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Nonlocal CHNS with deg. mob.+sing. pot. with matched densities

uy — 2div (v(@)Du) + (u- V)u+ Vo = uVp + v
e+ u- Vo =dv(m(p)Vu)
p=ap—Kxp+F(p)

div(u) =0

in Q x (0,T), where © C R?, d = 2, 3 is a bounded smooth domain and 7" > O 'is a

prescribed final time. System (0.1)—(0.4) is subjected to
u =0, m(p)Vu-n=0 on 9dQ x (0,T)
and to

w(0) =uo, ¢(0)=¢o inQ

(K + 0)(x /Ka:— (y)dy a(a:)::/QK(a:—ydy
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Basic assumptions |

K) K € WhH(RY), K(z) = K(—x), a(z) == Jo K(z —y)dy >0, ae.

loc

a* = sup/|K(az—y)|dy<oo7 b:= sup/|VK(x—y)|dy<oo
z€QJQ z€QJQ

(V) vis locally Lipschitz on R and 301,02 > 0 s.t.
i <v(s) <2, VseR

(M) m € C([~1,1]), m > 0, m(s) = 0iff s = —1 or s = 1. Moreover,
Jeo > 0s.t. mis non-increasing in [1 — €9, 1] and non-decreasing in
[—1, -1+ 60]
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Basic assumptions |

(K) K € WhH(RY), K(z) = K(—2), a(z) == Jo K(z —y)dy >0, ae.

loc

a* = sup/ |K(x —y)|dy < 0o, b:= sup/ IVK(x —y)|dy < oo
Q Q

zeQ €N

(V) vis locally Lipschitz on R and 301,02 > 0 s.t.
ZA/1 SI/(S) Sﬁg, VSGR

(M) m € C([~1,1]), m > 0, m(s) = 0iff s = —1 or s = 1. Moreover,
Jeo > 0s.t. mis non-increasing in [1 — e, 1] and non-decreasing in
[—1, -1+ €]
Furthermore, m and F' are supposed to fulfill the condition
(A1) FeC?*(—1,1), mF"cC(-1,1))

S. Frigeri - INAAM Meeting, OCERTO 2016 “Optimal Control for Evolutionary PDEs and Related Top- W
ics", Cortona, June 20-24 2016 - Page 3 (24) AS)



Basic assumptions |

(K) K € WhH(RY), K(z) = K(—2), a(z) == Jo K(z —y)dy >0, ae.

loc

a* = sup/ |K(x —y)|dy < 0o, b:= sup/ IVK(x —y)|dy < oo
Q Q

z€Q zeQ
(V) vis locally Lipschitz on R and 301,02 > 0 s.t.
ZA/1 SI/(S) Sﬁg, VSGR

(M) m € C([~1,1]), m > 0, m(s) = 0iff s = —1 or s = 1. Moreover,
Jeo > 0s.t. mis non-increasing in [1 — e, 1] and non-decreasing in
[—1, -1+ €]
Furthermore, m and F' are supposed to fulfill the condition
(A1) FeC?*(—1,1), mF"cC(-1,1))

We assume that " written in the form
F=nN+F

where the singular component F; and the regular component F> € CQ([—l, 1]) satisfy
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Basic assumptions Il 'Zﬁ@"*é

(A2) 3K > 4(a” — a« — by), where b, :=min[_y 1] F3', and €g > 0:

F/(s) >k, Vse(=1,—14¢]U[l—co,1)

11

(A3) Jeo > 0: FY is non-decr. in [1 — €, 1) and non-incr. in (—1, —1 + €]
(A4) Jco > 0: F'(s)+a(z) > co, Vs€e(—1,1),ae.z€N
(A5) 3p €[0,1): pFy'(s) + Fy'(s) +a(z) >0, Vs € (—1,1), ae.z € Q

(A6) Jap > 0: m(s)F{'(s) > ao, Vse[-1,1]
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Basic assumptions Il 'Zﬁf’g

(A2) 3K > 4(a” — a« — by), where b, :=min[_y 1] F3', and €g > 0:
F/(s) >k, Vse(=1,—14¢]U[l—co,1)
(A3) Jeo > 0: FY{ isnon-decr.in [1 — €o, 1) and non-incr. in (—1, —1 + €o]
(A4) Jco > 0: F'(s)+a(z) > co, Vs€e(—1,1),ae.z€N
(A5) 3p €[0,1): pFy'(s) + Fy'(s) +a(z) >0, Vs € (—1,1), ae.z € Q
(AB) Jap > 0: m(s)F{'(s) > oo, Vse][-1,1]
Typical situation
B m(s) = ki(1 — s?)
B F(s)=—%s"+2((1+s)log(l+s)+ (1 —s)log(l —s)), 0<O<0,

0. = given critical temperature below which the phase separation takes place
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Weak formulation - Definition 'Zﬁ@“*é

