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Introduction

We wish to control the system

( m
0 :
5~ Mt f) = D ug inQ=0Qx(0.7)
j=1

y =0 on X =1 x(0,T)
\ y(0) = yolz) In Q2
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Introduction
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The controls u = (u;)/L; depend only on time and the functions g,
depend on z and they are supported in subdomains w; C ().
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Introduction

We wish to control the system

8y - .
N —Ay+ fly) = qujgj in@Q=Qx(0,T)
y =0 on X =1 x(0,T)

y(0) = wlz) inQ

\

The controls u = (u;)/L; depend only on time and the functions g,
depend on z and they are supported in subdomains w; C ().

We wish to get the state y as close as possible to ;.
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The Tikhonov Formulation

The classical formulation of the control problem is

2
da dt + /
i S0 =5 | =i d Z

with Vi > 0.
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The Tikhonov Formulation

The classical formulation of the control problem is

min / [y, — yd\zd:cdt—l—z /

ucL?(0,T)m

with v; > 0. Hence the optimal controls are given by
B —1
uj(t)=— [ g;p(t)dx
Vj wj
where ¢ is the adjoint state, solution of the linear equation

—%—Awﬂ”( y)p =19y —yqin Q,

ot
@=00on%, ¢(T)=0in

y being the state associated to the optimal control .
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The Bang-Bang Formulation

1
min  J(u) = §/Q|yu — yal* d dt

a;<uj<p;

where —oo < a; < fj < +oofor j =1,...,m.
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The Bang-Bang Formulation

1
min  J(u) = §/Q|yu — yal* d dt

a;<uj<p;
where —oo < a; < fj < +oofor j =1,...,m.

This time the optimal controls satisfy

( aj if / gjp(t)dx >0
uj(t) = < N
B, if / gjp(t)de <0

J
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An Alternative Formulation

(P)  min  J(u)

weBV(0,7)™
where
1 2 . / Bj g 2
J(u) = §Hyu — Yallz2) + > <04jHUjHM(o,T) + 5( i u;(t) dt) )
j=1
and u = (u;)L; and y, is the solution to the parabolic state equation

( m
0 :
%—AyﬂLf(y) = > ujg; inQ

j=1

y =0 on X
y(0) = yo(z) inQ
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Assumptions

e () CR", 1 <n <3, abounded domain with a Lipschitz boundary
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Assumptions

e () CR", 1 <n <3, abounded domain with a Lipschitz boundary

ey € L>(N), ya € LP(Q), p>1+2ifn>1andp>2ifn=1
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Assumptions

e () CR", 1 <n <3, abounded domain with a Lipschitz boundary
ey € L>(N), ya € LP(Q), p>1+2ifn>1andp>2ifn=1

ea;>0and B >0forl <j<m
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e () CR", 1 <n <3, abounded domain with a Lipschitz boundary
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e {g;}]L; C L>(Q2)\ {0} have pairwise disjoint supports w; = supp g;
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Assumptions

e () CR", 1 <n <3, abounded domain with a Lipschitz boundary
ey € L>(N), ya € LP(Q), p>1+2ifn>1andp>2ifn=1
ea;>0and B >0forl <j<m

e {g;}]L; C L>(Q2)\ {0} have pairwise disjoint supports w; = supp g;

e f: R — Ris a function of class C*, f(0) =0, and f'(y) > 0
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Analysis of the State Equation

Proposition. For every u € LP(0,T)™, with p > 1, the state equa-
tion has a unique solution y, € L®(Q)NL*(0,T; Hi(Q)). In addition,
for every M > 0 there exists a constant K'j; such that

||yu||LOO(Q)+HyuHL2(o,T;H01(Q)) < Ky Vu € LP(0, 7)™ : ||UHLP(0,T)m < M.
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Differentiability of the mapping v — vy,

e let Y = L®(Q) N L*0,T; H}(Q)) and S : LP(0,T)™ — Y,
S(u) = y,, with p > 1.
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Differentiability of the mapping v — vy,

e let Y = L>®(Q)N L*0,T; H}(Q)) and S : LP(0,T)" — Y,
S(u) = y,, with p > 1.

