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Figure: “None should sleep” from Puccini’s Turandot
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Degenerate parabolic equations

Au= 3N aj(x)0x0qu+ X1, bi(x)dyu + c(x)u | degenerate elliptic

ou—Au=f in (0,7)xQ
Ve lu=aG6 on (0, T) x 02
u(0,x) = to(x) x€Q
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Degenerate parabolic equations

Au = E?,l,a ajj(x)0x0x U + Zfi‘ bi(x)ox u + c(x)u | degenerate elliptic

ou—Au=f in (0, T)xQ
Ve lu=aG6 on (0, T) x 02
u(0,x) = tp(x) xe€Q

@ Adegenerate on 99: Zf”H aj(x)&€; > v(x)|€? with v(x) >0 inQ
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degenerate parabolic equations

Degenerate parabolic equations

Au = Ef”jﬂ ajj(x)0x0x U + Zfi‘ bi(x)ox u + c(x)u | degenerate elliptic

ou—Au=f in (0, T)xQ
Ve lu=aG6 on (0, T) x 02
u(0,x) = to(x) x€Q

@ Adegenerate on 99: Zf\”jﬂ aj(x)&€; > v(x)|€? with v(x) >0 inQ
@ A degenerate in Q but hypoelliptic, for instance

K
Au(x) = Xg(x)u (1 <K<N)
k=1

where

N
X(x) =D _of(x)0y (1 <k<K)
i=1
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satisfy Hormander’s bracket generating condition

span {Xk1 (x), [kaxkz](x)v--- [1< kl < K} =R"
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degenerate parabolic equations

Boundary degeneracy in climate science
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Budyko-Sellers model

ur— (1= x*)ux) , = q(t,x) B(u) —y(u) x€(-1,1)
(1= x®)uy,_ ., =0

@ u(t, x)= sea-level zonally averaged temperature
@ g(t, x)=solar input

=
@ ((u)= co-albedo
@ ~(u)= outgoing infrared radiation M

N
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Degenerate parabolic problems in 1D

ae C([0,1)nC'(J0,1]) and a>0 on ]0,1]

ur— (a(x)ux), =f inQr =(0,T) x (0,1)
u(0, x) = up(x) u(t,1)=0 + bc.at x=0

up € L3(0,1), f e L3(Qr)
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Degenerate parabolic problems in 1D

ae C([0,1)nC'(J0,1]) and a>0 on ]0,1]

ur— (a(x)ux), =f inQr =(0,T) x (0,1)
u(0, x) = up(x) u(t,1)=0 + bc.at x=0

up € L3(0,1), f e L3(Qr)

weakly degenerate case |1/ac L'(0,1)

u(t,0)=0
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Degenerate parabolic problems in 1D

ae C([0,1)nC'(J0,1]) and a>0 on ]0,1]

ur— (a(x)ux), =f inQr =(0,T) x (0,1)
u(0, x) = up(x) u(t,1)=0 + bc.at x=0

up € L3(0,1), f e L3(Qr)

weakly degenerate case |1/ac L'(0,1)

u(t,0)=0

strongly degenerate case |1/a¢ L'(0,1)

IXT(] a(x)ux(t,x)=0
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Outline

o Control of degenerate parabolic equations
@ Locally distributed control
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Null controllability: locally distributed control
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Null controllability: locally distributed control

ur— (a(x)ux), = xof in Qr=(0,T) x (0,1)
IR u(0, x) = to(x)

u u(t,0)=0 weakly degenerate ©
u(t,1) =0 and N y deg
aux(t,-);x=o = 0 strongly degenerate
@ null controllable intime T > 0
5 5 u(T,)=0

Yup € L°(0,1) 3If e L(Qr) : 2 1 2

Jo, If2 < Cr f3 |uo]
=

|
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Null controllability: locally distributed control

ur— (a(x)ux), = xof in Qr=(0,T) x (0,1)
IR u(0, x) = to(x)