Set H :=L*(Q), V:=HY Q)
Let ug € Haiw, o € H with F(po) € L'(Q), v € L*(0,T;V};,,) and 0 < T < 00 be
given. A pair [u, ¢] is a weak sol. on [0, T'] if
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Weak formulation - Definition 'Zﬁ@’“é

Set H :=L*(Q), V:=HY Q)
Let ug € Haiw, o € H with F(po) € L'(Q), v € L*(0,T;V};,,) and 0 < T < 00 be
given. A pair [u, ¢] is a weak sol. on [0, T'] if
B u, o satisfy
w € L0, T; Hyiw) N L*(0,T; Vain), ue € LY*0,T;Vy), d=2,3
@€ L*(0,T; H)NL*(0,T;V), ¢ € L*(0,T;V")
wEe LOO(QT)7 |@(1"7t)| <1 ae (:B7t) € QT = QX (OvT)
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Weak formulation - Definition 'Zﬁf’g

Set H :=L*(Q), V:=HY Q)
Let wo € Haiv, wo € H with F(po) € L'(Q), v € L*(0,T;V};,,) and 0 < T' < +00 be
given. A pair [u, ¢] is a weak sol. on [0, T'] if

B u, o satisfy

w e L(0,T; Hain) N L*(0,T; Vain), wr € LY40,T;V};,), d=2,3
@€ L0, T; H)NL*(0,T;V), ¢ € L*(0,T;V)
p e L=(Qr), lp(z,t)| <1 ae. (z,t) € Qr:=2x(0,T)

B Vw € Vg, Vi) € V andforae. t € (0,7) we have
(ur, w) + 2 (v () Du, Dw) + b(u, u, w) = ((ap — K * p)Vo,w) + (v, w)

(pe, v /m F'(o)Vep- Vw—l-/m )aVy - Vi

+/ m(p)(¢pVa— VK * ) Vi) = (up, Vi)
Q
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Weak formulation - Definition 'Zﬁf’g

Set H :=L*(Q), V:=HY Q)
Let wo € Haiv, wo € H with F(po) € L'(Q), v € L*(0,T;V};,,) and 0 < T' < +00 be
given. A pair [u, ¢] is a weak sol. on [0, T'] if

B u, o satisfy

w e L(0,T; Hain) N L*(0,T; Vain), wr € LY40,T;V};,), d=2,3
€ L®(0,T; H)NL*(0,T;V), ¢ € L*(0,T; V)
p e L=(Qr), lp(z,t)| <1 ae. (z,t) € Qr:=2x(0,T)

B Vw € Vg, Vi) € V andforae. t € (0,7) we have
(ur, w) + 2 (v () Du, Dw) + b(u, u, w) = ((ap — K * p)Vo,w) + (v, w)
(pe, ¥ /m F'(o)Vep- Vw—l-/m )aVy - Vi

+ [ mle)eVa - VK «) - V6 = (wp, 0)
Q
B the initial conditions ©(0) = uo, ¢(0) = o hold
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J weak sols and uniqueness in 2D Gt

Theorem (F., Grasselli, Rocca ’15 & F., Gal, Grasselli ’15)

Assume (K), (V), (M) and (A1)—(A4). Let uo € Haiw and po € L(2), F(po) € L'(Q)
and M (o) € L* (), where M € C*(—1,1) s.t. m(s)M"(s) = 1Vs € (—1,1) and
M(0) = M'(0) = 0. Letalsov € L},.([0,00); Vi;,,). Then, YT > 0 3 a weak sol [u, ¢]
on [0, T. In addition, if d = 2 the weak sol [u, | satisfies the energy equation

33 (Rl +1el) + [ m(@F @IVl + [ am(@)[Tol? +vvul®
:/Qm(go)(VK*go—goVa)-V<p—|—/9(a<p—K*<p)u-Vnp+(v,u),
fora.a. t > 0, andifd = 3, [u, ]| satisfies the following energy inequality
L (@I + e o) )+/ [mE el + [ [ anolve

1
w0 [ 190l < 2ol +lil?) + [ [ m@) (VK < o= p9a) - Vo

// ap— K *p)u - V<p+/(vu)d7', Vvt >0
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3 weak sols and uniqueness in 2D

Theorem (F., Grasselli, Rocca °'15 & F., Gal, Grasselli "15)

Letd = 2, v constant, and suppose in addition that (A5) and (A6) are satisfied. Then, the
weak sol is also unique. Moreover, let [ui, cpi} be two weak sols corresponding to two initial
data [wos:, oi] and external force densities vs, with wo; € Haiv, poi € L°(Q) s.t.
F(po0i) € LY(Q), M(po;) € L' () andv; € L7,.([0,00); Vij;,). Then, setting

U= Uz — U, Y = P2 — p1 and v := vz — v1, the following continuous dependence

estimate holds
2 2
@I + 1@ + 1wl Z2(0,6v450) + 10112200,

< (IO + [ (O)1I3) Ao ()
+ RO Ar () + [0l1220,rv7, Aa(D),

forallt € [0,T], where Ao, A1 and Az are continuous functions which depend on the norms
of the two sols. The functions A; also depend on F, K, v and )
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Strong sols in 2D (Jointly with M. Grasselli & J. Sprekels) xﬁ’g

