subject to a < u < b, where

Sd4(u) denotes the ESFEM solution associated to S(u), where d = (k, h).
Both, (P) and (P4) admit unique solutions in u € L?(Q) and uy € L%(Qq).
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Parabolic optimal control on moving surfaces - Vierling IFB 2014
With the help of L? error estimates of Dziuk and Elliott (Math. Comp. 2013)
Vierling a;nong other things for smooth data shows the following error estimate
for k ~ h%;

afu, — "||i2(o) + |y — y||i2(o) < ch'.
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Parabolic optimal control on moving surfaces - Vierling IFB 2014

With the help of L? error estimates of Dziuk and Elliott (Math. Comp. 2013)
Vierling among other things for smooth data shows the following error estimate
for k ~ h?;

afu, — "||i2(o) + |y — y||i2(o) < ch'.

Moving torus
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Parabolic optimal control on moving surfaces - Vierling IFB 2014

With the help of L? error estimates of Dziuk and Elliott (Math. Comp. 2013)
Vierling among other things for smooth data shows the following error estimate
for k ~ h?;

afu, — "||i2(o) + |y — y||i2(o) < ch'.

Moving torus
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Parabolic optimal control on moving surfaces - pullback-approach

@ Formulate and discretize the evolving parabolic surface PDE on the
reference surface ['(0). This leads to the approximation of a parabolic PDE
with time-dependent coefficients on a fixed surface, whose numerical
analysis can be found in H. Kroner (arXiv:1604.04665) and H. Kroner and
Maryia Borukhava (arXiv:1501.07900). The optimal control problem then
turns into a parabolic optimal control problem with time-dependent
coefficients on the fixed reference surface. Then the earlier analysis
presented for a fixed surface applies (H., H. Kréner arXiv:1604.07653).
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Parabolic optimal control on moving surfaces - pullback-approach

@ Formulate and discretize the evolving parabolic surface PDE on the
reference surface ['(0). This leads to the approximation of a parabolic PDE
with time-dependent coefficients on a fixed surface, whose numerical
analysis can be found in H. Kroner (arXiv:1604.04665) and H. Kroner and
Maryia Borukhava (arXiv:1501.07900). The optimal control problem then
turns into a parabolic optimal control problem with time-dependent
coefficients on the fixed reference surface. Then the earlier analysis
presented for a fixed surface applies (H., H. Kréner arXiv:1604.07653).

@ Control of the evolution of the surface. This is a shape optimization problem
and in the pullback-setting turns into a 'control in the coefficients’ problem.



UH
iti
n

Summary

We considered the numerical approximation of optimal control problems with
elliptic and parabolic PDEs on surfaces.

@ In the elliptic case we

o used Dziuk’s finite element concept for the Laplace Beltrami operator
of 1988 for the discretization of the state equation;

o used variational discretization (H. COAP 2005) for the discretization of
the control problem;

o used a semismooth Newton method of Hintermiiller, Ito and Kunisch;
M. Ulbrich (SIOPT 2003) to solve the resulting nonlinear systems.

@ In the parabolic case

e provide error analysis for stationary surface;

o Vierling used ESFEM from Dziuk and Elliott (Acta Numerica 2013) for
the discretization of the parabolic PDE on the evolving surface
combined with variational discretization (H. COAP 2005) and a
semismooth Newton method of Hintermiiller, Ito and Kunisch; M.
Ulbrich (SIOPT 2003) to treat the parabolic optimal control problem
on evolving surfaces;

o we propose and analyze the pullback approach for treating parabolic
optimal control problems on evolving surfaces in the presence of
control and/or state constraints.
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Next steps

@ Improve time integration.

@ Control of the evolution of the surface.
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Next steps

@ Improve time integration.

@ Control of the evolution of the surface.

Thank you for your attention!