Y t,0)=0 weakly degenerat ©)
u(t,1) =0 and u(t,0) = eakly degenerate
aux(t,-);x=o = 0 strongly degenerate
@ null controllable in time T > 0
5 5 uf(T, =0
Yup € L°(0,1) 3If e L(Qr) : 2 1 2
Jo, |2 < Cr [ uol
@ observability on (0, T) X w
vi+ (a(x)vx), =0 in Qr
= c*
V(t.1) = 0 and v(t,0) =0 weakly degenerate ( 2’5
avx(t,-);x=0 = 0 strongly degenerate =
satisfies 1 . .y
/ V3(x,0) dx < Cr / / V3(x, t) dxalt <
0 0Jw
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degenerate parabolic equations distributed control

The simplest example of degeneracy
w=(a,b) cc (0,1)

ur— (x“ux), = xof inQr=(0,T) x(0,1)
u(0, x) = up(x)

= ki
u(t,1)=0 and {”g’o) 0 weakly degenerate

X“Ux(t,-)jx=0 = 0 strongly degenerate
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degenerate parabolic equations distributed control

The simplest example of degeneracy

w=(a,b) cc (0,1)

ur— (x“ux), = xof inQr=(0,T) x(0,1)
u(0, x) = up(x)

u(t,1)=0 and { N

Theorem (C — Martinez — Vancostenoble, 2008)

false « > 2 (— regional null controllability)

null

controllability true 0<a <2 {any b.c.

u(t,0)=0 weakly degenerate

Neumann b.c.

X“Ux(t,-)jx=0 = 0 strongly degenerate

weak

1<a<2 strong

T regional
_
0 . 1
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degenerate parabolic equations distributed control

Carleman estimate 0 < o < 2

wi+ (x*wy) =1f inQr
w(t,1) =0 and ) = weakly degenerate
x*wx(t,-)jx=0o = 0 strongly degenerate

let ‘go(t,x):&(t)w(x)‘ where

1 4 X2 2
0=(wr=n) 0o

Theorem (C — Martinez — Vancostenoble, 2008)
There exists 19,C >0 suchthat V7> 19

// (T@X“ w2 + 7203x2 2 WZ) €777 dxdt
Qr
;
< C// |f|26®™% dxdt + C/ {rawfezw}‘ at
OT O X=
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Further results in 1D: locally distributed control

For general a
. xla'(x
||m Sup M

<2
xio ax)

@ divergence form ‘3 K € [0,2) such that xa'(x) < Ka(x) ‘

@ Martinez — Vancostenoble (2006)  d:u — dx (a(x)0xu) = xwf
@ Alabau — C — Fragnelli (2006)  9:u — 8x(a(x)dxu) + g(u) = xwf
@ Flores —de Teresa (2010) Oiu — 9y (x*xu) + x°b(t, x)0xu = xuf

@ nondivergence form  C — Fragnelli — Rocchetti (2007, 2008)
o — a(x)02u — b(x)Oxu = xof

@ degenerate/singular Vancostenoble — Zuazua (2008), Vancostenoble (2009)
>
Ot — Ox (x“0xU) — 7 U= Xof

N
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degenerate parabolic equations distributed control

Further results

@ C —de Teresa (2009) cascade 2 x 2

Ot — Ox(x*0xu) + c(t, x)u =&+ xuh

NO #o
w 7 {&v—@x(xa&(v)+d(t,x)v=xou

@ Ben Hassi — Ammar Khodja — Hajjaj — Maniar (2011, 2013)

Ot — Ox (a1 (x)0xu) + c(t, X)u = € + xwh

NO #g
“ 7 {Btv — Ox(a2(x)0xv) + d(t,x)v = xou

@ inverse problems C — Tort — Yamamoto (2010)
@ interior degeneracy Fragnelli — Mugnai (2013)

@ Neumann boundary conditions and inverse problems =
Boutaayamou — Fragnelli — Maniar (2014)

N
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Higher dimension

VIEMOIRS

of the
American Mathematical Society

Volume 239 + Number 1135 + Forthcoming

Global Carleman Estimates for
Degenerate Parabolic Operators with
Applications

P. Cannarsa
P. Martinez
J. Vancostenoble
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American Mathematical Society ~
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Outline

o Control of degenerate parabolic equations

@ Boundary control
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Boundary control at x = 1
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Boundary control at x = 1