B We need stronger assumptions on K. In particular K € VVZQOC1 (R?) or K admissible

Definition (J. Bedrossian, N. Rodriguez & A. Bertozzi "11)

Akernel K € Wllocl (IR?) is admissible if the following conditions are satisfied:
(Ad1) K € C3(R%\ {0})
(Ad2) K is radially symmetric, J (z) = K (|z|) and K is non-increasing
(Ad3) K" (r) and K'(r)/r are monotone on (0, 7o) for some o > 0

(Ad4) |D*K (z)| < Ca|z| =" for some Cy > 0

Newtonian and Bessel kernels are admissible for all d > 2
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Strong sols in 2D (Jointly with M. Grasselli & J. Sprekels) . "Cff’g

B We need stronger assumptions on K. In particular K € Wfocl (R?) or K admissible

Definition (J. Bedrossian, N. Rodriguez & A. Bertozzi "11)

Akernel K € Wllocl (IR?) is admissible if the following conditions are satisfied:
(Ad1) K € C3(R%\ {0})
(Ad2) K is radially symmetric, J (z) = K (|z|) and K is non-increasing
(Ad3) K" (r) and K'(r)/r are monotone on (0, 7o) for some o > 0

(Ad4) |D*K (z)| < Cqlz| =% forsome Cy > 0

Newtonian and Bessel kernels are admissible for all d > 2

Lemma (J. Bedrossian, N. Rodriguez & A. Bertozzi ’11)

Let K be admissible.Then, Vp € (1,00) 3Cp > 0 s.t.

IVxlle) < ColldllLe), Vi € LP(Q)

where x = VK * 1)
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Strong sols in 2D

Suppose (K), (V), (M), (A1)., (A2)—(A6) are satisfied and K € W2 or K admissible. Let

loc

wo € Haiv, po € V N L2(Q) with F(po) € L' (Q) and M (o) € L*(Q). Let also
v € L*(0,T; Haiv). Then, VT > 0 3 a weak sol [u, ¢] on [0, T] s.t.

w € L (0,T; Hain) N L* (0,T; Vain) ,  us € L* (0,T; Vi)
¢ € L=(0,T;V)NL*(0,T; H*(Q)),  ¢: € L*(0,T; H)

Moreover, assume in addition o € Vai and po € V. N CP(Q), B € (0,1). Then, 3
(unique) strong sol satisfying the above regularity and

w € L™ (0,T; Vaiw) N L?(0,T; H*(Q)%), s € L* (0, T; Haiv)
Finally, assume in addition o € H 2 (£2) and that the following compatibility condition holds
OnB(:,p0) = (¢0) (VK * o) -n — N(po)(Va-n), ondQ

Then, the strong sol also satisfies
¢ € L®(0,T; H*(Q)), ¢ € L®(0,T; H)N L*(0,T;V)
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Strong sols in 2D

Strategy of the proof |
B Step 1: establish ¢ € L°°(0,T; V) N L*(0,T; H*(Q))
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Strong sols in 2D

Strategy of the proof |
B Step 1: establish ¢ € L°°(0,T; V) N L*(0,T; H*(Q))
W Difficulty: since  is nonconstant, we cannot directly apply the classical regularity result
for the incompressible NS system in 2D (as done in F., Grasselli & P. Krej¢i) to deduce
thatw € L™ (Vai,) N L*(H?) = only rely onw € L™ (Hai) N L (Vaio)
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Strong sols in 2D

Strategy of the proof |

B Step 1: establish ¢ € L°°(0,T; V) N L*(0,T; H*(Q))

W Difficulty: since  is nonconstant, we cannot directly apply the classical regularity result
for the incompressible NS system in 2D (as done in F., Grasselli & P. Krej¢i) to deduce
thatw € L™ (Vai,) N L*(H?) = only rely onw € L™ (Hai) N L (Vaio)

B Rewrite the nonlocal CH as

ot +u- Vo =AB(-,¢) +div(N(p)Va) — div(m(p) (VK *¢))

where, Vs € [—1,1] and a.e z € 2, we have set

(z,5) / B(z,0) B(z,s) =m(s)(a(z) + F"(s))
N(s) = sm(s) — M(s),  M(s) = /O " m(o)do
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Strong sols in 2D xﬁ’g
Strategy of the proof |

B Step 1: establish ¢ € L°°(0,T; V) N L*(0,T; H*(Q))

W Difficulty: since  is nonconstant, we cannot directly apply the classical regularity result
for the incompressible NS system in 2D (as done in F., Grasselli & P. Krej¢i) to deduce
thatw € L™ (Vai,) N L*(H?) = only rely onw € L™ (Hai) N L (Vaio)