Proposition. The mapping S : L’(Q)™ — Y is of class C?. For
all elements u,v and w of LP(0,T)™, the functions 2z, = S'(u)v and
Zow = S”(u)(v,w) are the solutions of the problems

( m
0z

) E—Az—l—f'(yu)z: ;ngj in Q)
z=0o0n%, z(0)=0inQ
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Differentiability of the mapping v — vy,

e let Y = L>®(Q)N L*0,T; H}(Q)) and S : LP(0,T)" — Y,
S(u) = y,, with p > 1.

Proposition. The mapping S : L’(Q)™ — Y is of class C?. For
all elements u,v and w of LP(0,T)™, the functions 2z, = S'(u)v and
Zow = S”(u)(v,w) are the solutions of the problems

( m
0z

) 5 Az + f(yn)z = Zngj in Q)
j=1
\ z=0o0n%, z(0)=0inQ
(0
) a_i — Az + f/(yu>z + f”(yu)zvzw =0in @

z=0o0n%, 2(0)=0in

respectively.
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Study of the Cost Functional

oJ(u) = F(u) + G(u)
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Study of the Cost Functional

oJ(u) = F(u) + G(u)

.F(u>=%llyu—deiz Z% /
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Study of the Cost Functional

oJ(u) = F(u)+ G(u)

oF(u) = %Ilyu = Yall 2(q) Z% /
oGlu) = _ajg(u;)

where g : M(0,T") — R is given by g(u) = ||1t|| m(0.1)
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Differentiability of F

Proposition. The functional F': LP(0,T)" — R, with p > 1, is of
class C?. Denoting z, = S'(u)v and z,, = S’(u)w, we have

Z/ / oul(r,t)g;(z) dz + B; /OTuj(t) dt)fuj(t) dt
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Differentiability of F

Proposition. The functional F': LP(0,T)" — R, with p > 1, is of
class C?. Denoting z, = S'(u)v and z,, = S'(u)w, we have

Z/ / pulT,t)gj(x) dz + b /OTUj(t) dt)vj(t) dt

F'(u)(v,w) = /Q (1 = uf"(yu)) 2020 dz di

m T T
+ Z Bj / Uj dt / w; dt
j=1 0 0
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Differentiability of F

Proposition. The functional F': LP(0,T)" — R, with p > 1, is of
class C?. Denoting z, = S'(u)v and z,, = S'(u)w, we have

Z/ / ou(z,t)g;(z) dx + B; /OTuj(t) dt)vj(t) dt

F'(u)(v,w) = /Q (1 = uf"(yu)) 2020 dz di
m T T
, > -
+;5]/0 v, t/o wj dt

0py .
— (;Dt — Aoy + ' (Yu)pu = Yu — ya in Q,
w0y =00n%, v, (T)=0inQ
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Existence of Solution of (P)

Theorem. Let us assume that one of the following assumptions hold.
1. B; > 0 forevery 1 < j < m.

2. There exist ¢ € [1,2) and C' > 0 such that f'(y) < C(1 + |y|9)
Vy € R.

Then, problem (P) has at least one solution. Moreover, if f is affine,
the solution is unique.
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Local Solutions
Definition. We shall call @ a local solution of (P) if 3 > 0 so that
J(@) < J(w) V' flu sy < <.

We say that u is an LP(0,T")"-local solution (1 < p < o0) if the above
inequality holds in an LP(0,T)™-ball around u. Finally, @ is called a
strong local solution if for some £ > 0

J(w) < J(u) Vu: ||y, = ylli=e) <€
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Local Solutions
Definition. We shall call @ a local solution of (P) if 3 > 0 so that
J(@) < J(w) V' flu sy < <.

