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Introduction

We wish to control the system
∂y

∂t
−∆y + f (y) =

m∑
j=1

ujgj in Q = Ω× (0, T )

y = 0 on Σ = Γ× (0, T )

y(0) = y0(x) in Ω
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Introduction

We wish to control the system
∂y

∂t
−∆y + f (y) =

m∑
j=1

ujgj in Q = Ω× (0, T )

y = 0 on Σ = Γ× (0, T )

y(0) = y0(x) in Ω

The controls u = (uj)
m
j=1 depend only on time and the functions gj

depend on x and they are supported in subdomains ωj ⊂ Ω.
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Introduction

We wish to control the system
∂y

∂t
−∆y + f (y) =

m∑
j=1

ujgj in Q = Ω× (0, T )

y = 0 on Σ = Γ× (0, T )

y(0) = y0(x) in Ω

The controls u = (uj)
m
j=1 depend only on time and the functions gj

depend on x and they are supported in subdomains ωj ⊂ Ω.

We wish to get the state y as close as possible to yd.
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The Tikhonov Formulation

The classical formulation of the control problem is

min
u∈L2(0,T )m

J(u) =
1

2

∫
Q

|yu − yd|2 dx dt +

m∑
j=1

νj
2

∫ T

0

u2
j(t) dt

with νj > 0.
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The Tikhonov Formulation

The classical formulation of the control problem is

min
u∈L2(0,T )m

J(u) =
1

2

∫
Q

|yu − yd|2 dx dt +

m∑
j=1

νj
2

∫ T

0

u2
j(t) dt

with νj > 0. Hence the optimal controls are given by

ūj(t) =
−1

νj

∫
ωj

gjϕ̄(t) dx

where ϕ̄ is the adjoint state, solution of the linear equation−
∂ϕ̄

∂t
−∆ϕ̄ + f ′(ȳ)ϕ̄ = ȳ − yd in Q,

ϕ̄ = 0 on Σ, ϕ̄(T ) = 0 in Ω

ȳ being the state associated to the optimal control ū.
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The Bang-Bang Formulation

min
αj≤uj≤βj

J(u) =
1

2

∫
Q

|yu − yd|2 dx dt

where −∞ < αj < βj < +∞ for j = 1, . . . ,m.
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The Bang-Bang Formulation

min
αj≤uj≤βj

J(u) =
1

2

∫
Q

|yu − yd|2 dx dt

where −∞ < αj < βj < +∞ for j = 1, . . . ,m.

This time the optimal controls satisfy

ūj(t) =


αj if

∫
ωj

gjϕ̄(t) dx > 0

βj if

∫
ωj

gjϕ̄(t) dx < 0

OCERTO 2016 - Cortona
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An Alternative Formulation

(P) min
u∈BV (0,T )m

J(u)

where

J(u) =
1

2
‖yu − yd‖2

L2(Q) +

m∑
j=1

(
αj‖u′j‖M(0,T ) +

βj
2

( ∫ T

0

uj(t) dt
)2
)

and u = (uj)
m
j=1 and yu is the solution to the parabolic state equation

∂y

∂t
−∆y + f (y) =

m∑
j=1

ujgj in Q

y = 0 on Σ

y(0) = y0(x) in Ω
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Assumptions

• Ω ⊂ Rn, 1 ≤ n ≤ 3, a bounded domain with a Lipschitz boundary
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Assumptions

• Ω ⊂ Rn, 1 ≤ n ≤ 3, a bounded domain with a Lipschitz boundary

• y0 ∈ L∞(Ω), yd ∈ Lp̂(Q), p̂ > 1 + n
2 if n > 1, and p̂ ≥ 2 if n = 1
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Assumptions

• Ω ⊂ Rn, 1 ≤ n ≤ 3, a bounded domain with a Lipschitz boundary

• y0 ∈ L∞(Ω), yd ∈ Lp̂(Q), p̂ > 1 + n
2 if n > 1, and p̂ ≥ 2 if n = 1

• αj > 0 and βj ≥ 0 for 1 ≤ j ≤ m
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Assumptions

