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1. Motivation

• Dynamic b.c. (boundary condition) and conservation

Ω ⊂ Rd (d = 2,3): bounded domain,

Γ := ∂Ω: smooth boundary,

ν: unit normal vector outward from Γ.

∂νu :=
∂u

∂ν
= fΓ in Γ (Neumann b.c.)

∂νu + cu = fΓ in Γ (Robin b.c.)

∂νu +
∂u

∂t
− ∆Γu = fΓ in Γ (dynamic b.c.)

Under the dynamic b.c. for parabolic PDEs (ex. heat eq.), we eas-
ily find the structure of some conservation with f = fΓ ≡ 0:
Integrating over (0, t) × Ω,

∂u

∂t
− ∆u = 0 in Q := (0, T ) × Ω, u(0) = u0 on Ω.
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Γ
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• Cahn–Hilliard equation with total mass conservation

u: order parameter, µ: chemical potential

∂u

∂t
− ∆µ = 0 in Q := (0, T ) × Ω,

µ = −∆u + u3 − u− f in Q,

∂νu = ∂νµ = 0 on Σ := (0, T ) × Γ.
∫

Ω

u(t)dx =

∫
Ω

u0dx.

Let u = 1 and −1 stand two different state, respectively. This describes
the unti-diffusive phenomena, called Spinodal decomposition.

∫
Ω

u(t)dx +

∫
Γ

u(t)dΓ =

∫
Ω

u0dx +

∫
Γ

u0dΓ.

Under the dynamic b.c. namely with the

total mass conservation, the various sit-

uations of pattern formation may hap-

pen compared with one of Neumann

b.c.
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2. Equation and dynamic b.c.of Cahn–Hilliard type
• GMS(Goldstein–Miranville–Schimperna) problem
u, µ : Q := (0, T ) × Ω → R, uΓ, µΓ : Σ := (0, T ) × Γ → R,

∂u

∂t
− ∆µ = 0, µ = −∆u + ξ + π(u) − f, ξ = β(u) in Q,

uΓ = u|Γ, µΓ = µ|Γ,
∂uΓ

∂t
+ ∂νµ− ∆ΓµΓ = 0 on Σ,

µΓ = ∂νu− ∆ΓuΓ + ξΓ + πΓ(uΓ) − fΓ, ξΓ = βΓ(uΓ) on Σ,

u(0) = u0 in Ω, uΓ(0) = u0Γ on Γ,

Simbol “|Γ” stands for the trace on Γ; β, βΓ: maximal monotone graphs
on R×R, ∃β̂, ∃β̂Γ : R → [0,+∞), proper l.s.c. convex, β̂(0) = β̂Γ(0) = 0
s.t. β = ∂β̂, βΓ = ∂β̂Γ; π, πΓ : R → R, Lipschitz continuous.

3 β(r) = βΓ(r) = r3, π(r) = πΓ(r) = −r;
3 β(r) = βΓ(r) = ln((1 + r)/(1 − r)), π(r) = πΓ(r) = −2cr;
3 β(r) = βΓ(r) = ∂I[−1,1](r), π(r) = πΓ(r) = −r.
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• Total mass conservation∫
Ω
u(t)dx +

∫
Γ
uΓ(t)dΓ =

∫
Ω
u0dx +

∫
Γ
u0ΓdΓ ∀t ∈ [0, T ].

• Known results with related to total mass conservation� �
⋄ G. R. Goldstein, A. Miranville and G. Schimperna, A Cahn–Hilliard

model in a domain with non-permeable walls, Physica D, 240 (2011),

754–766.

⋄ L. Cherfils, S. Gatti and A. Miranville, A variational approach to a

Cahn–Hilliard model in a domain with nonpermeable walls, J. Math.

