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1. Motivation

e Dynamic b.c. (boundary condition) and conservation

Q Cc R (d = 2,3): bounded domain,
[T := 0€2: smooth boundary,
v. unit normal vector outward from [I.

ou . "
Opu = — = fr inlC  (Neumann b.c.) i
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Opu—+cu= fr inl (Robin b.c.)
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8,/u+g—?— Aru= fr inl  (dynamic b.c.)
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1. Motivation

e Dynamic b.c. (boundary condition) and conservation

Q C R? (d = 2,3): bounded domain, f

[ := 0€2: smooth boundary, g—u-l-%—ﬁru:fr -
v. unit normal vector outward from I. .
0
Opu ‘= 8—u = fr inlC (Neumann b.c.)
v

Opu+cu = fr inl  (Robin b.c.)

9
8,/u—|—8—?— Aru= fr inT (dynamic b.c.)

Integrating over (0,t) x €2,
t
/ u(t)da:—/ /&/udl_dtZ/ updax.
Y 0 JI Y
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1. Motivation

e Dynamic b.c. (boundary condition) and conservation

Q Cc R (d = 2,3): bounded domain, f
[T := 0€2: smooth boundary, Z—Z+%—Aru=fr -
v. unit normal vector outward from I.
opu .= — =0 inT (Neumann b.c.) "'"'""WW’""'
v A

Z_Au=Ff inQ

Integrating over (0,t) x €2,

/Qu(t)da: = /Q uogdz Yt € [0,T].
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1. Motivation

e Dynamic b.c. (boundary condition) and conservation

Q c R? (d =2,3): bounded domain,
[T := 0€2: smooth boundary,
v. unit normal vector outward from [

ou . : .
a,,u—|—a—Aru:O in T (dynamic b.c.) N Au=F inQ

Integrating over (0,t) x €2,

/u(t)dw—/ /( —|—A|—u) dl_dt—/Quoda:.
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1. Motivation

e Dynamic b.c. (boundary condition) and conservation

Q Cc R (d = 2,3): bounded domain,
[T := 0€2: smooth boundary,
v. unit normal vector outward from I.

% ;:"':""
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i

i
i
i
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9
8yu—|—a—?—A|—u=O in T (dynamic b.c.)

Integrating over (0,t) x €2,
£)d / tdrz/ d / ar  Vte[o,T).
| u@®de + [ u(®) | uoda + [ ug [0,
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e Cahn—Hilliard equation with total mass conservation

u. order parameter, u: chemical potential

5,
T _Ap=0 inQ:=(0,T)xQ
ot
u=—Au—|—u3—u—f in Q, _ »
Opu=0,u=0 onX:=(0,T)xT. /u(t)d:c:/uodx.
Q Q

Let v = 1 and —1 stand two different state, respectively. This describes
the unti-diffusive phenomena, called Spinodal decomposition.

—— e

-~ ™

/u(t)d:z: /u(t)dl_—/uodx—l—/uodl_




Equation and dynamic boundary condition of Cahn—Hilliard type 4/22

2. Equationand dynamic b.c.of Cahn—Hilliard type

e GMS(Goldstein—Miranville=Schimperna) problem
u, b Q =0, T)xQ2—=>R, up,ur : = :=(0,7) x I —» R,

0 .
- An=0, p=-Auttr—f £=Bu) inQ
a’u,r
Ur = U, HE = M E-I-@uM—Arur:O on X,

pr = Opu — Arur +§r + mr(ur) — fr,  §r = Br(ur) on I,

w(0) =ug inQ, ur(0)=wugr onl,

Simbol “|"" stands for the trace on I';

m, 7 . R — R, Lipschitz continuous.

O B(r) = Br(r) =73, n(r) =7 (r) = —r
& B(r) =Br(r) =In((Q+r)/(1=r)), n(r) =mr(r) = —2cr;
&
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2. Equationand dynamic b.c.of Cahn—Hilliard type
e GMS(Goldstein—Miranville=Schimperna) problem

u, b Q =0, T)xQ2—=>R, up,ur : = :=(0,7) x I —» R,

0 .
oo An=0, p=-Duteda)-f, €€ inQ
6u|—

Ur = U, HE = M E-I-@uu—ﬂrur:O on X,

pr = ovu — Arur +¢r +mr(ur) — fr, &r € Br(ur) on X,

w(0) =ug inQ, ur(0)=wugr onl,

Simbol “|" stands for the trace on I'; 3, fr: maximal monotone graphs
on RxR, 33, 33 : R — [0, +0), proper l.s.c. convex, 8(0) = Br(0) =0
s.t. B=08, Br = 0pr; =, mr : R = R, Lipschitz continuous.