• Ω ⊂ Rn, 1 ≤ n ≤ 3, a bounded domain with a Lipschitz boundary

• y0 ∈ L∞(Ω), yd ∈ Lp̂(Q), p̂ > 1 + n
2 if n > 1, and p̂ ≥ 2 if n = 1

• αj > 0 and βj ≥ 0 for 1 ≤ j ≤ m

• {gj}mj=1 ⊂ L∞(Ω) \ {0} have pairwise disjoint supports ωj = supp gj
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Assumptions

• Ω ⊂ Rn, 1 ≤ n ≤ 3, a bounded domain with a Lipschitz boundary

• y0 ∈ L∞(Ω), yd ∈ Lp̂(Q), p̂ > 1 + n
2 if n > 1, and p̂ ≥ 2 if n = 1

• αj > 0 and βj ≥ 0 for 1 ≤ j ≤ m

• {gj}mj=1 ⊂ L∞(Ω) \ {0} have pairwise disjoint supports ωj = supp gj

• f : R −→ R is a function of class C2, f (0) = 0, and f ′(y) ≥ 0

OCERTO 2016 - Cortona



D
ra

ft 7/34

UC
University

of Cantabria

JJ
II
J
I

Back

Close

Analysis of the State Equation

Proposition. For every u ∈ Lp(0, T )m, with p > 1, the state equa-

tion has a unique solution yu ∈ L∞(Q)∩L2(0, T ;H1
0(Ω)). In addition,

for every M > 0 there exists a constant KM such that

‖yu‖L∞(Q)+‖yu‖L2(0,T ;H1
0 (Ω)) ≤ KM ∀u ∈ Lp(0, T )m : ‖u‖Lp(0,T )m ≤M.
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Differentiability of the mapping u→ yu
• Let Y = L∞(Q) ∩ L2(0, T ;H1

0(Ω)) and S : Lp(0, T )m −→ Y ,

S(u) = yu, with p > 1.

OCERTO 2016 - Cortona
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Differentiability of the mapping u→ yu
• Let Y = L∞(Q) ∩ L2(0, T ;H1

0(Ω)) and S : Lp(0, T )m −→ Y ,

S(u) = yu, with p > 1.

Proposition. The mapping S : Lp(Q)m −→ Y is of class C2. For

all elements u, v and w of Lp(0, T )m, the functions zv = S ′(u)v and

zvw = S ′′(u)(v, w) are the solutions of the problems
∂z

∂t
−∆z + f ′(yu)z =

m∑
j=1

vjgj in Q

z = 0 on Σ, z(0) = 0 in Ω
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Differentiability of the mapping u→ yu
• Let Y = L∞(Q) ∩ L2(0, T ;H1

0(Ω)) and S : Lp(0, T )m −→ Y ,

S(u) = yu, with p > 1.

Proposition. The mapping S : Lp(Q)m −→ Y is of class C2. For

all elements u, v and w of Lp(0, T )m, the functions zv = S ′(u)v and

zvw = S ′′(u)(v, w) are the solutions of the problems
∂z

∂t
−∆z + f ′(yu)z =

m∑
j=1

vjgj in Q

z = 0 on Σ, z(0) = 0 in Ω
∂z

∂t
−∆z + f ′(yu)z + f ′′(yu)zvzw = 0 in Q

z = 0 on Σ, z(0) = 0 in Ω

respectively.
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Study of the Cost Functional

•J(u) = F (u) + G(u)
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Study of the Cost Functional

•J(u) = F (u) + G(u)

•F (u) =
1

2
‖yu − yd‖2

L2(Q) +

m∑
j=1

βj
2

( ∫ T

0

uj(t) dt
)2
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Study of the Cost Functional

•J(u) = F (u) + G(u)

•F (u) =
1

2
‖yu − yd‖2

L2(Q) +

m∑
j=1

βj
2

( ∫ T

0

uj(t) dt
)2

•G(u) =

m∑
j=1

αjg(u′j)

where g :M(0, T ) −→ R is given by g(µ) = ‖µ‖M(0,T )
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Differentiability of F