Sci. (N.Y.), 189(2013), 604–636.� �
3 β(r) = βΓ(r) = r3, π(r) = πΓ(r) = −r;
3 β(r) = βΓ(r) = ln((1 + r)/(1 − r)), π(r) = πΓ(r) = −2cr.� �
⋄ C. G. Gal and H. Wu, Asymptotic behavior of a Cahn–Hilliard

equation with Wentzell boundary conditions and mass conservation,

Discrete Contin. Dyn. Syst., 22 (2008), 1041–1063.� �
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GMS problem with the case β(r) = βΓ(r) = r3, π(r) = πΓ(r) = −r� �
∂u

∂t
− ∆µ = 0, µ = −∆u + u3 − u− f in Q, (CH)

uΓ = u|Γ, µΓ = µ|Γ,
∂uΓ

∂t
+ ∂νµ− ∆ΓµΓ = 0 on Σ,

µΓ = ∂νu− ∆ΓuΓ + u3
Γ − uΓ − fΓ on Σ. (CH)� �

Popular Cahn–Hilliard equation with dynamic b.c.� �
∂u

∂t
− ∆µ = 0, µ = −∆u + u3 − u− f in Q, (CH)

uΓ = u|Γ, µΓ = µ|Γ,
∂uΓ

∂t
+ ∂νµ− ∆ΓµΓ = 0 on Σ,

∂uΓ

∂t
+ ∂νu− ∆ΓuΓ + u3

Γ − uΓ = fΓ on Σ. (AC)
� �
Racke–Zheng (2003), Wu–Zheng (2004), Miranville–Zelik (2005), Gal

(2007), Gilardi–Miranville–Schimperna (2009), Gal–Miranville (2009),

Cavaterra–Gal–Grasselli (2011), Colli–Gilardi–Sprekels (2014), etc.
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• Approach from the abstract evolution equation
H := L2(Ω), V := H1(Ω), HΓ := L2(Γ), VΓ := H1(Γ), H := H ×HΓ,
V := {(z, zΓ) ∈ V × VΓ : zΓ = z|Γ a.e. on Γ}, W := (H2(Ω) ×H2(Γ));
a(·, ·) : V × V → R

a(u, z) :=
∫

Ω
∇u · ∇zdx +

∫
Γ
∇ΓuΓ · ∇ΓzΓdΓ ∀u, z ∈ V ;

H0 := {z ∈ H : m(z) = 0}

m(z) :=

∫
Ω
zdx +

∫
Γ
zΓdΓ

|Ω| + |Γ|
∀z ∈ H, m0 := m(u0) := m

(
(u0, uΓ0)

)
;

V 0 := V ∩H0

|z|V 0
:=

{∫
Ω
|∇z|2dx +

∫
Γ
|∇ΓzΓ|2dΓ

}1/2 ∀z ∈ V 0;

F : V 0 → V ∗
0

⟨Fz, z̃⟩V ∗
0,V 0

:= a(z, z̃) ∀z, z̃ ∈ V 0.
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Lemma 1. ∃cP > 0 s.t.

cP |z|2V ≤ ⟨Fz, z⟩V ∗
0,V 0

= |z|2V 0
∀z ∈ V 0.� �

(z∗1, z
∗
2)V ∗

0
:= ⟨z∗1,F

−1z∗2⟩V ∗
0,V 0

∀z∗1, z
∗
2 ∈ V ∗

0;

H0 := {z ∈ H : m(z) = 0}, V 0 := V ∩H0, V 0 ↪→ ↪→H0 ↪→ ↪→V ∗
0.

We can apply the approach of abstract evolution equation to the Cahn–
Hilliard equation, Kenmochi–Niezgódka–Paw low(1995), Kubo(2012)
v := u−m01, v0 := u0 −m01, namely (v, vΓ) := (u−m0, uΓ −m0),
(v0, v0Γ) := (u0 −m0, u0Γ −m0), where m0 := m(u0);
f := (f, fΓ), β(z) := (β(z), βΓ(zΓ)), π(z) := (π(z), πΓ(zΓ)).

(A1) β, βΓ: maximal monotone graphs, that is, β = ∂β̂, βΓ = ∂β̂Γ by
some proper l.s.c. convex β̂, β̂Γ : R → [0,+∞] with β̂(0) = β̂Γ(0) = 0;
(A2) π, πΓ : R → R, Lipschitz continuous;
(A3) f ∈ L2(0, T ;V ) (or f ∈ W1,1(0, T ;H)), u0 := (u0, u0Γ) ∈ V ;



Equation and dynamic boundary condition of Cahn–Hilliard type 9/22

(A4) D(βΓ) ⊆ D(β), ∃ϱ, c0 > 0 s.t.∣∣∣β◦(r)
∣∣∣ ≤ ϱ

∣∣∣β◦
Γ(r)

∣∣∣ + c0
∀r ∈ D(βΓ);

(A5) m0 ∈ intD(βΓ), β̂(v0 + m0) ∈ L1(Ω), β̂Γ(v0Γ + m0) ∈ L1(Γ).