O B(r) = Br(r) =73, n(r) =7 (r) = —r
& B(r) =Br(r) =In((1+r)/(1 =r)), 7(r) = mr(r) = —2cr;
& B(r) = Br(r) =01y 1)(r), w(r) = mr(r) = —r.
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e [otal mass conservation

/Qu(t)da;—l—/l_ur(t)dl_ =/Quod:1:—|—/l_uordl_ ¢ € [0, 7).

e Known results with related to total mass conservation

o G. R. Goldstein, A. Miranville and G. Schimperna, A Cahn—Hilliard |

model in a domain with non-permeable walls, Physica D, 240 (2011),
754—766.

¢ L. Cherfils, S. Gatti and A. Miranville, A variational approach to a
Cahn—Hilliard model in a domain with nonpermeable walls, J. Math.

Sci. (N.Y.), 189(2013), 604636 )

O B(r) = Br(r) =13, n(r) = mr(r) = —r;
O A(r) = Br(r) = In((L+71)/(1 =), () = mr(r) = —2cr.

- ™
¢ C. G. Gal and H. Wu, Asymptotic behavior of a Cahn—Hilliard
equation with Wentzell boundary conditions and mass conservation,

KDiscrete Contin. Dyn. Syst., 22 (2008), 1041-1063.
J
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GMS problem with the case (r) = gr(r) =73, n(r) = 7 (r) = —r

4 N
0
a—rz—A,u—O p=—-Au+uv>—u—f inQ, (CH)
our
Ur = U, P = Py 8— + Ovp— Arpr =0 on X,
L Ur :ayu—Ar’LLr—|-ul——’LLr—f|— on 2. (CH) )
Popular Cahn—Hilliard equation with dynamic b.c.
4 N
0
a—rz—A,u—O p=-Au+uv>—u—f inQ, (CH)
ur = ’LL|r, 6’,,u =0 on 2,
8’UJ|—
ot + Ovu — Arur + u|— —ur = fr on x. (AC)
\_ /

Racke—Zheng (2003), Wu—Zheng (2004), Miranville—=Zelik (2005), Gal
(2007), Gilardi—Miranville=Schimperna (2009), Gal—Miranville (2009),

Cavaterra—Gal—Grasselli (2011), Colli—Gilardi—Sprekels (2014), etc.
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e Approach from the abstract evolution equation

H :=1%(Q), V:=HYQ), Hr := L%(IN), Vr:= HY(IN), H := H x Hy,
Vi={(z2r) eVxVr:izr=z_aeonl}, W:= (H2(2) x H2(IN)):
a(-,-):VxV SR

a(u, z) 1= /Q Vu-Vzdac—l—/l_Vrur-Vrzrdl_ Yu,z € V;
Ho:={z € H:m(z) =0}

/ zdx—l—/ zrdl
Q B VZ c H,
€2[ + [T

VO IZVHHO

m(z) = mo := m(ug) := m((uo,uro));

1/2
2]y, = {/Q V2| 2dz + /r |V|—zr|2dl_} V2 e Vo
F:Vy—=Vj

(Fz,2)y: v, = a(z,2) "z %€V
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- N
Lemma 1. 3¢p > 0 s.t.

cplzly < (Fz, 2)vy v, = 1217, Vze V.

i —1 v :
(z?zE)VE") T <Z>ll<7F Z§>V6,VO Zﬂivzé = VF)'

Ho:={ze H:m(2)=0}, Vog:=VnNnHgy Vog——Hg— —=Vj].

We can apply the approach of abstract evolution equation to the Cahn—
Hilliard equation, Kenmochi—Niezgodka—Pawtow(1995), Kubo(2012)
v:=u—mgl, vg:=ug—mpl, namely (v,vr) := (u — mqg, ur — mg),
(vo, vor) 1= (ug —mg, ugr —mg), where mg 1= m(ug);

f:=(f/fr), B(z) :=(B(2),Br(zr)), n(z) := (7(2), 7 (2r)).

(A1) B, Br: maximal monotone graphs, that is, 8 = 83, B = 88r by
some proper |.s.c. convex 3, Br : R — [0, +o0] with 8(0) = 3-(0) = 0;
(A2) w, i : R — R, Lipschitz continuous;

(A3) f e LQ(O,T; V) (or f e Wl’l(O,T; H)), ug:= (uo,uor) cV;
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(A4) D(Br) € D(B), o,co >0 s.t.
B°(r)| < oBR(r)| + o "r e D(Br);
(A5) mq € intD(Br), B(vg +mg) € LY(2), Br(vor + mo) € LY(I).