Proposition. The functional F : Lp(0, T )m −→ R, with p > 1, is of

class C2. Denoting zv = S ′(u)v and zw = S ′(u)w, we have

F ′(u)v =

m∑
j=1

∫ T

0

(∫
ωj

ϕu(x, t)gj(x) dx + βj

∫ T

0

uj(t) dt
)
vj(t) dt
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Differentiability of F

Proposition. The functional F : Lp(0, T )m −→ R, with p > 1, is of

class C2. Denoting zv = S ′(u)v and zw = S ′(u)w, we have

F ′(u)v =

m∑
j=1

∫ T

0

(∫
ωj

ϕu(x, t)gj(x) dx + βj

∫ T

0

uj(t) dt
)
vj(t) dt

F ′′(u)(v, w) =

∫
Q

(
1− ϕuf ′′(yu)

)
zvzw dx dt

+

m∑
j=1

βj

∫ T

0

vj dt

∫ T

0

wj dt
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Differentiability of F

Proposition. The functional F : Lp(0, T )m −→ R, with p > 1, is of

class C2. Denoting zv = S ′(u)v and zw = S ′(u)w, we have

F ′(u)v =

m∑
j=1

∫ T

0

(∫
ωj

ϕu(x, t)gj(x) dx + βj

∫ T

0

uj(t) dt
)
vj(t) dt

F ′′(u)(v, w) =

∫
Q

(
1− ϕuf ′′(yu)

)
zvzw dx dt

+

m∑
j=1

βj

∫ T

0

vj dt

∫ T

0

wj dt

−
∂ϕu
∂t
−∆ϕu + f ′(yu)ϕu = yu − yd in Q,

ϕu = 0 on Σ, ϕu(T ) = 0 in Ω

OCERTO 2016 - Cortona
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Existence of Solution of (P)

Theorem. Let us assume that one of the following assumptions hold.

1. βj > 0 for every 1 ≤ j ≤ m.

2. There exist q ∈ [1, 2) and C > 0 such that f ′(y) ≤ C(1 + |y|q)
∀y ∈ R.

Then, problem (P) has at least one solution. Moreover, if f is affine,

the solution is unique.
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Local Solutions

Definition. We shall call ū a local solution of (P) if ∃ε > 0 so that

J(ū) ≤ J(u) ∀u : ‖u− ū‖BV (0,T )m ≤ ε.

We say that ū is an Lp(0, T )m-local solution (1 ≤ p ≤ ∞) if the above

inequality holds in an Lp(0, T )m-ball around ū. Finally, ū is called a

strong local solution if for some ε > 0

J(ū) ≤ J(u) ∀u : ‖yu − ȳ‖L∞(Q) ≤ ε

OCERTO 2016 - Cortona
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Local Solutions

Definition. We shall call ū a local solution of (P) if ∃ε > 0 so that

J(ū) ≤ J(u) ∀u : ‖u− ū‖BV (0,T )m ≤ ε.

We say that ū is an Lp(0, T )m-local solution (1 ≤ p ≤ ∞) if the above

inequality holds in an Lp(0, T )m-ball around ū. Finally, ū is called a

strong local solution if for some ε > 0

J(ū) ≤ J(u) ∀u : ‖yu − ȳ‖L∞(Q) ≤ ε

• Since BV (0, T ) ⊂ Lp(0, T ) continuously ∀p ∈ [1,+∞], we deduce

that if ū is an Lp(0, T )m-local solution of (P), then it is a local solution.
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Local Solutions

Definition. We shall call ū a local solution of (P) if ∃ε > 0 so that

J(ū) ≤ J(u) ∀u : ‖u− ū‖BV (0,T )m ≤ ε.

We say that ū is an Lp(0, T )m-local solution (1 ≤ p ≤ ∞) if the above

inequality holds in an Lp(0, T )m-ball around ū. Finally, ū is called a

strong local solution if for some ε > 0

J(ū) ≤ J(u) ∀u : ‖yu − ȳ‖L∞(Q) ≤ ε

• Since BV (0, T ) ⊂ Lp(0, T ) continuously ∀p ∈ [1,+∞], we deduce

that if ū is an Lp(0, T )m-local solution of (P), then it is a local solution.