We say that u is an LP(0,T")"-local solution (1 < p < o0) if the above
inequality holds in an LP(0,T)™-ball around u. Finally, @ is called a
strong local solution if for some £ > 0

J(u) < J(u) Yu: ||y, — 3o < €

e Since BV (0,T) C L?(0,T) continuously Vp € [1,+00], we deduce
that if u is an LP(0,T)"-local solution of (P), then it is a local solution.
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Local Solutions

Definition. We shall call @ a local solution of (P) if 3 > 0 so that
J(@) < Jw) Vot fu— gy oy <

We say that u is an LP(0,T")"-local solution (1 < p < o0) if the above
inequality holds in an LP(0,T)™-ball around u. Finally, @ is called a
strong local solution if for some £ > 0

J(u) < J(u) Yu: ||y, — 3o < €

e Since BV (0,T) C L?(0,T) continuously Vp € [1,+00], we deduce
that if u is an LP(0,T)"-local solution of (P), then it is a local solution.

e Any strong local solution is an L?(0, T')™-local solution Vp € (1, +0o0].
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First Order Optimality Conditions

e Given & € BV(0,T)" with associated state and adjoint state ¢ and
©, respectively, we define

t T
D, (¢) :/0 /'gb(:v,s)gj(x) dxds+ﬁjt/0 uj(s)ds, 1<j<m.
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First Order Optimality Conditions

e Given & € BV(0,T)" with associated state and adjoint state ¢ and
©, respectively, we define

t T
D, (¢) :/o /'go(:v,s)gj(x) dxds+ﬁjt/0 uj(s)ds, 1<j<m.

Theorem If @ is a local solution of (P), then ®; € C'[0,T] N Cy(0,T)
for 1 < 5 < m and they satisfy

. =q; iful #0,
||<I>j||co(o,T){ < aj_ . ,L_L:,j 0

T
/O b dity = [|;llcoo.) |5l mqo.r)
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On the Structure of @’

Corollary. Under the assumptions of previous theorem, for each j €
{1,...,m} such that u, is not a constant function on [0, 7], we have

{ Supp(ﬂ?—) c{tel0,T7: (i)j(t) - +O‘j}a
/ o .

where 11; = ﬂ;* — ﬂ;_ is the Jordan decomposition of the measure a;
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Additional Comments

o If the set of points {t € [0,T] : ®;(t) € {—a;,+a;}} is finite, then
/

; is a combination of Dirac measures centered at those points.

U




OCERTO 2016 - Cortona

Additional Comments

o If the set of points {t € [0,7] : ©;(t) € {—a;, +;}} is finite, then

'a; is a combination of Dirac measures centered at those points. In

particular, we obtain that «; is piecewise constant in [0, 7.
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Additional Comments

o If the set of points {t € [0,7] : ©;(t) € {—a;, +;}} is finite, then

/

u; is a combination of Dirac measures centered at those points. In

particular, we obtain that «; is piecewise constant in [0, 7.

e There is a threshold M; < 400 such that if a; > Mj, then ﬂ; =0,
i.e., u;j is constant in [0, 7.
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Additional Comments

o If the set of points {t € [0,7] : ©;(t) € {—a;, +;}} is finite, then

'a; is a combination of Dirac measures centered at those points. In

particular, we obtain that «; is piecewise constant in [0, 7.

e There is a threshold M; < +o0 such that if a; > M;, then u); = 0,
i.e., u; is constant in [0,7]. Moreover, there exists a vector £ € R”
such that for any a« € R™ with a; > M, for all 1 < 57 < m, the
constant function ¢ is a solution of (P).
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Necessary Second Order Conditions

e [ he critical cone

Cy={ve BV(0,T)": Fl(u)v+ G'(u;v) = 0}
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Necessary Second Order Conditions

e [ he critical cone

Cy={ve BV(0,T)": Fl(u)v+ G'(u;v) = 0}

Theorerm. If @ is a local minimum of (P), then F”(@)v?* > 0 for all
v E C@.
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Sufficient Second Order Conditions

e The extended critical cone: for every 7 > 0 we set

o7 = {v e BV(0,T)" : F'(a)v + G'(av)

m T
< r(ledig + 301 [ v}
=t 7Y

where z, = S'(u)v.
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Sufficient Second Order Conditions

e The extended critical cone: for every 7 > 0 we set

o7 = {v e BV(0,T)" : F'(a)v + G'(av)