0<a<2,T>0

U — (xaux)x =0 in (0,T)x (0,1)

u(t,1) = G(t) and u(t,0)=0 weakly degenerate
X“ux(t,-);x=0 = 0 strongly degenerate
u(0, x) = uo(x)

T

u(t, 1) = G(t)

0 u(0,-) = W 1

follows from locally distributed result, but can also be derived by

o=
@ moment Fattorini — Russel (1971)
@ flatness Martin — Roiser — Rouchon (2014), Moyano (2015) .V

N
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Boundary control at x =0
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Boundary control at x =0

O<a<1,T>0
ur— (x*ux), =0 in(0,T) x (0,1)

u(t,0) = G(1)
u(t,1)=0
u(0, x) = uo(x)
T
u(t,0) = G(1) u(t,1) =0
0 u(0,-) = w 1
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Boundary control at x =0

O<a<1,T>0
ur— (x*ux), =0 in(0,T) x (0,1)

u(t,0) = G(1)
u(t,1)=0
u(0, x) = uo(x)
T
u(t,0) = G(1) u(t,1) =0
0 u(0,-) = w 1

@ approximate controllability C — Tort — Yamamoto (2011)

@ null controllability Gueye (2014) =
by transmutation and spectral analysis for the wave equation
@ moment method C — Martinez — Vancostenoble .Y

N
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Outline

© Evaluation of the cost of null controllability
@ Exact controllability by the moment method
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Spectral analysis of degenerate elliptic operators

Want to determine the eigenvalues {\.,,} and normalized eigenfunctions {®..,} of

—(x%¢'(x))" = Aé(x) x€(0,1)
$(0) =0, ¢(1)=0

1— 2 —
Introduce parameters v, = @ and Ko = " Then

2 —« 2

! 2’()1 — - K
Non = Kol ND @an(x) = R J,V(j” X e UrenX™) - x € (0,1)
Vo \UVa,N

where j, 1 < ju2 < -+ < j,n < ... are the positive zeros of the Bessel function J,

0 T o . T i 75 TTW————— 125
X {I’é
Figure: the Bessel function Js 5 M

N
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An exact controllability result

Forany v € L2(0,1) let Va,n = [; V(X)®a.n(X) dx
For any K > 0 define P, x = {v € L2(0,1) = X ny 1%/%|Va,nl€/ " < oo}

Theorem (C—Martinez-Vancostenoble)
3K* > 0 such thatVa € [0,1), T > 0, up € L?(0,1), and ur € P, - one can find a
control G € H'(0, T) such that the solution of

ur— (x*ux), =0 in (0,1) x (0, T)

u(t,0) = G(t), u(t,1)=0

u(0, x) = up(x)

satisfies u(T,-) = ur

fiH
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An exact controllability result

Forany v € L2(0,1) let Va,n = [; V(X)®a.n(X) dx
For any K > 0 define P, x = {v € L2(0,1) = X ny 1%/%|Va,nl€/ " < oo}

Theorem (C—Martinez-Vancostenoble)
3K* > 0 such thatVa € [0,1), T > 0, up € L?(0,1), and ur € P, - one can find a
control G € H'(0, T) such that the solution of

ur— (x*ux), =0 in (0,1) x (0, T)

u(t,0) = G(t), u(t,1)=0

u(0, x) = up(x)

satisfies u(T,-) = ur

@ Heat equation Fattorini-Russell (1971)

>
@ Theorem implies approximate and null controllability -
@ P, k- is independent of T (Seidman 1979) m

@ Multi-D approach by Ervedoza-Zuazua (2011) )
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Proof by moment method

@ For up=3>°, ud®, and ur =5, usd, let

u(t, x) = Zun ®n(x) sothat pun(T) =)
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Proof by moment method

@ For up=> 0, ubdn and ur =377, s, let

u(t, x) = Zun ®n(x) sothat pun(T) =)

= Use adjoint problem to show boundary control G must satisfy

/ G(t)e*'dt = py e — ) where 1y := x“®(X)jx=0 ~ (1 — @) Ry

fiH
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Proof by moment method

@ For up=> 0, ubdn and ur =377, s, let

u(t, x) = Zun ®n(x) sothat pun(T) =)