• Any strong local solution is an Lp(0, T )m-local solution ∀p ∈ (1,+∞].

OCERTO 2016 - Cortona
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First Order Optimality Conditions

• Given ū ∈ BV (0, T )m with associated state and adjoint state ȳ and

ϕ̄, respectively, we define

Φ̄j(t) =

∫ t

0

∫
ωj

ϕ̄(x, s)gj(x) dx ds + βjt

∫ T

0

ūj(s) ds, 1 ≤ j ≤ m.

OCERTO 2016 - Cortona
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First Order Optimality Conditions

• Given ū ∈ BV (0, T )m with associated state and adjoint state ȳ and

ϕ̄, respectively, we define

Φ̄j(t) =

∫ t

0

∫
ωj

ϕ̄(x, s)gj(x) dx ds + βjt

∫ T

0

ūj(s) ds, 1 ≤ j ≤ m.

Theorem If ū is a local solution of (P), then Φ̄j ∈ C1[0, T ]∩C0(0, T )

for 1 ≤ j ≤ m and they satisfy

‖Φ̄j‖C0(0,T )

{
= αj if ū′j 6= 0,

≤ αj if ū′j = 0,∫ T

0

Φ̄j dū
′
j = ‖Φ̄j‖C0(0,T )‖ū′j‖M(0,T )
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On the Structure of ū′

Corollary. Under the assumptions of previous theorem, for each j ∈
{1, . . . ,m} such that ūj is not a constant function on [0, T ], we have{

supp(ū′+j ) ⊂ {t ∈ [0, T ] : Φ̄j(t) = +αj},
supp(ū′−j ) ⊂ {t ∈ [0, T ] : Φ̄j(t) = −αj},

where ū′j = ū′+j − ū′−j is the Jordan decomposition of the measure ū′j.

OCERTO 2016 - Cortona



D
ra

ft 15/34

UC
University

of Cantabria

JJ
II
J
I

Back

Close

Additional Comments

• If the set of points {t ∈ [0, T ] : Φ̄j(t) ∈ {−αj,+αj}} is finite, then

ū′j is a combination of Dirac measures centered at those points.
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Additional Comments

• If the set of points {t ∈ [0, T ] : Φ̄j(t) ∈ {−αj,+αj}} is finite, then

ū′j is a combination of Dirac measures centered at those points. In

particular, we obtain that ūj is piecewise constant in [0, T ].
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Additional Comments

• If the set of points {t ∈ [0, T ] : Φ̄j(t) ∈ {−αj,+αj}} is finite, then

ū′j is a combination of Dirac measures centered at those points. In

particular, we obtain that ūj is piecewise constant in [0, T ].

• There is a threshold Mj < +∞ such that if αj > Mj, then ū′j = 0,

i.e., ūj is constant in [0, T ].

OCERTO 2016 - Cortona



D
ra

ft 15/34

UC
University

of Cantabria

JJ
II
J
I

Back

Close

Additional Comments

• If the set of points {t ∈ [0, T ] : Φ̄j(t) ∈ {−αj,+αj}} is finite, then

ū′j is a combination of Dirac measures centered at those points. In

particular, we obtain that ūj is piecewise constant in [0, T ].

• There is a threshold Mj < +∞ such that if αj > Mj, then ū′j = 0,

i.e., ūj is constant in [0, T ]. Moreover, there exists a vector ξ̄ ∈ Rm

such that for any α ∈ Rm with αj > Mj for all 1 ≤ j ≤ m, the

constant function ξ̄ is a solution of (P).
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Necessary Second Order Conditions

• The critical cone

Cū = {v ∈ BV (0, T )m : F ′(ū)v + G′(ū; v) = 0}
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Necessary Second Order Conditions

• The critical cone

Cū = {v ∈ BV (0, T )m : F ′(ū)v + G′(ū; v) = 0}

Theorerm. If ū is a local minimum of (P), then F ′′(ū)v2 ≥ 0 for all

v ∈ Cū.
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Sufficient Second Order Conditions
• The extended critical cone: for every τ > 0 we set