U . i
< (Il + >8] [ wwa)},
j=1 0

where z, = S'(u)v.
Theorem. Let u € BV (0,T)" satisfy the first order optimality con-
ditions and
—\,,2 2 T
F'(u)v® > kll2u]l72) Vv € CF

Then, there exist positive constants € > 0 and d > 0 such that

5 m 7
(@) +5 19—l 72q) < J(u) for all u€ BV, )"« [lyu—gllrx() <€
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Numerical Approximation

e In th sequel we assume that () is a convex set and 1y, € L*(2) N
H; ().
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Numerical Approximation

e In th sequel we assume that () is a convex set and 1y, € L*(2) N
H; ().

e Associated with a parameter h we consider a quasi-uniform family of
triangulations {/C; } ;=0 of €.
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Numerical Approximation

e In th sequel we assume that () is a convex set and 1y, € L*(2) N
H; ().

e Associated with a parameter h we consider a quasi-uniform family of
triangulations {/Cj, }1,~¢ of (2.

e We will denote by {:Uj}jy:hl the interior nodes of the triangulation /Cj,.
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Numerical Approximation

e In th sequel we assume that () is a convex set and 1y, € L*(2) N
H; ().

e Associated with a parameter h we consider a quasi-uniform family of
triangulations {/Cj, }1,~¢ of (2.

e We will denote by {:Uj}jy:hl the interior nodes of the triangulation /Cp.
e We also assume that |2\ Q] < Ch
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Numerical Approximation

e In th sequel we assume that () is a convex set and 1y, € L*(2) N
Hy ().
e Associated with a parameter h we consider a quasi-uniform family of

triangulations {/j, } 50 of Q.

e We will denote by {:Uj}jyz”l the interior nodes of the triangulation /Cp.

e We also assume that |2\ Q] < Ch

o A temporal grid 0 =ty < t; < ... <ty =T with 7, =t — tx1
and set 7 = maxj<g<n, Tk.
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Numerical Approximation

e In th sequel we assume that () is a convex set and 1y, € L*(2) N
H; ().

e Associated with a parameter h we consider a quasi-uniform family of
triangulations {/j, } 50 of Q.

e We will denote by {:Uj}jyz”l the interior nodes of the triangulation /Cp.
e We also assume that |2\ Q] < Ch

o A temporal grid 0 =ty < t; < ... <ty =T with 7, =t — tx1
and set 7 = maxj<g<n, Tk.

e We assume that dp7 > 0 such that 7 < pp7 for 1 < k£ < N,
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Numerical Approximation
e In th sequel we assume that () is a convex set and 1y, € L*(2) N
H; ().

e Associated with a parameter h we consider a quasi-uniform family of
triangulations {/j, } 50 of Q.

e We will denote by {:Uj}jyz”l the interior nodes of the triangulation /Cp.
e We also assume that |2\ Q] < Ch

o A temporal grid 0 =ty < t; < ... <ty =T with 7, =t — tx1
and set 7 = maxj<g<n, Tk.

e We assume that dp7 > 0 such that 7 < pp7 for 1 < k£ < N,
o We set 0 = (h, 7).
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Discretization of the Controls

N,
U.={u, € BV(0,T) : u, = Zukxk, with {uy}7, € R},
k=1

where Y denotes the characteristic function of the interval I;, = (tx_1, tx].
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Discretization of the Controls

N,
U.={u, € BV(0,T) : u, = Zukxk, with {uy}7, € R},
k=1

where Y denotes the characteristic function of the interval I;, = (tx_1, tx].