Theorem 1. Under the assumptions (A1)–(A5), there exists (v,µ, ξ)

such that

v ∈ H1(0, T ;V ∗
0) ∩ L∞(0, T ;V 0) ∩ L2(0, T ;W ),

µ ∈ L2(0, T ;V ), ξ := (ξ, ξΓ) ∈ L2(0, T ;H),

ξ ∈ β(v + m0) a.e. in Q, ξΓ ∈ βΓ(vΓ + m0) a.e. on Σ, and⟨
v′(t), z

⟩
V ∗

0,V 0
+ a

(
µ(t), z

)
= 0 ∀z ∈ V 0,

(
µ(t), z

)
H

= a
(
v(t), z

)
+

(
ξ(t) +π(v(t) +m01)− f(t), z

)
H

∀z ∈ V ,

v(0) = v0 := u0 −m01 in H0.
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(A1) β, βΓ: maximal monotone graphs, that is, β = ∂β̂, βΓ = ∂β̂Γ by
some proper l.s.c. convex β̂, β̂Γ : R → [0,+∞] with β̂(0) = β̂Γ(0) = 0;
(A2) π, πΓ : R → R, Lipschitz continuous;
(A3)′ f ∈ L2(0, T ;V ∗), u0 := (u0, u0Γ) ∈ V .

Theorem 2. Under the assumptions (A1)–(A3)′ for each f(i) and

v(i)
0 , the corresponding solutions (v(i),µ(i), ξ(i)) (i = 1,2) satisfy∣∣∣v(1)(t) − v(2)(t)

∣∣∣2
V ∗

0
+

∫ t

0

∣∣∣v(1)(s) − v(2)(s)
∣∣∣2
V 0

ds

≤ C

{∣∣∣v(1)
0 − v(2)

0

∣∣∣2
V ∗

0
+

∫ t

0

∣∣∣f(1)(s) − f(2)(s)
∣∣∣2
V ∗ds

}
∀t ∈ [0, T ].

� �
⋄ P. Colli and T. Fukao, Equation and dynamic boundary condition

of Cahn–Hilliard type with singular potentials, Nonlinear Anal., 127

(2015), 413–433.� �
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(A6) f ∈ H1(0, T ;H), f(0) ∈ V , u0 := (u0, u0Γ) ∈ (H3(Ω)×H3(Γ))∩V ,
β◦(u0) ∈ V .

Theorem 3. Under the assumptions (A1), (A2), (A4)–(A6), there

exists (u,µ, ξ) such that

u ∈ W1,∞(0, T ;V ∗) ∩H1(0, T ;V ) ∩ L∞(0, T ;W ),

µ ∈ L∞(0, T ;V ) ∩ L2(0, T ;W ), ξ ∈ L∞(0, T ;H),

ξ ∈ β(u) a.e. in Q, ξΓ ∈ βΓ(uΓ) a.e. on Σ, and

∂u

∂t
− ∆µ = 0, µ = −∆u + ξ + π(u) − f a.e. in Q,

uΓ = u|Γ, µΓ = µ|Γ,
∂uΓ

∂t
+ ∂νµ− ∆ΓµΓ = 0 a.e. on Σ,

µΓ = ∂νu− ∆ΓuΓ + ξΓ + πΓ(uΓ) − fΓ a.e. on Σ,

u(0) = u0 a.e. in Ω, uΓ(0) = u0Γ a.e. on Γ.
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• Key of the proof ∀λ ∈ (0,1], uλ = vλ + m01, P : H → H0,

Pz := z−m(z)1. Consider the following problem with viscosity (GMS;λ)

(F−1 + λI)
(
v′λ(t)

)
+ ∂φ

(
vλ(t)

)
= P

(
−βλ

(
uλ(t)

)
− π

(
uλ(t)

)
+ f(t)

)
for a.a. t ∈ (0, T ),

vλ(0) = v0 := u0 −m01 in H0,

where βλ := (βλ, βΓ,λ), π := (π, π), φ : H0 → [0,+∞]

φ(z) :=


1

2

∫
Ω
|∇z|2dx +

1

2

∫
Γ
|∇ΓzΓ|2dΓ if z ∈ V 0,

+∞ if z ∈ H0 \ V 0.