= Use adjoint problem to show boundary control G must satisfy

/ G(t)e*'dt = py e — ) where 1y := x“®(X)jx=0 ~ (1 — @) Ry

= Construct biorthogonal family {o,}

;
/am(t)exnrdt:cimn satisfying [|oall,20.7) < Bre'™ T
J0
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Proof by moment method

@ For up=> 0, ubdn and ur =377, s, let
u(t, x) = Z/‘" dn(x) sothat pn(T) =)
= Use adjoint problem to show boundary control G must satisfy
/ G(t)e*'dt = py e — ) where 1y := x“®(X)jx=0 ~ (1 — @) Ry
= Construct biorthogonal family {o,}

;
/am(t)exnrdt:cimn satisfying [|oall,20.7) < Bre'™ T
J0

= Solve above equations taking

6= [[geds win g(0=>" 22 (AT )rnl)) e

N
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null controlability cost moment method

Uniformly attainable set

For every « € [0,1),

Pokr = {ve L2(0,1) = 3 P2V pf € o < oo}

n>1

is attanable inany T > 0

A

N
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null controlability cost moment method

Uniformly attainable set

For every « € [0,1),

Pokr = {ve L2(0,1) = 3 P2V pf € o < oo}

n>1
is attanable inany T > 0

Proposition

m ’PQ,K* - {O}

aglo,1)

5

N
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Uniformly attainable set

For every « € [0,1),

Pk = {V € 130,1) © 30 1*/%Tanfe? """ < oo}

n>1
is attanable inany T > 0

Proposition

ﬂ ’PQ,K* - {O}

«€l0,1)

Open problem

Is zero the only target that can be attained Vo € [0,1)?

v

J 58

N
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null controlability cost moment method

Regularity of attainable states

Proof of Naepo,1)Pa,k+ = {0} where

P yr = {v € L(0,1) + Y 1PV ol e < oo}
n>1
uses regularity result
Proposition
If v € P, -+, then there exists an even function F,, holomorphic in the strip
{zeC : [Sz| < £} such that

v(x) = X""“F.(x")  V¥xe0,1]

Heat equation Fattorini-Russell (1971)

B~

N
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Outline

© Evaluation of the cost of null controllability

@ Optimal bounds for the null controllability cost
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bounds for null controllability
The cost of null controllability
Yuo € L?(0,1) define G(a, ) := {G € H'(0,T) : u(T,-) =0} where

U — (Xo‘ux)x =0 in(0,T)x(0,1)
u(t,0) = G(t), u(t,1)=0
u(0, x) = uo(x)

inf
GeG(a,lp)

1Gll10,7)

gives the control cost needed to steer up to 0
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bounds for null controllability
The cost of null controllability
Yuo € L?(0,1) define G(a, ) := {G € H'(0,T) : u(T,-) =0} where

U — (Xo‘ux)x =0 in(0,T)x(0,1)
u(t,0) = G(t), u(t,1)=0
u(0, x) = uo(x)

inf |G|,y | ives the control cost needed to steer uo to 0
GegG(a,up) ’

Theorem (C—Martinez-Vancostenoble)

(a) There exists Mi(up) and M, independent of «, such that
Mo

M1(U0) .
< < —
1_a S Gegl?I,uo) Gl 0,7y < 1o [l ol .2

(b) There exist My, M> > 0, independent of «, such that
Mo

M, .
< su inf G|yt ST——
1—«a ”“0“31 GegG(a,up) || ||H (©,7) 1—«a
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bounds for null controllability
Proof of bounds for control cost

UB follows from our construction of G

t (oo}
. Aan 0
G(1) :/ g(s)ds with g(t)=>" 22710 L oan(t)
0 n=1 ra,n
using ra,n = X*®4 5(X)x=0 ~ (1 — &) Ry
Control of degenerate evolution equations 23/06/2016
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bounds for null controllability
Proof of bounds for control cost