N,

/
uw, = Dyu, = g (ur — wp—1)0y,_,
=2
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Discretization of the Controls

N,
U.={u, € BV(0,T) : u, = ZUkaa with {uy}7, € R},
k=1

where Y denotes the characteristic function of the interval I;, = (tx_1, tx].

Nr

/
uw, = Dyu, = g (ur — wp—1)0y,_,
=2

N;
w7 pmeo.r) = Z |uk — up—1
k=2
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Approximation of BV (0,T) by U-

N;

Ar: BV(0,T) — U,, Z( /ut dt)

k=1
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Approximation of BV (0,T) by U-
Ny
A BV(0,T) — U;, Au= ; (T—k /I ku(t) dt) Xk

Proposition. For any u € BV(0,T) the following properties hold:

Ju — Al o) < Tl Diwl| pmo,m)
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Approximation of BV (0,T) by U-

N
S /1
A, BV(0,T) — U;, ANu= E (—/ u(t) dt) Xk-
I,

—
=1 \'FK

Proposition. For any u € BV(0,T) the following properties hold:

Ju — Al o) < Tl Diwl| pmo,m)
|- DiArul| pmo,ry < || D] a0,y
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Approximation of BV (0,T) by U-

N
S /1
A, BV(0,T) — U;, ANu= E (—/ u(t) dt) Xk-
I,

—
=1 \'FK

Proposition. For any u € BV(0,T) the following properties hold:

Ju — ATuHLl(O,T) < 7'||Dtu||M(o,T)
|- DiArul| pmo,ry < || D] a0,y
lim |- DiArul| pmo,r) = || Devel| ameo,m)
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Discretization of the States

Ny,

Y= {yn € Co(Q) yn = > _ yje; with {y;}, C R}
=1
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Discretization of the States

Ny,

Y= {yn € Co(Q) yn = > _ yje; with {y;}, C R}
=1

Vo ={yo € L*(0,T;Y3) : Yolr,€ Vi, 1 <k < N,}
I = (tr—1,tx).




OCERTO 2016 - Cortona

Discretization of the States

Ny,

Y, = {yh € C()(Q) Sy = Zyjej with {yj j-vzhl C R}
j=1

- {yU < L2<07T7 Yh) : yJ’IkE Yh, 1 S k S NT}
I = (tr—1, te].
Nr h
Z YkhXk = Z Zyk]Xke]
k=1 j=1

with {ys 7y C Yi and {yi; h<i<y, C R,
1<j<Np
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Discrete State Equation

((Ykh — Yk—1h

(P )+ g 2) + (F o))
< :—Zgj,zh/ tydt, Yz, €Yy, 1<k <N,
L Yo.n = Yoh;

where (-, -) denotes the scalar product in L?(€2), a is the bilinear form
associated to the operator —A, i.e., and gy is the projection Py, of
Yo on Yy

(Phyo, zn) = (Yo, 2n) Vzn € Y.
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Discrete Optimal Control Problem

Po in J,
Po) etz

1 & 8., (F 2
o) = 3l =l + 3 (ol oo + 5 [ witya)?)
j=1

where 7, is the discrete state associated to u = (u;)j_

1.




OCERTO 2016 - Cortona

Discrete Optimal Control Problem

(P,)  min  J,(u)

uweBV(0,7)™
1 2 . ! ﬁj g 2
Jo(w) = Sllyo = yill 2, + D (%HUjHMm,T) +5 ([ uityde) )
j=1
where 3, is the discrete state associated to u = (u;)7;.