Cτ
ū =

{
v ∈ BV (0, T )m : F ′(ū)v + G′(ū; v)

≤ τ
(
‖zv‖L2(Q) +

m∑
j=1

βj
∣∣ ∫ T

0

vj(t) dt
∣∣)},

where zv = S ′(ū)v.
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Sufficient Second Order Conditions
• The extended critical cone: for every τ > 0 we set

Cτ
ū =

{
v ∈ BV (0, T )m : F ′(ū)v + G′(ū; v)

≤ τ
(
‖zv‖L2(Q) +

m∑
j=1

βj
∣∣ ∫ T

0

vj(t) dt
∣∣)},

where zv = S ′(ū)v.

Theorem. Let ū ∈ BV (0, T )m satisfy the first order optimality con-

ditions and

F ′′(ū)v2 ≥ κ‖zv‖2
L2(Q) ∀v ∈ C

τ
ū

Then, there exist positive constants ε > 0 and δ > 0 such that

J(ū)+
δ

2
‖yu−ȳ‖2

L2(Q) ≤ J(u) for all u ∈ BV (0, T )m : ‖yu−ȳ‖L∞(Q) < ε
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Numerical Approximation

• In th sequel we assume that Ω is a convex set and y0 ∈ L∞(Ω) ∩
H1

0(Ω).
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Numerical Approximation

• In th sequel we assume that Ω is a convex set and y0 ∈ L∞(Ω) ∩
H1

0(Ω).

• Associated with a parameter h we consider a quasi-uniform family of

triangulations {Kh}h>0 of Ω̄.
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Numerical Approximation

• In th sequel we assume that Ω is a convex set and y0 ∈ L∞(Ω) ∩
H1

0(Ω).

• Associated with a parameter h we consider a quasi-uniform family of

triangulations {Kh}h>0 of Ω̄.

• We will denote by {xj}Nhj=1 the interior nodes of the triangulation Kh.
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Numerical Approximation

• In th sequel we assume that Ω is a convex set and y0 ∈ L∞(Ω) ∩
H1

0(Ω).

• Associated with a parameter h we consider a quasi-uniform family of

triangulations {Kh}h>0 of Ω̄.

• We will denote by {xj}Nhj=1 the interior nodes of the triangulation Kh.

• We also assume that |Ω \ Ωh| ≤ Ch2.
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Numerical Approximation

• In th sequel we assume that Ω is a convex set and y0 ∈ L∞(Ω) ∩
H1

0(Ω).

• Associated with a parameter h we consider a quasi-uniform family of

triangulations {Kh}h>0 of Ω̄.

• We will denote by {xj}Nhj=1 the interior nodes of the triangulation Kh.

• We also assume that |Ω \ Ωh| ≤ Ch2.

• A temporal grid 0 = t0 < t1 < . . . < tNτ = T with τk = tk − tk−1

and set τ = max1≤k≤Nτ τk.
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Numerical Approximation

• In th sequel we assume that Ω is a convex set and y0 ∈ L∞(Ω) ∩
H1

0(Ω).

• Associated with a parameter h we consider a quasi-uniform family of

triangulations {Kh}h>0 of Ω̄.

• We will denote by {xj}Nhj=1 the interior nodes of the triangulation Kh.

• We also assume that |Ω \ Ωh| ≤ Ch2.

• A temporal grid 0 = t0 < t1 < . . . < tNτ = T with τk = tk − tk−1

and set τ = max1≤k≤Nτ τk.

• We assume that ∃ρT > 0 such that τ ≤ ρTτk for 1 ≤ k ≤ Nτ .
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Numerical Approximation

• In th sequel we assume that Ω is a convex set and y0 ∈ L∞(Ω) ∩
H1

0(Ω).

• Associated with a parameter h we consider a quasi-uniform family of

triangulations {Kh}h>0 of Ω̄.

• We will denote by {xj}Nhj=1 the interior nodes of the triangulation Kh.