βλ(r) :=
1

λ

(
r − (I + λβ)−1(r)

)
, βΓ,λ(r) :=

1

λϱ

(
r − (I + λϱβΓ)−1(r)

)
,

� �
Lemma 2. [Calatroni–Colli (2013)]∣∣∣βλ(r)

∣∣∣ ≤ ϱ
∣∣∣βΓ,λ(r)

∣∣∣ + c0
∀r ∈ R.

� �
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3. Degenerate parabolic eq. with dynamic b.c.
• Enthalpy formulation of the Stefan problem u, uΓ: unknown

∂u

∂t
− ∆β(u) = g in Q,

β(uΓ) = β(u)|Γ,
∂uΓ

∂t
+ ∂νβ(u) − ∆Γβ(uΓ) = gΓ on Σ,

u(0) = u0 in Ω, uΓ(0) = u0Γ on Γ.

β : R → R is a piecewise linear function

β(r) =


ksr if r < 0,
0 if 0 ≤ r ≤ L,

kℓ(r − L) if r > L,

ks, kℓ, L: positive constants,

g, gΓ, u0, u0Γ: given functions.
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• Known results� �
⋄ T. Aiki, Multi-dimensional Stefan problems with dynamic boundary

conditions, Appl. Anal., 56(1995), 71–94.� �
L2-framework

∂u

∂t
− ∆β(u) = g in Q,

θΓ = β(u)|Γ,
∂θΓ

∂t
+ ∂νβ(u) = gΓ on Σ.

� �
⋄ F. Andreu, N. Igbida, J. M. Mazón and J. Toledo, A degenerate

elliptic-parabolic problem with nonlinear dynamical boundary condi-

tions, Interfaces Free Bound., 8(2006), 447–479.� �
L1-framework

∂u

∂t
− ∆β(u) = g in Q,

β(uΓ) = β(u)|Γ,
∂uΓ

∂t
+ ∂νβ(u) − ∆ΓβΓ(uΓ) = gΓ on Σ.
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• Asymptotic limit of Cahn–Hilliard equation (GMS)ε:
∀ε ∈ (0,1]� �

∂uε

∂t
− ∆µε = 0, µε = −ε∆uε + β(uε) + επ(uε) − f in Q,

uΓ,ε = (uε)|Γ, µΓ,ε = (µε)|Γ,
∂uΓ,ε

∂t
+ ∂νµε − ∆ΓµΓ,ε = 0 on Σ,

µΓ,ε = ε∂νuε − ε∆ΓuΓ,ε + β(uΓ,ε) + επ(uΓ,ε) − fΓ on Σ.� �
β(= βΓ) : R → R is maximal

monotone,

π(= πΓ) : R → R,

π(r) :=



L

2
if r < 0,

L

2
− r if 0 ≤ r ≤ L,

−
L

2
if r > L.
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• Asymptotic limit of Cahn–Hilliard equation (GMS)ε:
∀ε ∈ (0,1]� �

∂uε

∂t
− ∆µε = 0, µε = −ε∆uε + β(uε) + επ(uε) − f in Q,

uΓ,ε = (uε)|Γ, µΓ,ε = (µε)|Γ,
∂uΓ,ε

∂t
+ ∂νµε − ∆ΓµΓ,ε = 0 on Σ,

µΓ,ε = ε∂νuε − ε∆ΓuΓ,ε + β(uΓ,ε) + επ(uΓ,ε) − fΓ on Σ.� �
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(A7) β: maximal monotone graph, that is, β = ∂β̂, by some proper

l.s.c. convex β̂ : R → [0,+∞] with β̂(0) = 0;

(A8) g ∈ L2(0, T ;H0);

(A9) u0 ∈ V , m0 ∈ intD(β), β̂(u0) ∈ L1(Ω), β̂(u0Γ) ∈ L1(Γ).

Theorem 4. Under the assumptions (A7)–(A9), ∃1u ∈ H1(0, T ;V ∗)

∩L∞(0, T ;H) and ∃ξ ∈ L2(0, T ;V ) s.t.