REMARK 1 Given {u;}_; C BV(0,T), we observe that

/ u;(t)dt = / Nuj(t)dt foralll1 <j<mandl<k<N..
Iy Iy

Hence the discrete states associated to {u;}7" and { A u;}7"; coincide.
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Existence of Discrete Solutions

e Assumption:

(A) The mapping 2;, € Y}, — ((gj, 21))7; € R™ is surjective.
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Existence of Discrete Solutions

e Assumption:

(A) The mapping 2;, € Y}, — ((gj, 21))7; € R™ is surjective.
Lemma. There exists hg > 0 such that (A) holds for every h < hy.
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Existence of Discrete Solutions

e Assumption:
(A) The mapping 2;, € Y}, — ((gj, 21))7; € R™ is surjective.
Lemma. There exists hg > 0 such that (A) holds for every h < hy.

Theorem. Let us assume that (A) holds. Then problem (P,) has at
least one solution.
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Existence of Discrete Solutions

e Assumption:
(A) The mapping 2;, € Y}, — ((gj, 21))7; € R™ is surjective.
Lemma. There exists hg > 0 such that (A) holds for every h < hy.

Theorem. Let us assume that (A) holds. Then problem (P,) has at
least one solution. Moreover, if @ is a solution of (P,), then w, =

(Aru;)7l is also a solution of (P, ).
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Existence of Discrete Solutions

e Assumption:

(A) The mapping 2;, € Y}, — ((gj, 21))7; € R™ is surjective.
Lemma. There exists hg > 0 such that (A) holds for every h < hy.
Theorem. Let us assume that (A) holds. Then problem (P,) has at

least one solution. Moreover, if @ is a solution of (P,), then u, =

(Aru;)7h is also a solution of (P,). In addition, if f is affine, then w.,

is the unique solution belonging to U".
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Existence of Discrete Solutions

e Assumption:

(A) The mapping 2;, € Y}, — ((gj, 21))7; € R™ is surjective.
Lemma. There exists hg > 0 such that (A) holds for every h < hy.
Theorem. Let us assume that (A) holds. Then problem (P,) has at

least one solution. Moreover, if @ is a solution of (P,), then u, =

(Aru;)7h is also a solution of (P,). In addition, if f is affine, then w.,

is the unique solution belonging to U".

REMARK 2 In the case that 3; > 0 for all 1 < j < m, condition (A)
is not needed to establish the existence of a solution of (P,). However,
it is still necessary for the uniqueness in the case that f is affine.
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Convergence Analysis

Theorem. Let us assume that either f is affine or 3; > 0 for every 1 <
j <m, and let {u,}, C BV(0,T)™ be a family of global solutions of

problems (P,). Then this family is bounded in BV (0, 7)™. In addition,
any weak™ limit % of a subsequence when o — 0 is a global solution of

(P).
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Convergence Analysis

Theorem. Let us assume that either f is affine or 3; > 0 for every 1 <
j <m, and let {u,}, C BV(0,T)™ be a family of global solutions of
problems (P,). Then this family is bounded in BV (0, 7)™. In addition,
any weak™ limit % of a subsequence when o — 0 is a global solution of
(P). For such a subsequence we have

1@ sy = 1@ | smoym and [|@ = || oo zym — 0 Vp € [1, +00)
17 — Yo ll L2y — 0 and Jo(u,) — J(u)

where ¢ and 1, are the continuous and discrete states associated to u
and u,, respectively.
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Approximation of Local Minima

Theorem. Let u be a strict LP(0,7)™-local minimum of (P) with
p € [1,+00). Then there exist an LP(0,T)"-ball B,(u) such that J,
has a global minimum @, in B,(a) N BV(0,T)™ for every o. The
family {u,}. converges to u as pointed out in the previous theorem.
Consequently, there exists g such that u, is a local solution of (P,) for
every |o] < Jov.
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Error Estimates

Theorem. Let u be a local solution of (P) satisfying the sufficient
second order conditions, and let {u;}, be a family of global minima of
J, on B,(w) N BV (0,T)" converging to @ in LP(0,T)™, for p > 1.
Then, there exists C' > 0 independent of ¢ such that

17 = Uollr20) < C(VT + D).
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A Numerical Example
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Figure 1: y,, and ¥,, @, and ¢, /&
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Figure 5: u? , for different values of 6.
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