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Mass and Momentum Conservation - Equations

1 . 1
Two mass densities o}, 0, Oros +div (osv) = +T5
B: 03 + div (g%v) = —Ts
Ot (ov) +div(ov @ v+ T5) =0,
where the total mass o := o; + g?

. 1 2 1 2
Reaction rate T5: Os — Os 05 <— 0Os
+75s —Ts

Tension tensor Ts consists of pressure tensor Ps and stress tensor S
Ts = Ps — S, Ps from the entropy principle,
S = S(0, ) = vilo,p)divol+ 20, ¢) (5 (Vv + (Vo) T) — Ldivel) .

Q= Q§ / o phase parameter - represents mass fraction

—75 = D103 + div (05v) = d:(po) + div (ov) = g(@t@ +v- Vgp)

—  Oio+div(ov) =0
0(Orp+v-Vo) =—15
A(ov) +div(iov®@v+Ts5) =0
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Evolution of the Phase Parameter

Derive a Diffuse Interface Model which approximates a Sharp Interface Model consisting of
Compressible / Incompressible Flow

Free Energy Density e >0,0 >0, latere as function of §

V|

1. . 1. -

where W° double-well potential, local minima m; = 0 and ms = 1
and h(p) > 0is an arbitrary function,

We = (0 —0")%¢"
©* = constant > 0 (Incompressible density)

U Free energy of the bulk phases

@ := p%/o mass fraction, Ts :=ns(0, )i, 1s5(0,¢) >0, p chemical potential
= 0(dp+v- Vo) = —ns(e, o)u

For example p := %’f or ju:= *A%f
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Thermodynamical Correctness, Entropy Principle
[Alt 2009], Objectivity
Isothermal case: entropy principle is equivalent to the free energy inequality;

Total free energy density:  fiot = f5 + 20[v|?, fs = fs(0, 0, V)
Free energy flux:  tor = frotv +T5g v+, where = —(Gip+uv- Vo) fsive

the solution (g, v, ¢) of the system satisfy the inequality
Ot frot + div(frotv + T;v + ) =0 fs +div(fsv+ ) + Dv-Ts

1 1) 2

=—-nso, w)(ﬁ) —Dv-5 < 0.
0 dp

W asusual, v1,v2 > 0,sothat Dv-S > 0;n5 > 0;

B and where Pressure tensor Ps:

Ps = P5s(0,0, V) = (—fs + 0fs510) T+ Vo & fsv,

2
1 1 Vo
= (gpws(@, ®) + gpws(e, ©) +pulo,») + 5ph(9)‘ 5 | )11 + dh(0) Vo ® Vo
with — pu(o,p) := —U(o,¢) + 0U|,(0,¢), pws, pndito

the last two summands (terms with V) stand for the 'surface tension’ between the
different phases;
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BE Compressible / Incompressible Model
m Diffusive Interface Model
m Sharp Interface Model - Bulk Region
m Sharp Interface Model - Interface
m Interfacial Profile
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Diffusive Interface Model

Assume:  W(o, ) := oW (@), W(mi) # W(ms)
ns =1/6, W0, ¢):=(0—0")%"

Connection of both parameters

§=6(e) =¢°

The incompressible limes slower than the sharp interface limes

Oro + div(ov) =0, ) q_f; (1)
di(0ov) + div(ov ® v) + V(gpwe (0:¢0) + pow (0:¢) +pu (e, ©)) (2)
2 5. |V€0|2 T
+¢e le(ph(g)T I+ h(o) Vo ® Vo) = div(9) ,
1. . 1 v
50 +v- Vo) = ——Wi(0,9) = oW (p) = Uje(e,9) ®3)
+e%div(h(0) V),

where
pwe(0,0) = (0 — 0")(o+ 0")¢’
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Asymptotic Expansion

Formal Matched Asymptotic Expansion in &
e\, 0

"Low Mach Number Limit' as € \, 0, then § = €2 \, 0,
Outer Expansion o(t, ) = go(t, ) + e01(t, ) + d02(t, z) + o(e”
v(t,z) = vo(t, x) + evi(t, x) + dva(t, x) + o(e

ot 7) = ot 2) + 201 (t,2) + b (t,) + 0(=?)

Interfacial Expansion  o(t,y + orfir(t,y)) = R(t,y,r)
o(t,z) = R(t,y,7) = Ro(t,y,r) +eRi(t,y,7) + 6Ra(t,y,7) + 0(e°)
o(t,x) =V (t,y,r) = Volt,y,r) +eVi(t,y,r) + 6Va(t,y,7) + o(e?)
o(t,x) = ®(t,y,7) = Po(t,y,r) +eP1(t,y,7) + Pa(t,y,7) + 0(e°)

)
%)

01, V1, and @1
are perturbations in the bulk regions

R1, Vl, and (131
are perturbations in the interfacial regions
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Sharp Interface Model - Bulk Region

For t > 0, there is an unknown free interface I';, €2 = Qtl ur,u Qf

Bulk Region: Compressible / Incompressible Navier-Stokes system

dro" +div(e'v') =0, in Qf
Bi(0'v') +div(e'v' ®@v' + T (o', m1)) =0,
dive® =0, in Q7

Q* (8w2 aF diV(U2 ® ’02)) + div TZ(Q*v m2) =0 )

T* = p* T — s* tensiontensor, p* scalarpressure, s* stress tensor,

inQf: =0

pu(e',m1), , X
s(o',m1) = vi(o, mi)dive' T+ va(o', m1) (§(V1}1 + (vo')T) — gdiv ' ]I)

1
p

1
S

inQZ: p=1
2
p~ unknown

s* = s(0",ma) = (0", ma) A0®
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Sharp Interface Model - Bulk Region

