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Outline

Aim of the result:
Rigorously justify small-strain linearization in plasticity J

@ Linearization in elasticity
@ Finite vs. linearized plasticity

© T-convergence for rate-independent systems
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Linearization in elasticity

@ Equilibrium: ¢ : Q — R?

min (/ Welast (V) dx — / E-godx)
Q Q

Hyperleastic energy: Wijas; : R — [0, 00], Wijas; = 00 out of GL(d)
Frame indifference: Wejast(RF) = Wepast(F) for all R € SO(d)
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Linearization in elasticity

@ Equilibrium: ¢ : Q — R?

min </ Welast(V¢)dx—/£~godx)
Q Q

Hyperleastic energy: Wijas; : R — [0, 00], Wijas; = 00 out of GL(d)
Frame indifference: Wejast(RF) = Wepast(F) for all R € SO(d)

@ Formal linearization: let ¢ = id 4 cu so that Voo =1 +eVu

Tayl 2
Wotase (1 + 2VU) 2 Watase(1) -2 O Watast (1) : VU + = Vu: 92 Watase (1) Vu
———— ——— 2 —_———

=0 =0 =C
frame ind g2
= EVSUZCVSU

Ulisse Stefanelli (IMATI) Cortona, 17.9.2012 www.imati.cnr.it/ulisse 4/22



Linearization in elasticity

@ Rigorous justification:

1

[Dal Maso, Negri, Percivale 2002]
22

Wast (1 + eVu) dx 5 1/Vsu:(CVSudx
Q 2 Ja

o = E DA
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Linearization in elasticity

@ Rigorous justification: [Dal Maso, Negri, Percivale 2002]
1 1
= [ Welast(I + £Vu) dx 5N —/VSU:CVSudX
€ Ja 2 Ja

@ [-convergence:

F. f(x) < IiLn_j(r)nc f-(xc) forall x. = x  (liminf inequality)
e Yy dy. —» y s.t. Iim0 fo(ye) = f(y)  (recovery sequence)
E—>
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F. f(x) < Iigl_j(r;f f-(xc) forall x. = x  (liminf inequality)
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Fundamental Theorem of -convergence

r N
Let £ — f, x- minimize . and x. — x
— x minimizes f and min . — min f
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Linearization in elasticity

@ Rigorous justification: [Dal Maso, Negri, Percivale 2002]

i/ Weast (1 + eVu) dx 5N 1/Vsu:(CVSudx
52 Q 2 Q

@ [-convergence:
F. f(x) < Iigl_j(r;f f-(xc) forall x. = x  (liminf inequality)
e Yy dy. —» y s.t. Iim0 fo(ye) = f(y)  (recovery sequence)
E—r

Fundamental Theorem of -convergence

r N
Let £ — f, x- minimize . and x. — x
— x minimizes f and min . — min f

One line proof by contradiction:

contrad. lim inf minimality

limsup £-(y.) "= fly) < x) < liminffi(x.) < liminff(y.)
e—0 e—0 e—0
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Linearization in elasticity

@ Application:
. 1
u: minimize u> — [ Weaste(l +eVu)dx — [ £-u
e Ja Q

Then, we have that u. — u which minimizes

1/Vsu:(CVsudx—/E'u
2 /o Q

V-o+£=0, o=CV°, (bc)

Equivalently, it solves
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Outline

@ Coercivity: by geometric rigidity [Friesecke, James, Miiller, 2002]
assume > gdly 2
oo>/ Welast (V) dx > c/d (Vp,S0O(d) /|V<p R|? dx
Q Q
Welast
I SO(d)
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Outline

@ Coercivity: by geometric rigidity [Friesecke, James, Miiller, 2002]

assume rigidity

oo>/Welast(V<p)dx > c/dz(ch,SO(d)) > E/\V(p—mzdx
Q Q Q

Welast
I S0(d)
@ Literature:
» [Agostiniani, Dal Maso, DeSimone, 2011] refined assumptions
> [Schimidt, 2008] multiwell energy
» [Paroni, Tomassetti, 2009, 2011] non-stress-free reference config.
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Linearized plasticity

Linearized elasticity: Linearized plasticity:
V-o+£=0 V-o+£=0
Viu=Clo Viu=Clo+p p € R34
(b.c.) OR|p| +Hp > 0o
(b.c) + (i.c.)
o o
VUS p Vus