B Rewrite the nonlocal CH as

ot +u- Vo =AB(-,¢) +div(N(p)Va) — div(m(p) (VK *¢))
where, Vs € [—1,1] and a.e z € 2, we have set
@9)= [ B0y, Aws) = mls) ale) + F(5)

£l

N(s) = sm(s) — M(s),  M(s) = / m(c)do
B the BC: m(¢)Vp-n =0 ondQ canbe rewritten as
[VB(,,¢) + N(¢)Va —m(p)(VK x¢)] -n =0, on O
Indeed VB(-,¢) = M(p)Va+ B(-, )V
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Strong sols in 2D

Strategy of the proof Il
B Test nonlocal CH by B(-, ¢): = B(+, ¢)w: to obtain
S I IvBC I /ﬂ D)2 + (1 Vi, B, 9

= —(N(¢)Va,VB(,,¢)t) + (m(p)(VK % ¢), VB(-, ¢):)
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Strong sols in 2D

Strategy of the proof Il
B Test nonlocal CH by B(-, ¢): = B(+, ¢)w: to obtain
S I IvBC I /ﬁ D)2 + (1 Vi, B, 9

= —(N(¥)Va,VB(-,¢)e) + (m(p) (VK * ¢), VB(-, ¢)1)
B Thanks to (A5) and (A6) we have

Bz, s) = m(s)(FY'(s) + FS (s) + a(x)) > (1 - p)m(s)F{'(s) = (1 - p)ao

and thanks to (A1) we have

Blax,s) <k, K =[mF"|loq1a + Imlleq1mlallLes @
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Strong sols in 2D 'Zﬁf’g

Strategy of the proof Il
B Test nonlocal CH by B(-, ¢): = B(+, ¢)w: to obtain
S I IvBC I /5 D)2 + (1 Vi, B, 9

= —(N(p)Va, VB(,,¢):) + (m(p)(VK * ¢), VB(-, ¢):)
B Thanks to (A5) and (A6) we have
Bz, s) = m(s)(FY'(s) + F3 (s) + a(z)) = (1 = p)m(s)F1'(s) = (1 = p)ao
and thanks to (A1) we have
Blz,s) <k™, K" =[ImF"|lc-11) + Imlleq-1apllallze @

B By means of technical arguments we are led to

dd
dt

@ := ||[VB(,9)|I* + 2(N(¢)Va, B(-, ) V) — 2(m(@) (VK @), B(-, ¢) V)

+ (1= placllel” < Comrac (14 [|ul®[Va]®) (1+ [ Vel?)
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Strong sols in 2D 'Zﬁf’g

Strategy of the proof Il
B Test nonlocal CH by B(-, ¢): = B(+, ¢)w: to obtain
S I IvBC I /5 D)2 + (1 Vi, B, 9

= —(N(@)Va,VB(, ¢):) + (m(p) (VK x ¢), VB(-, ¢):)
B Thanks to (A5) and (A6) we have
B(x,s) = m(s)(F{'(s) + F§ (s) + a(x)) > (1 — p)m(s)F{'(s) > (1 - p)ao
and thanks to (A1) we have
Blz,s) <k™, K" =[ImF"|lc-11) + Imlleq-1apllallze @
B By means of technical arguments we are led to

dd

—= 1= paolleel” < Corie (1+ [ull®[Vul®) (1+[Vel)

@ := ||[VB(,9)|I* + 2(N(¢)Va, B(-, ) V) — 2(m(@) (VK @), B(-, ¢) V)
Wehave K1 ([[Ve(t)]|* —1) < @(t) < Kz ([Ve(@)|* + 1)
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Strong sols in 2D 'Zﬁ@"*é

Strategy of the proof I

B By using only u € L™ (0, T; Hair) N L? (0, T; Vi), Gronwall’'s lemma entails

0 € L®(0,T;V), ¢ € L*(0,T;H)
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Strong sols in 2D

Strategy of the proof I

B By using only u € L™ (0, T; Hair) N L? (0, T; Vi), Gronwall’'s lemma entails
ee L=(0,T;V), @€ L*0,T;H)
B By comparison in the nonlocal CH we obtain B € L?(0,T; H*(Q)). On account of
IVB(G @)llza@? < Clleell? + [Vul'/? +1)

which yields ¢, 8(-, ), B(-,¢) € L* (0, T; W"* (Q)), and of

1 1 M M
Olyp = 505 B — 55000, ~ %ai (95a) — —mg") Dipda + ﬁ(f) :80;a

we getalso ¢ € L*(0,T; H*(Q))
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Strong sols in 2D 'Zﬁ@’g

Strategy of the proof I

B By using only u € L™ (0, T; Hair) N L? (0, T; Vi), Gronwall’'s lemma entails
ee L=(0,T;V), @€ L*0,T;H)
B By comparison in the nonlocal CH we obtain B € L?(0,T; H*(Q)). On account of
IVB(G @)llza@? < Clleell? + [Vul'/? +1)

which yields ¢, 8(-, ), B(-,¢) € L* (0, T; W"* (Q)), and of

1 1 M M
Olyp = 505 B — 55000, ~ %ai (95a) — —mg") Dipda + ﬁ(f) :80;a

we getalso ¢ € L*(0,T; H*(Q))