ξ ∈ β(u) a.e. in Q, ξΓ ∈ β(uΓ), ξΓ = ξ|Γ a.e. on Σ,⟨
u′(t), z

⟩
V ∗,V

+
⟨
u′Γ(t), zΓ

⟩
V ∗

Γ ,VΓ
+

∫
Ω
∇ξ(t) · ∇zdx +

∫
Γ
∇ΓξΓ(t) · ∇ΓzΓdΓ

=
∫

Ω
g(t)zdx +

∫
Γ
gΓ(t)zΓdΓ ∀z = (z, zΓ) ∈ V , for a.a. t ∈ (0, T ),

and u(0) = u0 a.e. in Ω, uΓ(0) = u0Γ a.e. on Γ hold.

� �
⋄ T. Fukao, Convergence of Cahn–Hilliard systems to the Stefan

problem with dynamic boundary conditions, to appear in Asymptot.

Anal.� �
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• Remarks (i) The idea of asymptotic limit of Cahn–Hilliard equation
is independent of the boundary condition.� �
⋄ P. Colli and T. Fukao, Nonlinear diffusion equations as asymp-

totic limits of Cahn–Hilliard systems, J. Differential Equations, 260

(2016), 6930–6959.� �
(ii) We can choose very general β for various degenerate parabolic
equations, that is, porous media equation by β(r) = |r|q−1r (q > 1),
Hele-Shaw problem by β(r) = ∂I[0,1](r). We can also treat fast diffu-
sion equation by β(r) = |r|q−1r (0 < q < 1).
(iii) We can find some physical interpretation:� �
⋄ R. L. Pego, Front migration in the nonlinear Cahn–Hilliard equa-

tion, Proc. R. Soc. Lond. A, 422 (1989), 261–278.� �
(iv) Others types of asymptotic limit to the degenerate parabolic equa-
tions: Phase field to Stefan, reaction diffusion to Stefan [H. Murakawa
(2007)], etc. They need some growth condition for β̂.
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4. Boundary control problem of (GMS)
• Optimal control problem (GMS;fΓ):

∂u

∂t
− ∆µ = 0, µ = −∆u + W ′(u), in Q,

uΓ = u|Γ, µΓ = µ|Γ,
∂uΓ

∂t
+ ∂νµ− ∆ΓµΓ = 0 on Σ,

µΓ = ∂νu− ∆ΓuΓ + W ′
Γ(uΓ) − fΓ on Σ,

u(0) = u0 in Ω, uΓ(0) = u0Γ on Γ,

(A10) −∞ ≤ r− < 0 < r+ ≤ +∞;
(A11) β, βΓ ∈ C2(r−, r+); monotone, π, πΓ ∈ C2(r−, r+); Lipschitz,
β(0) = βΓ(0) = 0, β′, β′

Γ are bounded from below,
limr↘r− β(r) = limr↘r− βΓ(r) = −∞,
limr↗r+

β(r) = limr↗r+
βΓ(r) = +∞;

(A12) W ′ = β + π,W ′
Γ = βΓ + πΓ and W,WΓ ∈ C3(r−, r+), W,WΓ ≥ 0,

W(0) = WΓ(0) = 0, W ′′,W ′′
Γ are bounded from below,

limr↘r− W ′(r) = limr↘r− W ′
Γ(r) = −∞,

limr↗r+
W ′(r) = limr↗r+

W ′
Γ(r) = +∞;
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fΓ ∈ Uad: boundary control in an admissible set:

Uad :=
{
ζΓ ∈ X := H1(0, T ;HΓ) : |ζΓ|X ≤ M0

}
.

(OP): Find a minimizer ((ū, ūΓ), f̄Γ) of the cost

J
(
(u, uΓ), fΓ

)
:=

bQ

2

∫
Q
|u− u∗|2dxdt +

bΣ

2

∫
Σ
|uΓ − u∗Γ|

2dΓdt +
b0

2

∫
Σ
|fΓ|2dΓdt,

where u∗ ∈ L2(0, T ;H) and u∗Γ ∈ L2(0, T ;HΓ) are target states, subject
to the constraint f̄Γ ∈ Uad and the corresponding state

ū = (ū, ūΓ) = S(f̄Γ), solution (ū, µ̄) of (GMS;f̄Γ).