Ulisse Stefanelli (IMATI) Cortona, 17.9.2012 www.imati.cnr.it/ulisse 9 /22



Linearized plasticity
@ Complementary energy:
1 1
E(u,p,t) = —/(Vsu—p):(C(Vsu—p)dx—i——/p:dex—/E(t)-udx
2 Q 2 Q Q
@ Dissipation:

D(py, Py1) = /|P1 Pol dx = R(p1—Po)
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Linearized plasticity
@ Complementary energy:
1 1
E(u,p,t) = —/(Vsu—p):(C(Vsu—p)dx—i——/p:dex—/E(t)-udx
2 Q 2 Q Q
@ Dissipation:

D(py, Py1) = /|P1 Pol dx = R(p1—Po)

Linearized plasticity:

0u€(u,p,t) 30 equilibrium
O R(P)+pE(u,p,t) 50 plastic flow
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Linearized plasticity

94E(u,p,t) 20 equilibrium
OpR(P)+0pE(u,p,t) >0 plastic flow
@ Energetic formulation: [Mielke-Theil, 2004]

Stability:
E(u(t), p(t),1) < £(@,B,1) + R(p—p) V(& P)

Energy conservation:

T

S(u / R(p)dt = E(u°, p°, )—//Z-udxdt
0JQ

actual energy initial energy —

d|55|pated energy work external forces
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Finite plasticity

Multiplicative decomposition: Vg = FelastP,

P € SL(d) = {detP =1}

o = = E DA
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Finite plasticity
Multiplicative decomposition: Vi = FeastP, P € SL(d) = {detP =1}

@ Complementary energy:

£— / Woaet (Ve P1) dx + / Wiara (P) dx — / €(t)-p dx
Q ~—— Q Q

Felast
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Finite plasticity
Multiplicative decomposition: Vi = FeastP, P € SL(d) = {detP =1}

@ Complementary energy:

£— / Woaet (Ve P1) dx + / Wiara (P) dx — / €(t)-p dx
Q ~—— Q Q

Felast

@ Dissipation:

1
D(Po,Pl):inf{R//|I5P_1|dxdt L Py Y Pl} Fo
0/Q

SL(d)
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Linearization in plasticity

Why is it more difficult than elasticity?

o = = E DA
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Linearization in plasticity

Why is it more difficult than elasticity?

@ Extra plastic variable
@ Nonlinear to linear settings

» multiplicative to additive splits:

Vo =Feat P ~ Viu=Clo+p
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Linearization in plasticity

Why is it more difficult than elasticity?

@ Extra plastic variable
@ Nonlinear to linear settings

» multiplicative to additive splits:

Vo =Feat P ~ Viu=Clo+p

» change of state space

P € SL(d) ~ p e Rx4

dev

@ Evolutive situation

» Need for an evolutive notion of variational convergence
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Linearization in plasticity

Energetic solution

Stability:  &(q(t),t) < &(q,t) +D:(q,9) Yq

T T
Energy:  £-(q(t), £) + /0 Ro(§) dt = £-(¢°,0) - /O | bqaxar

Which (&, D) ~ (&, Do) entails convergence of energetic solutions?

Question: J
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Linearization in plasticity

Energetic solution

Stability:  &(q(t),t) < &(q,t) +D:(q,9) Yq

T T
Energy:  £-(q(t), £) + /0 Ro(§) dt = £-(¢°,0) - /O | bqaxar

Which (&, D) ~ (&, Do) entails convergence of energetic solutions?

Question: J

First (but wrong) guess: &, AR & and D, AR Dy
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Linearization in plasticity

Sufficient condition: [Mielke, Roubicek, S., 2008]

two separate [ — liminf conditions . ..