B Step 2: establish u € L°°(0, T; Vi) N L2(0, T; H*(Q)?) (assuming uo € Vi, and
o €V NCP(Q))
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gah

Strong sols in 2D

Strategy of the proof IV

B Test NS by u;. We need to control the H?—norm of u by the L?—norm of u; The tool is

a regularity result for the following inhomogeneous Stokes system in non-divergence form
—w(@)Au+Vr = f(z) inQ

div(u) =0 in Q (0.7)
u=0 on 002

Proposition (Y. Sun & Z. Zhang ’13)

Letf € L*(Q)* andw € C° (Q) , forsome § € (0,1),5..0 < Ao < w (z) < A1 < 00
Va € Q. Then any sol. [u, 1] € H? (2)* x H' (Q) of (0.7) satisfies the estimate

||u||H2(Q)2 + ||7T||H1(Q) <C (||f||L2(Q)2 + ||7r||L2(Q)) )

for some constant C' = C'(Xo, A1, €, ||w||cg(§)) >0
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Strong sols in 2D 'Zﬁ@";

Strategy of the proof V

W Holder continuity for ¢ can be proven (cf. Ladyzenskaja, Solonnikov & Ural’ceva) =
v(p) € C/2(Q x [0,T7]) for some § > 0
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Strong sols in 2D 'Zﬁ@’g

Strategy of the proof V

W Holder continuity for ¢ can be proven (cf. Ladyzenskaja, Solonnikov & Ural’ceva) =
v(p) € C/2(Q x [0,T7]) for some § > 0

B The previous result can be applied to the NS system after writing it as

—v(p)Au+Vra=f
where

f=(ap—K+p)Vo+v—(u-V)u—u;+2v' (p)DuVy, 7:=m—F(p)
We get
d 2, 1 2 2 2 2
2 [ v@IDul” + Sllue® < C (U + lol” + [Vell)
Q

2
+O(lul?IVul® + IVellzs + e 1 Dul®, 1= *%Va - (Jxp)Ve+o
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Strong sols in 2D

Strategy of the proof V
W Holder continuity for ¢ can be proven (cf. Ladyzenskaja, Solonnikov & Ural’ceva) =

v(p) € C/2(Q x [0,T7]) for some § > 0

B The previous result can be applied to the NS system after writing it as

—v(p)Au+Vi=f

where
f=(ap—K+p)Vo+v—(u-V)u—u;+2v' (p)DuVy, 7:=m—F(p)
We get
d Dul? 1 2 o (2 2 Lol
2 [ v@IDul” + Sllue® < C (U + lol” + [Vell)

Q

2
+O(lul?IVul® + IVellzs + e 1 Dul®, 1= *%Va - (Jxp)Ve+o

Hence, on account of the improved regularity for ¢ in Step 1

we L®(0,T; Vai) N L*(0,T; H*(Q)?), w; € L (0,T; Hao)
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Strong sols in 2D 'Zﬁ@";

Strategy of the proof VI
B Step 3 (Nonlocal CH); X ¢ to get

1d
5@““0’5”2 + (VB(,9)t, Vo) = — (ur - Vo, 1) — (em/ ()i Va, Vor)

+ (m'(©)et (VK %), Vi) + (m(p) (VK * ¢1) , Vi)
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Strong sols in 2D 'Zﬁf’g

Strategy of the proof VI
B Step 3 (Nonlocal CH); X ¢, to get
1d 2 /
5@“%” + (VB(,9)t, Vi) = — (wi - Vo, 01) — (em/()p:Va, V)
+ (m'(©)¢e (VK % 9),Veor) + (m(p) (VK * ¢1) , Veor)

B By means of some technical arguments and the improved regularities obtained in Step 1
and Step 2 we get

d 1
el + J00(0=p)IVeell” < C (lpel® + lleell” + llawel* + 1)

S. Frigeri - INAAM Meeting, OCERTO 2016 “Optimal Control for Evolutionary PDEs and Related Top- W
ics", Cortona, June 20-24 2016 - Page 15 (24) AS)



Strong sols in 2D
Strategy of the proof VI
B Step 3 (Nonlocal CH); X ¢, to get
1d
2dt
+ (m'(9)pr (VE % 9), Voor) + (m(0) (VK * 1), Veor)

loell® + (VB(-, )i, Vor) = — (us - Voo, 1) — (om (0)¢rVa, Vo)

B By means of some technical arguments and the improved regularities obtained in Step 1

and Step 2 we get
%II%\F + iao(l = 2IVed* < C (leel® + el + llaael|* + 1)
which entails (¢;(0) € H is ensured by the condition o € H?(R))
¢ € L>(0,T; H) N L*(0, T3 V)
and by comparison in the nonlocal CH we get B(-, @) € L*(0,T; H*(2)) and also

¢ € L=(0,T; H*())
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Optimal control for nonloc CHNS in 2D with sing. pot. + deg. mob.