• We also assume that |Ω \ Ωh| ≤ Ch2.

• A temporal grid 0 = t0 < t1 < . . . < tNτ = T with τk = tk − tk−1

and set τ = max1≤k≤Nτ τk.

• We assume that ∃ρT > 0 such that τ ≤ ρTτk for 1 ≤ k ≤ Nτ .

• We set σ = (h, τ ).
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Discretization of the Controls

Uτ = {uτ ∈ BV (0, T ) : uτ =

Nτ∑
k=1

ukχk, with {uk}Nτk=1 ⊂ R},

where χk denotes the characteristic function of the interval Ik = (tk−1, tk].

OCERTO 2016 - Cortona



D
ra

ft 19/34

UC
University

of Cantabria

JJ
II
J
I

Back

Close

Discretization of the Controls

Uτ = {uτ ∈ BV (0, T ) : uτ =

Nτ∑
k=1

ukχk, with {uk}Nτk=1 ⊂ R},

where χk denotes the characteristic function of the interval Ik = (tk−1, tk].

u′τ = Dtuτ =

Nτ∑
k=2

(uk − uk−1)δtk−1
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Discretization of the Controls

Uτ = {uτ ∈ BV (0, T ) : uτ =

Nτ∑
k=1

ukχk, with {uk}Nτk=1 ⊂ R},

where χk denotes the characteristic function of the interval Ik = (tk−1, tk].

u′τ = Dtuτ =

Nτ∑
k=2

(uk − uk−1)δtk−1

‖u′τ‖M(0,T ) =

Nτ∑
k=2

|uk − uk−1|

OCERTO 2016 - Cortona



D
ra

ft 20/34

UC
University

of Cantabria

JJ
II
J
I

Back

Close

Approximation of BV (0, T ) by Uτ

Λτ : BV (0, T ) −→ Uτ , Λτu =

Nτ∑
k=1

(
1

τk

∫
Ik

u(t) dt

)
χk.
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Approximation of BV (0, T ) by Uτ

Λτ : BV (0, T ) −→ Uτ , Λτu =

Nτ∑
k=1

(
1

τk

∫
Ik

u(t) dt

)
χk.

Proposition. For any u ∈ BV (0, T ) the following properties hold:

‖u− Λτu‖L1(0,T ) ≤ τ‖Dtu‖M(0,T )
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Approximation of BV (0, T ) by Uτ

Λτ : BV (0, T ) −→ Uτ , Λτu =

Nτ∑
k=1

(
1

τk

∫
Ik

u(t) dt

)
χk.

Proposition. For any u ∈ BV (0, T ) the following properties hold:

‖u− Λτu‖L1(0,T ) ≤ τ‖Dtu‖M(0,T )

‖DtΛτu‖M(0,T ) ≤ ‖Dtu‖M(0,T )
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Approximation of BV (0, T ) by Uτ

Λτ : BV (0, T ) −→ Uτ , Λτu =

Nτ∑
k=1

(
1

τk

∫
Ik

u(t) dt

)
χk.

Proposition. For any u ∈ BV (0, T ) the following properties hold:

‖u− Λτu‖L1(0,T ) ≤ τ‖Dtu‖M(0,T )

‖DtΛτu‖M(0,T ) ≤ ‖Dtu‖M(0,T )

lim
τ→0
‖DtΛτu‖M(0,T ) = ‖Dtu‖M(0,T )
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Discretization of the States

Yh = {yh ∈ C0(Ω) : yh =

Nh∑
j=1

yjej with {yj}Nhj=1 ⊂ R}
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Discretization of the States

Yh = {yh ∈ C0(Ω) : yh =

Nh∑
j=1

yjej with {yj}Nhj=1 ⊂ R}

Yσ = {yσ ∈ L2(0, T ;Yh) : yσ|Ik∈ Yh, 1 ≤ k ≤ Nτ}
Ik = (tk−1, tk].
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Discretization of the States