& < Mliminf & and Dy < -liminf D,

... plus the existence of a Mutual Recovery Sequence

Yq. — qo, Vo there exists g. such that
lim sup (55(65)—55(QE)+D5(C757aa)) < &0(Go)—Eo0(q0)+Do(q0, Go)
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Linearization in plasticity

@ Formal linearization: Vo =14¢eVu, P=1+¢p

Wotast (V6. Po 1) = Wotase (12 Vu)(146p) 1) & Wopase (142 Vu)(1 - 2p))

Q

STREELI e

(VPu—p®):C(V’u—p°)

Whard(Pe) ~ p: aI%P Whard(l) p

————
H

_ 1\ T !
D(Po.,P1.) = D(1,P1.Po.") = D(I, (I4cpy ) (I+2py) ') ~ =R|p; — p|

> (Hepy)(1Hepg) = 1He(p;—py) =~ e (P1—Po)

P(t):etE(PI*PO)

D(L, (H<py)(Fpg) ) = D(1,e @ #) " cRjp,
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Linearization in plasticity

@ Coercivity of the energy
Rigidity for Weast and coercivity for Whapq:

IVu ()22 + I (£)I22 < c€e(u(t), p(t). 1) < 00

@ Two -liminf inequalities . ..

» Poinwise inequalities for the integrands
Lo s o1 4
E(V u—p):C(Viu—p) < lim inf €—2Welast((l+5Vus)(l+sp6) )
1 o1
SPiHp < liminf = Wharda (1H4-¢p.)
1
_ < liminf = 1
Rlp1—po| < liminf ~D(1, (I+2py)(1+2py) ")

» Balder-loffe lower semicontinuity theorem
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Linearization in plasticity

@ ...and a mutual recovery sequence
Let (Uo, Po) := (uo, po) + (@i, p) with (@i, p) € C(Q; RYxRI*Y)
Define 1, :=id 4 €ii and ¢, 1= id + cu, and let

1
u. = g(d)s o p.—id)
Moreover, define the big set
Q.= {x € Q | e (I4ep.(x)) € {Whara < 00} CC SL(d)}

and choose

) :_{ é(esf’(lﬁsps)fl) on €.

P. else
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Linearization in plasticity

@ Complicated definitions to simplify complicated expressions
~ 1 .
> U, = g(’l/)e ocpe—ld)
= (I+eVu:) = Voo (. )V, = (IH+eVii(p.)) Vo, = Ve,
—_————

—1

[multiplicative decomposition]
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Linearization in plasticity

@ Complicated definitions to simplify complicated expressions
~ 1 .
> U, = E(Q/JE ocpe—ld)

= (I+eVu:) = Voo (. )V, = (IH+eVii(p.)) Vo, = Ve,
—_———

—1

[multiplicative decomposition]

B = T(eP(1+ep) — 1) = (11p.) = P (142p.)

> ps:g

ID(1L(1+ )01+ <p.) ) = TD(1eP) — R(p)
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Linearization in plasticity

@ Constraints fulfilled
» Orientation [Ue = (.0 p.—id)/e]
det(l14+eVu) = det(Vyo (¢ )Vep.)
= det(l4+eVii(p,)) det(14+eVu,) > 0

~1 >0
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Linearization in plasticity

@ Constraints fulfilled
» Orientation [Ue = (.0 p.—id)/e]
det(l14+eVu) = det(Vyo (¢ )Vep.)
= det(l4+eVii(p,)) det(14+eVu,) > 0

~1 >0

» Volume [P. = (eP(14ep.) — 1) /€]

det(l+ep) = det(e*P(1+ep,))
= det esﬁ det(l—i—spa) = etr(sﬁ) = eO =1
———

=1
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Linearization in plasticity

@ Constraints fulfilled
» Orientation [Ue = (.0 p.—id)/e]
det(l14+eVu) = det(Vyo (¢ )Vep.)
= det(l4+eVii(p,)) det(14+eVu,) > 0

~1 >0

» Volume [P. = (eP(14ep.) — 1) /€]

det(l+ep) = det(e*P(1+ep,))
= det esﬁ det(l—i—spa) = etr(sﬁ) = eO =1
—_———
=1
@ Strategy

» Exploit cancellations (a very refined version of the quadratic trick)
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Linearization in plasticity

Convergence

Let (ue, p.) be energetic solutions of finite plasticity.

Then, (u.,p.) — (ug, py) pointwise in H! x L2-weak where
(uo, py) is an energetic solution of linearized plasticity
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Linearization in plasticity

Convergence

Let (ue, p.) be energetic solutions of finite plasticity.

Then, (u.,p.) — (ug, py) pointwise in H! x L2-weak where
(uo, py) is an energetic solution of linearized plasticity

@ [A. Mielke, U.S. Linearized plasticity is the evolutionary I'-limit of finite
plasticity, J. Eur. Math. Soc. (JEMS), to appear 2012]

http://www.imati.cnr.it/ulisse
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