(Jointly with M. Grasselli and J. Sprekels)
Problem (CP): minimize the cost functional

b1 B2 Bs
J(y,v) = ?Hu —uqlz2qe + 7”90 - valli2 ) + ?HU(T) — ug|?
Ba 2
+ S lle(T) = pall* + S l1vlZ20)2
where y := [u, ¢] solves

uy — 2div (v(@)Du) + (u - V)u + Vo = uVep +v
e+ u- Vo =div(m(e) Vi)
p=ap—Kx*p+F(p)

diviu) =0 inQx (0,7)

m(p)Vu-n=0, u=0 ondQ

uw(0) =uo,  ¢(0) = o

(nloc CHNS)

and the external body force density v, which plays the role of the control, belongs to a suitable
closed, bounded and convex subset of the space of controls V := L2 (0, T; Hai.)
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Optimal control - Existence

B Introducing the space
H = [H'(0,T; Haiv) N C°([0, TT; Vi) N L?(0,T; H*(2)?)]

x [CM([0, T); H) 0 H (0,73 V) 0 CO([0, T]; H* ()]
then, the control-to-state map
S:V—oH, veV—Sh):=y:=[up eH
where y := [u, cp] is the unique strong sol to Problem (nloc CHNS) corresponding to
v € V and to fixed initial data 1o € Vaiv, po € H*(Q), F(po) € L*(Q),
M (po) € L'(Q) is well defined
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Optimal control - Existence 'Zﬁf’g

B Introducing the space
H = [H'(0,T; Hay) N C°([0, T]; Vi) N L(0, T5 H(2)%)]
x [CM([0, T); H) 0 H (0,73 V) 0 CO([0, T]; H* ()]
then, the control-to-state map
S:V—oH, veV—Sh):=y:=[up eH

where y := [u, cp] is the unique strong sol to Problem (nloc CHNS) corresponding to
v € V and to fixed initial data wo € Viiv, po € H*(Q), F(po) € L*(Q),
M (po) € L'(Q) is well defined

B With v, vy € VN L>®(Q)? prescribed, set of admissible controls

Vaa :={v €V vaiz,t) <vi(w,t) <weilw,t), ae (z,t) €Q, i=1,2}

S. Frigeri - INAAM Meeting, OCERTO 2016 “Optimal Control for Evolutionary PDEs and Related Top- W
ics", Cortona, June 20-24 2016 - Page 17 (24)



Optimal control - Existence 'Zﬁf’g

B Introducing the space
H:= [H'(0,T; Haiy) N C([0, T); Vaiw) N L2(0,T; H()%)]
x [CH([0,T); H) n H*(0,T5V) N CO([0, T]; H*(2))]
then, the control-to-state map
S:VoH, veV—Sw):=y:i=[up eH
where y := [u, cp] is the unique strong sol to Problem (nloc CHNS) corresponding to
v € V and to fixed initial data 1o € Vaiv, po € H*(Q), F(po) € L*(Q),
M (po) € L'(Q) is well defined
B With v, vy € VN L>®(Q)? prescribed, set of admissible controls
Vaa :={v €V vaiz,t) <vi(w,t) <weilw,t), ae (z,t) €Q, i=1,2}
W Introducing the reduced cost functional f(v) := J(S(v),v), forallv € V, then

(CP) < min f(v)
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Optimal control - Existence

B Introducing the space
M= [H'(0,T; Haiw) 0 CO([0, T; Vag) N L2(0, T3 H*(2)%)]
x [C1([0,T]; H) N HY(0,T; V) N C°([0, T]; H2())]
then, the control-to-state map
S:V—oH, veV—Sh):=y:=[up eH
where y := ['u,, cp] is the unique strong sol to Problem (nloc CHNS) corresponding to
v € V and to fixed initial data 1o € Vaiv, po € H*(Q), F(po) € L*(Q),

M (po) € L'(Q) is well defined
B With v, vy € VN L>®(Q)? prescribed, set of admissible controls

Vaa :i={v €V vaiz,t) <wvi(w,t) < vbi(m t), ae (z,t) €Q, i=1,2}
B Introducing the reduced cost functional f(v) := J(S ), forallv € V, then
CP) < i
(CP) 7Jr€r1‘1}ral,i f(v)

Problem (CP) admits a sol© € V,q, with associated state y := [w, @] := S(V)
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Optimal control - The linearized system

B Aim: deduce first order necessary conditions for existence of the optimal control
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Optimal control - The linearized system 'Zﬁ@"*é

B Aim: deduce first order necessary conditions for existence of the optimal control

B We need to establish suitable differentiability properties of the control-to-state map
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Optimal control - The linearized system

B Aim: deduce first order necessary conditions for existence of the optimal control

B We need to establish suitable differentiability properties of the control-to-state map
B To this purpose we consider the linearized system at j := [w, | := S(v)