Theorem 1. Under the assumptions (A1)—(A5), there exists (v, u, £)
such that

ve HY0,T; VE) NL>®(0,T;Vy) N L2(0,T; W),
peL(0,T;V), &:=(&¢ér) € L?(0,T; H),

€ Bv+mg) a.e. in Q, & € Br(ve +mg) a.e. on X, and

((0:2)y vy +alu®,2) =0 Tz Vo,

(1), 2) ;= a(v(®),2) + (@) + 7 (v () +mol) — f(1),2),, "z€V,

v(0) =vg :=ug—mol in Hy.
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(A1) B, Br: maximal monotone graphs, that is, 8 = 83, Br = 8@— by
some proper |.s.c. convex 3, Br : R — [0, +o00] with 8(0) = 3-(0) = 0;
(A2) m, n : R — R, Lipschitz continuous;

(A3) f e L2(0,T;V*), ug := (ug,uor) € V.

Theorem 2. Under the assumptions (A1)—(A3)" for each £ ang
,U(()z)’ the corresponding solutions (v, u(® ¢y (G = 1.2) satisfy

v (1) - v<2>(t)\f/* + /Ot|fv(1)(s) _ v<2>(s)\f/0ds
0]

< c{|vg” _v52>\f/5+/ot(f<1><s> —f@)(s)(f/*dS} Yt € [0, 7],

a I
o P. Colli and T. Fukao, Equation and dynamic boundary condition
of Cahn—Hilliard type with singular potentials, Nonlinear Anal., 127

\(2015)’ 413—433.

%
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(A6) f € HY(0,T; H), f(0) € V, ug := (ug,ugr) € (H3(Q)xH3(M))NV,
,Bo(uo) cV.

Theorem 3. Under the assumptions (A1), (A2), (A4)—(A6), there
exists (u, p, &) such that

we Whe, T: VN HY(0,T; V)N L®(0,T; W),
pe L®0,T;V)NL2(0,T; W), &€ L®0,T; H),

€ pB(u) a.e. in Q, & € Br(ur) a.e. on , and

ou .
E—AMZO, nw=—-Au+E+m(u)— f a.e in @,
6U|—
ur = ’LL|I_, U — ,LL|I_, E —I— ay,u — Ar,LLr =0 d.e. on Z,

pr = Ovu — Arur +¢ér +mr(ur) — fr  a.e. on X,

u(0) =ug a.e. in 2, wur(0)=wugr a.e.onf'l.
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e Key of the proof ¥ ,u, =v, +mpl, P: H— Hy,
Pz := z—m(z)1. Consider the following problem with viscosity (GMS; )

(F~1 4+ D (v (0) + 0p(v.(0) = P8 (u.(0) = 7(w.(0) + f®))
for a.a. t € (0,7T),
(Y% (O)Z’UO ‘= ug —mol In Ho,

\Nhere/8 = (6 75|_, )1 T .= (7T77T)1 SOHO_>[07+OO]

1 5 1 5 |

= [ |vz|2d —/ Vizr|2dr if z € Vo,

p(z) = 2/Q| Z' CB_I_Q r| et © 0
~+o0 ifZEHo\Vo.

B.(r) =~ (r = (T8 7H0), Ao () = (= U+ 08071 ())

Lemma 2. [Calatroni—Colli (2013)]

‘5 (7“)‘ < Q‘Br, (7“)‘-|-co Yr € R.
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3. Degenerate parabolic eq. with dynamic b.c.
e Enthalpy formulation of the Stefan problem u, ur: unknown

o as =g inQ,
0
Bur) = B(w), = +0wBu) — Arfur) =g on .

w(0) =ug in R, ur(0)=wugr onTr.

B(u) A
B :R — R is a piecewise linear function

ksr if » <O,
B(r) = 0 if 0<r <L, -
ke(’r — L) if r> L, 0 L U

ks, ky, L: positive constants,
g,9r,u0, uor: dgiven functions.
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e Known results

o T. Aiki, Multi-dimensional Stefan problems with dynamic boundary
conditions, Appl. Anal., 56(1995), 71-94.

L2-framework

o asw =g inQ,
00
or =AWy, - +0owBu) =gr on .

s N
¢ F. Andreu, N. Igbida, J. M. Mazon and J. Toledo, A degenerate

elliptic-parabolic problem with nonlinear dynamical boundary condi-
\tions, Interfaces Free Bound., 8(2006), 447—479.

%

Ll-framework

-%—Aﬂwzgin@
8’UJ|—

— T ovB(u) — ArBr(ur) =gr on x.