This kind of boundary control problem for the Cahn–Hilliard equation
was treated in the series of paper by Colli–Gilardi–Sprekels.
� �
⋄ P. Colli, G. Gilardi and J. Sprekels, A boundary control problem for

the pure Cahn–Hilliard equation with dynamic boundary conditions,

Adv. Nonlinear Anal., 4 (2015), 311–325.� �
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The strategy of the proof is completely same as their study.
▷ Problem with viscosity (GMS;λ, fΓ), Sλ : fΓ 7→ uλ, (sol. (uλ, µλ))
▷ Optimal control problem (OP;λ) for (GMS;λ, fΓ).
▷ Linearized problem (to obtain the differentiability of Sλ) .

Theorem 5. Assume (A4),(A5), (A10)–(A12). ∀{f̄Γ,λ}λ∈(0,1]; opti-

mal controls of (OP;λ), ∃{λk}k∈N; λk ↘ 0 s.t. f̄Γ,λk
→ f̄∗Γ weakly in

H1(0, T ;HΓ) as k → +∞, where f̄∗Γ is an optimal control of (OP).

• Necessary optimality condition f̄Γ: target optimal control of (OP).� �
⋄ V. Barbu, Necessary conditions for nonconvex distributed control

problems governed by elliptic variational inequalities, J. Math. Anal.

Appl., 80 (1981), 566–597.� �
(OP;λ, f̄Γ): Find a minimizer ((ũλ, ũΓ,λ), f̃Γ,λ) of the cost

J̃f̄Γ

(
(u, uΓ), fΓ

)
:= J

(
(u, uΓ), fΓ

)
+

1

2

∫
Σ
|fΓ − f̄Γ|2dΓdt,

subject to the constraint f̃Γ,λ ∈ Uad and the corresponding state ũλ =
Sλ(f̃Γ,λ), solution of (GMS;λ, f̃Γ,λ).
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Z := H1(0, T ;V ∗
0) ∩ L2(0, T ;V 0) and Z0 := {ζ ∈ Z : ζ(0) = 0}.

Theorem 6. Assume (A4),(A5), (A10)–(A12). ∀f̄Γ; optimal control

of (OP), ∀{f̃Γ,λ}λ∈(0,1] of (OP;λ, f̄Γ), ∃{λk}k∈N; λk ↘ 0 s.t.

f̃Γ,λk
→ f̄Γ in L2(0, T ;HΓ) as k → +∞.

Moreover, there exist two elements

Λ ∈ (H1(0, T ;V ∗) ∩L2(0, T ;V ))∗, ΛΓ ∈ (H1(0, T ;V ∗
Γ) ∩L2(0, T ;VΓ))∗

and q̃ ∈ L∞(0, T ;V ∗
0) ∩ L2(0, T ;V 0) satisfying an adjoint system∫ T

0
⟨ζ′(t),F−1q̃(t)⟩V ∗

0,V 0
dt +

∫ T

0
a
(
q̃(t), ζ(t)

)
dt + ⟨Λ, ζ⟩Q + ⟨ΛΓ, ζΓ⟩Σ

= bQ

∫ T

0

(
ū(t) − u∗(t), ζ(t)

)
H
dt + bΣ

∫ T

0

(
ūΓ(t) − u∗Γ(t), ζΓ(t)

)
HΓ

dt

for all ζ ∈ Z0, s.t.∫ T

0

(
q̃Γ(t) + b0f̄Γ(t), fΓ(t) − f̄Γ(t)

)
HΓ

dt ≥ 0 ∀fΓ ∈ Uad.
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Conclusion
2/ Setting suitable function spaces, we extend the well-posedness result

Goldstein–Miranville–Schimperna (2011) of (GMS) to the case that β

and βΓ are multivalued. Theorems 1,2,3� �
⋄ P. Colli and T. Fukao, Equation and dynamic boundary condition

of Cahn–Hilliard type with singular potentials, Nonlinear Anal., 127

(2015), 413–433.� �
2/ Considering the asymptotic limit of Cahn–Hilliard equation, we treat

the degenerate parabolic equation with dynamic b.c. Theorem 4� �
⋄ T. Fukao, Convergence of Cahn–Hilliard systems to the Stefan

problem with dynamic boundary conditions, to appear in Asymptot.

Anal.� �
2/ Based on the known result by Colli–Gilardi–Sprekels (2015), we ob-

tain two characterizations of the optimal control (OP), with some

necessary optimality condition. Theorems 5, 6