Yh = {yh ∈ C0(Ω) : yh =

Nh∑
j=1

yjej with {yj}Nhj=1 ⊂ R}

Yσ = {yσ ∈ L2(0, T ;Yh) : yσ|Ik∈ Yh, 1 ≤ k ≤ Nτ}
Ik = (tk−1, tk].

yσ =

Nτ∑
k=1

yk,hχk =

Nτ∑
k=1

Nh∑
j=1

ykjχkej

with {yk,h}Nτk=1 ⊂ Yh and {ykj}1≤k≤Nτ
1≤j≤Nh

⊂ R.
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Discrete State Equation



(yk,h − yk−1,h

τk
, zh
)

+ a(yk,h, zh) + (f (yk,h), zh)

=
1

τk

m∑
j=1

(gj, zh)

∫
Ik

uj(t) dt, ∀zh ∈ Yh, 1 ≤ k ≤ Nτ

y0,h = y0h,

where (·, ·) denotes the scalar product in L2(Ω), a is the bilinear form

associated to the operator −∆, i.e., and y0h is the projection Phy0 of

y0 on Yh:

(Phy0, zh) = (y0, zh) ∀zh ∈ Yh.

OCERTO 2016 - Cortona



D
ra

ft 23/34

UC
University

of Cantabria

JJ
II
J
I

Back

Close

Discrete Optimal Control Problem

(Pσ) min
u∈BV (0,T )m

Jσ(u)

Jσ(u) =
1

2
‖yσ − yd‖2

L2(Qh) +

m∑
j=1

(
αj‖u′j‖M(0,T ) +

βj
2

( ∫ T

0

uj(t) dt
)2
)

where yσ is the discrete state associated to u = (uj)
m
j=1.
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Discrete Optimal Control Problem

(Pσ) min
u∈BV (0,T )m

Jσ(u)

Jσ(u) =
1

2
‖yσ − yd‖2

L2(Qh) +

m∑
j=1

(
αj‖u′j‖M(0,T ) +

βj
2

( ∫ T

0

uj(t) dt
)2
)

where yσ is the discrete state associated to u = (uj)
m
j=1.

REMARK 1 Given {uj}mj=1 ⊂ BV (0, T ), we observe that∫
Ik

uj(t) dt =

∫
Ik

Λτuj(t) dt for all 1 ≤ j ≤ m and 1 ≤ k ≤ Nτ .

Hence the discrete states associated to {uj}mj=1 and {Λτuj}mj=1 coincide.
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Existence of Discrete Solutions

•Assumption:

(A) The mapping zh ∈ Yh −→ ((gj, zh))
m
j=1 ∈ Rm is surjective.
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Existence of Discrete Solutions

•Assumption:

(A) The mapping zh ∈ Yh −→ ((gj, zh))
m
j=1 ∈ Rm is surjective.

Lemma. There exists h0 > 0 such that (A) holds for every h < h0.
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Existence of Discrete Solutions

•Assumption:

(A) The mapping zh ∈ Yh −→ ((gj, zh))
m
j=1 ∈ Rm is surjective.

Lemma. There exists h0 > 0 such that (A) holds for every h < h0.

Theorem. Let us assume that (A) holds. Then problem (Pσ) has at

least one solution.
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Existence of Discrete Solutions

•Assumption:

(A) The mapping zh ∈ Yh −→ ((gj, zh))
m
j=1 ∈ Rm is surjective.

Lemma. There exists h0 > 0 such that (A) holds for every h < h0.

Theorem. Let us assume that (A) holds. Then problem (Pσ) has at

least one solution. Moreover, if ũ is a solution of (Pσ), then ūτ =

(Λτ ũj)
m
j=1 is also a solution of (Pσ).
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Existence of Discrete Solutions

•Assumption:

(A) The mapping zh ∈ Yh −→ ((gj, zh))
m
j=1 ∈ Rm is surjective.

Lemma. There exists h0 > 0 such that (A) holds for every h < h0.