UB follows from our construction of G

! .  Aayn
G(t):/ gls)ds with g(t) =Y 2 1l noan(t)
0 n=1 @l

using ra,n = X*®4 5(X)x=0 ~ (1 — &) Ry
LB let G be any control such that

T 1
(o / G(t) e dt = —pl, , = — / Uo(X)®a.n(X) dx
JO JO
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bounds for null controllability
Proof of bounds for control cost

UB follows from our construction of G

! .  Aayn
G(t):/ gls)ds with g(t) =Y 2 1l noan(t)
0 n=1 @l

using ra,n = X*®4 5(X)x=0 ~ (1 — &) Ry
LB let G be any control such that

T 1
(o / G(t) e dt = —pl, , = — / Uo(X)®a.n(X) dx
JO JO

atl . JolUo.n
show 118, 25 1 Uo(x)®1,0(x) dx with & n(x) = fjéo(lo\ﬁ)
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=
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bounds for null controllability
Proof of bounds for control cost

UB follows from our construction of G

A
2t :U'g,n Ua,"(t)
ra,n

G(t):/0 g(s)ds with g(t)=>"

using ra,n = X*®4 5(X)x=0 ~ (1 — &) Ry
LB let G be any control such that

T 1
(o / G(t) e dt = —pl, , = — / Uo(X)®a.n(X) dx
JO JO

atl . JolUo.n
show 118, 25 1 Uo(x)®1,0(x) dx with & n(x) = fjéo(lo\ﬁ)

since {®1,,} orthonormal basis and up # 0 deduce |12, ;)| > m(u) > 0

<o
Zz=
=
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null controlability cost bounds for null controllability

Proof of bounds for control cost

UB follows from our construction of G

A
2t :U'g,n Ua,"(t)
ra,n

G(t):/0 g(s)ds with g(t)=>"

using ra,n = X*®4 5(X)x=0 ~ (1 — &) Ry
LB let G be any control such that

T 1
(o / G(t) e dt = —pl, , = — / Uo(X)®a.n(X) dx
JO JO

show 1% , <% [1 Uo(x)®1 0(x) dx with &y (x) = %lb.nv)

195 o, )]
since {®1,,} orthonormal basis and up # 0 deduce |12, ;)| > m(u) > 0
conclude =
m(uo) m(uo) ( /'T 2xermt ) 2
< < e~ dt) G|,z
(A —a)Rom Forg /s Gl 20,7 M

N
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S o
Open problem: boundary control for general a

ac C([0,1])n C'(]0,1]) and a>0 on ]0,1]

us — (a(x)uX)X =0 in(0,T)x(0,1)

u(t,0) = G(t)
u(t,1)=0
u(0, x) = up(x)
assume
Jpef0,1) suchthat xa'(x) < pa(x)
study

@ null controllability
@ behaviour of the control cost as p 1 1

<o
Zz=
=

|

N

P. Cannarsa (Rome Tor Vergata) Control of degenerate evolution equations 23/06/2016 29 /32



_conclusions |
Evaluation of distributed control cost

Joint work with P. Martinez and J. Vancostenoble
ur— (x“ux), = xof inQr=(0,T) x(0,1)
u(0,x) = to(x)
u(t,1) =0 and u(t,0)=0 weakly degenerate
X“ux(t,-)jx=0 = 0 strongly degenerate
with w = (a,b) cC (0,1)

Fla,u) :={f € L*(Qr) : u(T,-)=0}

Then . .
71 < i < 2
e log sup _nf 1fll10.)

Uol|=1 FEF (ot S (2— )T =

|

N
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S o
Degenerate wave equation

Joint work with F. Alabau-Boussouira and G. Leugering

ur — (a(x)ux), =0 t>0 xe(0,1)
u(0,x) = up(x) w(0,x)=ui(x) xe€(0,1)

Define ;
1
Eu(t) = 5/0 [UR(t,x) + a0 U2t )y dx
Theorem
/
Assume g = Sup x| (x)| <2 ThenVT > 0 the solution satisfies
0<x<i a(X)

;
3(1)/0 ug(t, 1) dt > {(Z—Ma)T— m —2a @}Eu(o)

Thus the wave system is observable for

4
7> To = G mymingT,amy * 2V e

v
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Thank you for your attentiom:
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