Blur) = B(u)|.,
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e Asymptotic limit of Cahn—Hilliard equation  (GMS).: Ve € (0, 1]

4 ™
8?1/5 .
Py — A/,Lg — O, He — —€A'U/g + /B(Ug) —I_ 877(?1,5) — f N Q,
our .
ur e = (ue)|-,  pre = (pe)) 5 T Ovke = Arpr.=0 on i,

pre = e0puc —eArur . + B(ur ) +em(ur.) — fr on .

N /

B(= Br) : R — R is maximal /
monotone,
m(=nr) : R — R,

ET

\
L
rL /5
- if r <0, OV/ > O~ |
2 L U

L 2
7r('r):=<§—fr if 0 <r <L,

—— if »> L.
> r

\

L B+em W=B+€7AT
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e Asymptotic limit of Cahn—Hilliard equation  (GMS).: Ve € (0, 1]

4 N

ou .

o ~Ape =0, pe= B(uc) ~-f inQ,

our .
ur e = (ue)|-,  pre = (pe)) 5 T Ovke = Arpr.=0 on i,
Bre = Blur ) —fr onXx.

\ J
B(= Br) : R — R is maximal A A
monotone,

m(=nr) : R —> R,

(L ET
= if r <0, ANE =<
> " RN

L
7r('r):=<§—fr if 0<r <L,

eV

—— if »> L.
5 r

\

L B+em W:B\+€7AT
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e Asymptotic limit of Cahn—Hilliard equation  (GMS).: Ve € (0, 1]

s ~
ou :
o ~Ape =0, pe= B(uc) ~f inQ,
our .
ur e = (ue)|-,  pre = (pe)) 5 T Ovke = Arpr.=0 on i,
Bre = Blur ) —fr onXx.
N J
B(= Br) : R — R is maximal A A
monotone,
m(=nr) : R —> R,
rL -
— if r < O, 0 7 Z 0 7 Z
L .
7r('r):=<§—fr if 0 <r <L,
L ':A
- ifr>L o Wi=5

\
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(A7) B: maximal monotone graph, that is, 8 = O3, by some proper
l.s.c. convex 3 : R — [0, 4+00] with (0) = 0;

(A8) g € L?(0,T; Ho);

(A9) ug € V, mg € intD(B), B(ug) € L1(2), Blugr) € L1(IN).

Theorem 4. Under the assumptions (A7)—(A9), F1u € HY(0,T; V*)
NL>®(0,T: H) and 3¢ € L2(0,T;V) s.t.

e p(u) a.e in Q, {r € Bur), &r=¢,. ae onkt,
(W @.2)y, A (ur@®,2r),. [ VEQD) - Vade + [ Vrer(t) - Vrzrdr

— /Qg(t)zda: + /I_gr(t)zrdr vV, — (z,2zr) €V, fora.a.te (0,T),

and u(0) =wug a.e. in 2, ur(0) =wugr a.e. on I’ hold.

. ~
¢ 1. Fukao, Convergence of Cahn—Hilliard systems to the Stefan
problem with dynamic boundary conditions, to appear in Asymptot.

\Anal.
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e Remarks (i) The idea of asymptotic limit of Cahn—Hilliard equation
is independent of the boundary condition.

f<> P. Colli and T. Fukao, Nonlinear diffusion equations as asymp-
totic limits of Cahn—Hilliard systems, J. Differential Equations, 260
\(2016)’ 6930—6959.

\

%

(ii) We can choose very general g for various degenerate parabolic
equations, that is, by A(r) = |r|71r (¢ > 1),
by B(r) = 81[071](70. We can also treat
by 8(r) = |r|71r (0<¢< 1).
(iii) We can find some physical interpretation:

¢ R. L. Pego, Front migration in the nonlinear Cahn—Hilliard equa-
tion, Proc. R. Soc. Lond. A, 422 (1989), 261—-278.