Theorem. Let us assume that (A) holds. Then problem (Pσ) has at

least one solution. Moreover, if ũ is a solution of (Pσ), then ūτ =

(Λτ ũj)
m
j=1 is also a solution of (Pσ). In addition, if f is affine, then ūτ

is the unique solution belonging to Um
τ .
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Existence of Discrete Solutions

•Assumption:

(A) The mapping zh ∈ Yh −→ ((gj, zh))
m
j=1 ∈ Rm is surjective.

Lemma. There exists h0 > 0 such that (A) holds for every h < h0.

Theorem. Let us assume that (A) holds. Then problem (Pσ) has at

least one solution. Moreover, if ũ is a solution of (Pσ), then ūτ =

(Λτ ũj)
m
j=1 is also a solution of (Pσ). In addition, if f is affine, then ūτ

is the unique solution belonging to Um
τ .

REMARK 2 In the case that βj > 0 for all 1 ≤ j ≤ m, condition (A)

is not needed to establish the existence of a solution of (Pσ). However,

it is still necessary for the uniqueness in the case that f is affine.
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Convergence Analysis

Theorem. Let us assume that either f is affine or βj > 0 for every 1 ≤
j ≤ m, and let {ūτ}τ ⊂ BV (0, T )m be a family of global solutions of

problems (Pσ). Then this family is bounded in BV (0, T )m. In addition,

any weak∗ limit ū of a subsequence when σ → 0 is a global solution of

(P).
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Convergence Analysis

Theorem. Let us assume that either f is affine or βj > 0 for every 1 ≤
j ≤ m, and let {ūτ}τ ⊂ BV (0, T )m be a family of global solutions of

problems (Pσ). Then this family is bounded in BV (0, T )m. In addition,

any weak∗ limit ū of a subsequence when σ → 0 is a global solution of

(P). For such a subsequence we have

‖ū′τ‖M(0,T )m → ‖ū′‖M(0,T )m and ‖ū− ūτ‖Lp(0,T )m → 0 ∀p ∈ [1,+∞)

‖ȳ − ȳσ‖L2(Q) → 0 and Jσ(ūτ )→ J(ū)

where ȳ and ȳσ are the continuous and discrete states associated to ū

and ūτ , respectively.
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Approximation of Local Minima

Theorem. Let ū be a strict Lp(0, T )m-local minimum of (P) with

p ∈ [1,+∞). Then there exist an Lp(0, T )m-ball Bρ(ū) such that Jσ
has a global minimum ūτ in B̄ρ(ū) ∩ BV (0, T )m for every σ. The

family {ūτ}τ converges to ū as pointed out in the previous theorem.

Consequently, there exists σ0 such that ūτ is a local solution of (Pσ) for

every |σ| ≤ |σ0|.
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Error Estimates

Theorem. Let ū be a local solution of (P) satisfying the sufficient

second order conditions, and let {ūτ}τ be a family of global minima of

Jσ on Bρ(ū) ∩ BV (0, T )m converging to ū in Lp(0, T )m, for p > 1.

Then, there exists C > 0 independent of σ such that

‖ȳ − ȳσ‖L2(Q) ≤ C(
√
τ + h).

OCERTO 2016 - Cortona



D
ra

ft 28/34

UC
University

of Cantabria

JJ
II
J
I

Back

Close

A Numerical Example

min
u∈BV (0,T )

1

2
‖yu − yd‖2

L2(Q) + ᾱ‖u′‖M(0,1) ᾱ =
1

125π2
≈ 8.1 · 10−4


∂y

∂t
(x, t)−∆y(x, t) = uχ(0,1) in Q = (−1, 1)× (0, 2)

y(−1, t) = y(1, t) = 0 on (0, 2)

y(x, 0) = 0 in (−1, 1)
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Figure 1: yd,σ and ȳσ, ūτ and ϕ̄τ/ᾱ
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θ = 100 θ = 50 θ = 20

θ = 10 θ = 5 θ = 1

θ = 0.1 θ = 0.01 θ = 0.001

Figure 2: Example 1: ȳθσ for different values of θ.
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Figure 3: Example 1: ūθτ for different values of θ.
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Figure 4: Example 1: λ̄θτ for different values of θ.
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Figure 5: ūθτ,L2 for different values of θ.
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