&, — 2div(v(@)DE) — 2div(v'(@)nDu) + (@ - V) €+ (£ V) @+ Vr*
=—gnVa+n(VK*@)+¢(VK*n)+h inQ
ne+a-Vn=—£-Ve+dv(8(,, p)Vn) +div(m' (@)nV (ap — K + @)

+div(m(@) (nVa — VK xn)) +div(nN' ()Ve)  inQ

div(€) =0 inQ

£€=100,0T onx

B, @)V +m'(e)nV (ap — K * @) + m(p) (nVa — VK 1) + N (p)Ve] -n =0
£0)=1[0,0T, n0)=0 inQ on¥

S. Frigeri - INAAM Meeting, OCERTO 2016 “Optimal Control for Evolutionary PDEs and Related Top-
ics", Cortona, June 20-24 2016 - Page 18 (24)

1



Optimal control - The linearized system xﬁ’g

B Aim: deduce first order necessary conditions for existence of the optimal control

B We need to establish suitable differentiability properties of the control-to-state map
B To this purpose we consider the linearized system atj := [u, @] := S(v)

&, — 2div(v(@)DE) — 2div(v'(@)nDu) + (@ - V) €+ (£ V) @+ Vr*
=—gnVa+n(VK*@)+¢(VK*n)+h inQ
ne+a-Vn=—£-Ve+dv(8(,, p)Vn) +div(m' (@)nV (ap — K + @)

+div(m(@) (nVa — VK xn)) +div(nN' ()Ve)  inQ

div(¢) =0 inQ

£€=100,07 onZ

B, @)V +m'(e)nV (ap — K * @) + m(p) (nVa — VK 1) + N (p)Ve] -n =0
£0)=1[0,0T, 70)=0 inQ ony

Proposition
For every h € V the linearized problem above has a unique sol satisfying

¢ € C([0,T); Haiv) N L?(0,T; Vain), n € C((0,T); H) N L?(0,T; V)
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Optimal control - The linearized system xﬁ’g

B Aim: deduce first order necessary conditions for existence of the optimal control

B We need to establish suitable differentiability properties of the control-to-state map
B To this purpose we consider the linearized system atj := [u, @] := S(v)

&, — 2div(v(@)DE) — 2div(v'(@)nDu) + (@ - V) €+ (£ V) @+ Vr*
=—gnVa+n(VK*@)+¢(VK*n)+h inQ
ne+a-Vn=—£-Ve+dv(8(,, p)Vn) +div(m' (@)nV (ap — K + @)

+div(m(@) (nVa — VK xn)) +div(nN' ()Ve)  inQ

div(¢) =0 inQ

£€=100,07 onZ

B, @)V +m'(e)nV (ap — K * @) + m(p) (nVa — VK 1) + N (p)Ve] -n =0
£0)=1[0,0T, 70)=0 inQ ony

Proposition
For every h € V the linearized problem above has a unique sol satisfying

€ € C([0,T); Hazo) N L?(0,T; Vain), m € C([0,T); H) N L*(0,T;V)
Remark. States § = [@, ] need to be strong sols to (nloc CHNS)
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Optimal control - Differentiability of the control-to-state operator | . 4{4’3

Set
2 = [C([0,T}; Haiv) N L* (0, T; Vaiw) ] x [C([0,T]; H) N L*(0,T5 V)]

The control-to-state operator S : V — Z is Frechét differentiable on)) and the Frechét
derivative S’ (0) € L(V, Z) is given by

S'@)k = [€* 7", VkeV,

where [£", 7*] is the unique sol to the linearized system at [@, @] = S(T) and corresponding
tok eV
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Optimal control - Differentiability of the control-to-state operator Il . "Cff’g

Key tool for the proof: stability estimates

Lemma (Stability estimate I)

Suppose that (K), (V), (M), (A1), (A2)—(A7) are satisfied and that K € W2t orK
admissible. Assume that controls v; € V, i = 1,2, are given and that [u;, @;] := S(v;),

i = 1, 2, are the associated sols to (0.1)—0.4). Then, 3 a continuous function

Q2 : [0, oo)2 — [0, 00), which is nondecreasing in both its arguments and only depends on
the data ', m, K, v, Q, T, uo and o, s.t. we have for everyt € (0, T

2 2 2
w2 = willgo o0y, + 142 = ®llL204v,,) + 2 = @1llco o,

2 2
+ o2 —e1llz2001) < Q(”'UIHLQ(O,T;HMU)’ ”1’2”L2(0,T;Hdw)) lva = villz20 7.
(0,85V) (0,T;Vy;,,)
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Optimal control - Differentiability of the control-to-state operator I . "Cff’g

Key tool for the proof: stability estimates
A slight strengthening of (M) and of (A1) is required, namely

(M); The mobility satisfies (M) and also m € C? ([—1,1])
(A1) F e C*—~1,1)andmF" € C? ([-1,1])

Lemma (Stability estimate II)