Energy-Inequality

t
1 * * .
//g(979)2§02dxdtgcdata = o=¢" in Q for e\,0
0 Ja

Then in Q7 o(t,x) = oo(t,x) +eo1(t, x)

Comparison order g
Oroo + diV(go’Uo) =0,
8 (0ovo) + div(govo ® v0) + V (pu (0o, o) + 200%0l*01 + 2(20 — 0*) (00 + 0 )01)

. . 1.
= div (l/l(go, o)divvo I + v2(00, ¢o) (%(Vvo + (Vo)) — Ele Vo ]I)) .

and  go(t,z) = 0", 00 =1landp; =0 ,then
= o*div(vg) =0, 0" (atvo + div(vo ® vo)) +V (20" 01) = vAvo

. 1
= p(t7ZL‘) :2Q Ql(twr)v Y= 20*
Y
that means in Q7 o(t,z) = 0" + eyp(t, z)
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Sharp Interface Model - Interfacial Region

Different Jump conditions on I := {(t,z) : z € T+ }: [v] . #0 and [o] . #0
Relative interface velocity in normal direction A:= (vr —v) - fir
vr - Tir normal interface velocity of I', & curvature

Interface Conditions

[eAlr =0, onI',
—g)\[’l}]r + [Tkﬁr‘]r = divg('y(]l —nr ® ’r_ir)) =K - Tir nr + VF’Y , onl',

[vlr =wr, onl’,
G(o',0") =0, onl,
where ® = m in Q% and ® = ms in Qf,and

~ surface tension, w capillarity force,
the two mass densities of the bulk phases are connected by GG

w=wlpA] := [ 2l {%ﬁ\/z I h(R)RW/dg} ds

v =1l = [ (1 - %%%) \/f;1 2 h(R) RW'ds ds .
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Interfacial Profile

Mass flux M := A'p' = A%p?. The function R is the solution of the

2
Inner Interface Problem M?9; (‘h(R) g(R,.)0s (%) ‘ ) =2h(R) RO;W
65R(m1) = 07 85R(m2) =0.

where g = U/en, en(z) = [2 h(z)]  energetic part, and e, = 0.

We consider W(p) := Wo(p) + eWi(p) .

Wy and W1 double-well potentials, twice continuously differentiable functions in @, local

minima on m, and mg, and local maximum on sq = (m1 + ms)/2.

Wo(m1) = Wo(mz) and symmetric function on @ = sq, Wi (m1) # Wi(msz), h = 1.
.

Then, there is ago € Ry and for each M € R \ {0} has the Inner Interface Problem a

solution R € C*([m1, m2]) N C?((m1,m2)) as0 < € < €o.
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TN “ 7
/ \
/.
oo e S
of e
[

Leth =1and iz = 1,then g(R,.) = 1. Then

M?d, (

R

as(i)r):masw B.R(m1) =0, O.R(ma)=0.

Then &(%) = ﬁ, /f:u 2RW’ds and
0=0,(%)(ma) = o[ 2RWds

0.(%) = /1o, 2RWds, 2 RW'ds = 0

that is

Compressible Phase Change Flows - WIAS, September 18, 2012 - Page 14 (18)



Fixed point operator

Let B C C°([m1, m2]) closed with

ma /

B := {u € C([m1,ma)) : 0 < ep <u< Cg,/ Tds = 0, u monotone increasing}.

m1

We introduce the operator

F:B—>C’O([m1,m2}), Uq EB>—>U3:F(U1)€CO([TTL1,7TL2]),

s 5 1
u2(s):%/ 1// W' 05 s
where IM] Sy \| Sy 1
mo w’
’(L3(S) = UQ(S) + C(’I.LQ) s with / mds =0.

my

1. Existence of C'(u2) - intermediate value theorem
2. Fis anon-expanding map - by choosing cx and Cj

3. Fis acontraction - for a weighted norm, Banach fixed point theorem
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2
v
fs(0, 0, V) = 2W(0,0) + sW°(0,) + 5h(9)| ;p| + Ulo, o),

Generalizationto h # 1

1. The function h fulfills a special growth condition

2—n 2—n

h(22)z, ™ < h(z1)z, ™ forall z1 < 22, 21,22 € Ry,

Then, ex(z) # O forall z € R and surface tensiony > 0

2. h > (s an arbitrary continuously differentiable function and bounded from below, that is
h(z) > hs > Oforall z € R

LetW (m1) # W (m2) . Then, itexists G with ~ G(o*,0") =0

Definition: The function G is defined by solution R = R[M] with
RIM(t,9)l(m1) = o' (t,y) , RIM(t,y)l(m2) = o*(t,y) -
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Perturbations

B Incompressible limes is a singular limit,

on Q':  compressible
dr01 + div(givr + 01v1) =0,
B (01v1 + 0101) + div(ivr @ v1 + Q1] @ v1 + e1o1 @ 1) + V (puy |, (e1,m1)01)
= div(LinS)
on Q% incompressible
v 05 + div(yve + 0v3) =0,
0:(05v2 + 0™ v5) + div(ghvs ® v2) + @ div(vy ® va + v2 ® v5) + Vp' = div(LinS)
B In compressible flows the sound velocity is finite, there are wave solutions for small
perturbations

B In incompressible flows the sound velocity is infinite, but € > 0 consider o = o* + eyp
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Thank you for your attention !

Compressible Phase Change Flows - WIAS, September 18, 2012 - Page 18 (18)



	General Model
	Mass and Momentum Conservation
	Evolution of the Phase Parameter
	Thermodynamical Correctness, Entropy Principle

	Compressible / Incompressible Model
	Diffusive Interface Model
	Sharp Interface Model - Bulk Region
	Sharp Interface Model - Interface
	Interfacial Profile