(iv) Others types of asymptotic limit to the degenerate parabolic equa-
tions: Phase field to Stefan, reaction diffusion to Stefan [H. Murakawa

—~

(2007)], etc. They need some growth condition for .
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4. Boundary control problem of (GMS)
e Optimal control problem (GMS,; fr):

o
o An=0, p=—Aut+ W), inQ,
aUr
U = Ul BT R e + Ovp— Arpr =0 on X,

pr = Opu — Arur +Wr(ur) — fr - on X,
u(0) =ug inQ, ur(0)=wugr onl,

(A10) —oco <7_ <0 <7y < +oo;

(A11) B, Br € C?(r—,r1); monotone, w, 7 € C?(r_,ry); Lipschitz,
B(0) = Br(0) =0, B/, B are bounded from below,

Iimr\r_ B(r) = ”mr\m_ Br(r) = —oo,

Iimr/‘fq_ B(r) = Iimr/‘r_|_ Br(r) = 4oo;

(A12) W =B+ 7, WE = Br + 7 and W, Wr € C3(r_,ry), W, Wr > 0,
W(0) =Wr(0) =0, W/ W are bounded from below,

M- W/ (r) = M- W/r(T) = —00,

imy. . W (r) = imy. . WL (r) = 4o0;
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fr € Uyq: boundary control in an admissible set:

Uag = {Cr € X := HY0,T; Hr) : [¢rlx < Mo}-

(OP): Find a mlmmlzer ((u,ur), f_r) of the cost
J(Cuyur), fr): Q/|u— 2dadt + /|u|—— 2drat + 2 /|f|—|2cll'dt,

where «* € L2(0,T; H) and « € L?(0,T; Hi) are target states, subject
to the constraint f- € Uygq and the corresponding state

u= (u,ur) = S(fr), solution (w,n) of (GMS; ).

This kind of boundary control problem for the Cahn—Hilliard equation
was treated in the series of paper by Colli—Gilardi—Sprekels.

- ™
o P. Colli, G. Gilardi and J. Sprekels, A boundary control problem for
the pure Cahn—Hilliard equation with dynamic boundary conditions,

_Adv. Nonlinear Anal., 4 (2015), 311-325.
J
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> Problem with viscosity (GMS; >, fr), S.: fr—u., (sol. (u.,, @ ))
> Optimal control problem (OP;») for (GMS;, fr).

> Linearized problem (to obtain the differentiability of S) .

Theorem 5. Assume (A4),(A5), (A10)~(A12). "{fr .} c(0,1]; OPti-
mal controls of (OP;)), {) }rens 1 O s.t. fr — f weakly in
H(0,T; Hr) as k — +oo, where fi is an optimal control of (OP).

e Necessary optimality condition fr: target optimal control of (OP).

a I
¢ V. Barbu, Necessary conditions for nonconvex distributed control
problems governed by elliptic variational inequalities, J. Math. Anal.

KA|O|ol., 80 (1981), 566—597.

(OP;2, fr): Find a minimizer ((@.,ar ), fr ) of the cost
~ 1 _
Tr(Guur), fr) o= I (Cuur), fr) + 5 16 = Fri?drat,

subject to the constraint fr7 € U,q and the corresponding state u, =
S.(fr..), solution of (GMS;, i ).
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Z:=HY(0,T;V§) NL?(0,T;Vy) and Zg:={¢ € Z:¢(0) = 0}.
Theorem 6. Assume (A4),(A5), (A10)—(A12). Y f-; optimal control
of (OP), "{fr .} e(0.1] ©F (OP:A, Jr), {0 Jeens 2 (O s.t.

Ir

Moreover, there exist two elements

— fr in L?(0,T; Hr) ask — +oo.

)

A€ (H'(0,T;V*)NL2(0,T; V))*, Ar € (H'(0,T; V) N L?(0,T; Vi))*
and g € L*°(0,T; V)N L2(0,T; V) satisfying an adjoint system
T / -1~ o
L €O F a@)vy vt + [ a(@®),c®)dt + (A Qg+ (Ar¢r)s

= bg /OT(fa(t) — 0 (1),4(1)) ,dt + by /OT(ar(t) —ur (0,¢r(®)) , dt
for all ( € Zp, S.t.

T - —
(@ +bofr (0, fr(®) = Fr(0), dt 20 i €Usg
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Conclusion
[/ Setting suitable function spaces, we extend the well-posedness result

Goldstein—Miranville=Schimperna (2011) of (GMS) to the case that
and gr are multivalued. Theorems 1,2,3

a N
o P. Colli and T. Fukao, Equation and dynamic boundary condition
of Cahn—Hilliard type with singular potentials, Nonlinear Anal., 127

\(2015)’ 413—433.

%

[ Considering the asymptotic limit of Cahn—Hilliard equation, we treat
the degenerate parabolic equation with dynamic b.c. Theorem 4

s ~
¢ T. Fukao, Convergence of Cahn—Hilliard systems to the Stefan
problem with dynamic boundary conditions, to appear in Asymptot.

kAnal.

)
[/ Based on the known result by Colli—Gilardi—Sprekels (2015), we ob-
tain two characterizations of the optimal control (OP), with some
necessary optimality condition. T heorems 5, 6