Suppose that (K), (V), (M)1, (A1), (A2)—(A7) are satisfied and that K € W2 or K
admissible. Assume that controls v; € V, i = 1,2, are given and that [u;, p;] := S(v;),

i = 1, 2, are the associated sols to (0.1)—(0.4). Then, 3 a continuous function

Q> : [0,00)% — [0, 00), which is nondecreasing in both its arguments and only depends on
the data F', m, K, v, Q, T, uo and po, s.t. we have for every t € (0, T

2 2 2
llwz = willco o,0:m,,) + 142 = wllL2 0 6v,,) + 02 = €1llC0 (0,00

2 2
+ |lp2 — 901”[12((),/,;}{2((2)) < Q(HvluL?(Hdw)v ||v2||L2(HdiU)) [lve — vlllLZ(O’T;Vd,iv)
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Optimal control - Necessary optimality conditions

If v € V,q is an optimal control for Problem (CP), then

ff@@-2)>0 Y€ Vg
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Optimal control - Necessary optimality conditions

If v € V,q is an optimal control for Problem (CP), then
f@-2)>0 Vo€ Vi
But
f'(w) = J,(S(v),v)S (v) + Jy, (S(v),v)

and hence the Frechét differentiability result for S : V — Z yields
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Optimal control - Necessary optimality conditions . "Cff’g

If v € V,q is an optimal control for Problem (CP), then
F@@-2)20 VYveVau
But
f'(w) = J,(S(v),v)S (v) + Jy, (S(v),v)

and hence the Frechét differentiability result for S : V — Z yields

Corollary

Letw € V,a be an optimal control for Problem (CP) with associated state
Yy = [w, ] := S(v). Then

ﬂl/OT/Qm—uQ)-g”+ﬂQAT/§Z<¢—¢Q>nh+BSA<H<T)—um-sh(T)
o [ @D a7 [ [3@-m20 wev

where [§ h, nh] is the unique sol to the linearized system correspondingtoh = v — ©
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The adjoint system and first order necessary optimality conditions |

Aim: eliminate {h, nh from the previous inequality. Hence, introduce the adjoint system

B, = — 2dv(v(@) DP) — (@ V)p+ (B V') u + §V7 — (1 — uq)

@ = —dv(B(,9)Va) + m' (p)V(ap — K xp) - Vq + m(®)Va-Vq
— VE#(m(@)Vq) + N (@)Ve-V§ — (VK *p)-p — VK = (¢D)
+ 2v/(®) Du: Dp + $p-Va — u-Vq§ — B2(f — ¢q)

div(p) =0

p=0, 04

on
p(T) =Bs(u(T) —ua), q(T) = Bs(B(T) — va)

=0 onX
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The adjoint system and first order necessary optimality conditions | 4{4’3

Aim: eliminate {h, nh from the previous inequality. Hence, introduce the adjoint system
P, = — 2dv(v(®) Dp) — (@-V)B+ (B V)T + (VP — (T — ug)

@ = —dv(8(,9)Va) + m'(@)V(ap — K xp) - VG + m(@)Va-Vq
—VKx(m(®)Vq) + N(@)Ve-Vq — (VK x9) b — VK % (¢D)
+ 2v/(®) Du: Dp + $p-Va — u-Vq§ — B2(f — ¢q)

div(p) =0

p=0, 3—220 onX

p(T) = Bs(u(T) —uq),  ¢(T) = Pa(@(T) - pa)

The adjoint system has a unique weak sol p, q satisfying

;) € C([07T]’Hdzv) n L2 (0»T§ Vdiv)7 ge C([O’ T]vH) N LQ(OfT; V)
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The adjoint system and first order necessary optimality conditions Il xﬁ’g

Letv € V,q be an optimal control for Problem (CP) with associated statey = [w, p] = S(D)
and adjoint state [p, q]. Then

’y/OT/QE-(v—ﬁ)—F/OT/Qf)-(U—ﬁ)EO Vv € Vaa
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The adjoint system and first order necessary optimality conditions Il . 4{4’3

Letv € V,q be an optimal control for Problem (CP) with associated statey = [w, p] = S(D)
and adjoint state [p, q]. Then

W/OT/Q@(U—@H/OT/Q;B-(@—@EO V0 € Vag

B The system (nloc CHNS), written for [@, @], the adjoint system and the above variational

inequality form together the first order necessary optimality conditions
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The adjoint system and first order necessary optimality conditions Il . 4{4’3

Letv € V,q be an optimal control for Problem (CP) with associated statey = [w, p] = S(D)
and adjoint state [p, q]. Then

»y/OT/Qﬁ.(v—ﬁ)Jr/OT/Qﬁ-(v—ﬁ)zo V0 € Vag

B The system (nloc CHNS), written for [@, @], the adjoint system and the above variational

inequality form together the first order necessary optimality conditions

B Since Vg4 is a nonempty, closed and convex subset of LQ(Q)Q, then the above
variational inequality with v > 0 is equivalent to

)

where Py,_, is the orthogonal projector in L (Q)? onto Vaq
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