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A modified CAHN—HILLIARD system

We consider the modified Cahn—Hilliard system

(e + 29(p)pe + g’ (p)pe — A =10 in = Qx(0,7) (1)
pr— Ap+ f(p) = png'(p) in Q 2)
Bupp=0,p=0 on ¥ :=0Qx(0,T) 3)

Plmo = 1y Py = p" In Q )
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A modified CAHN—HILLIARD system

We consider the modified Cahn—Hilliard system

(e 4+ 29(p)pe + ng'(p)pr — Ap =0 in Q:=Qx(0,7T) (1)
pr— Ap+ f(p) = png'(p) in Q 2)
Bupp=0,p=0 on ¥ :=0Qx(0,T) 3)

Plmo = 1y Py = p" In Q )

B Model by P. Podio-Guidugli (2006) for phase segregation through atom rearrangement on
a lattice
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A modified CAHN—HILLIARD system

We consider the modified Cahn—Hilliard system

(e + 29(p)pe + g’ (p)pe — A =10 in
pr — Ap 4 f(p) = ng'(p) in
O =0,p =0 on

) o0 .
Hiizmg = K5 Pli=g = P n

Q = Qx(0,7T)

¥ = 00 x(0,7)

Q

B Model by P. Podio-Guidugli (2006) for phase segregation through atom rearrangement on

a lattice

B Studied for the special case g(p) = p in a series of papers by P. Colli, G. Gilardi,
P. Podio-Guidugli and J. S. for the Allen—Cahn version (2010) and the Cahn—Hilliard

version (2011 ff.) concerning well-posedness, optimal control and asymptotic behavior as

t— oo and £ N\, 0.
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General assumptions

B O R is an open and bounded domain with smooth boundary 9<) and outward unit
normal field .

B [~ fi | f2,where > € C7[0,1],andwhere f1 € C”(0,1) is convex and satisfies

’11\11%' Ji(r) = —o0 and Ih}nl fi(r) = +oo.
B gcW»>®(0,1) and g(p) >0 V pe€lo,1].
B cVNLeQ), and 1° >0 ae in Q.
m )W, 0<p’<1 inQ, and f'(p°) € H.

Here,weset: V := H'(Q), H := L*(Q), W = {v € H*(Q); d,v = 0 ondQ}.
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Well-posedness (see Gianni’s talk)

In the recent CGPS paper

“Global existence and uniqueness for a singular/degenerate Cahn—Hilliard system with
viscosity” (submitted, see WIAS preprint No. 1713 (2012))

it was shown that (1)—(4) has a unique solution (11, p) having the following properties:
B € HYO,T; H)N L0, T; W) N L™=(Q)
B pcWhe(0,T;H)NH (0, T; V)N L*(0,T; W)
B >0 aein@
B There exist p., p* € (0,1) suchthat p. < p <p" aein Q.

A similar result can also be obtained under weaker conditions (see the above paper).
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Aim of talk

In this talk, we make the first step towards the numerical approximation of (1)—(4). We choose

N eN,put h = % , and considerfor 0 <n < N — 1 the time-discretized problem

(wherewe put € = 1)

Hn+1 — Un + g(p’fb+1) _ g(p'b)

(1+2g(pn)) W W pn+1 = Apnyr = 0 in Q
w — Apnt1 + f(pnt1) = pn g (pn) in Q

0u MHn+1 = axz Pn+1 = 0 on 9N
Hno = ,LL[), po = po in Q

AIM: Well-posedness of the scheme, convergence of discrete solutions to (i, p) as
N — o0, error estimates
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Existence of the discrete solution |

We argue by induction for n € N. Suppose that for some 0 < n < N — 1 we have found
(ttn, pn) € W x W suchthat p1,, > 0 ae.in Q, f'(p,) € H and 0 < p,, < 1in Q.
We rewrite (5), (6) in the form

(14 g(pn) + g(pn+1)) int1 — B Apnsr = (14+2g(pn)) ppn In Q@ (9)

prt1 — B Apny1 + h f'(pns1) = pn + b g'(pn) in Q2 (10)

Now let f = f’l + f’g,where
] fg is any smooth extension of f2 to R,

| fl is the unique convex and |.s.c. extension of f1 to R that satisfies f(r) = +oo if

r & (0,1).

Then the function 7 —— %r’g + h f(r) is strictly convex provided that

1
h 01%17@%(1 |fa (r)] <1 (11)

We will always assume this in the following.
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Existence of the discrete solution Il

For h > 0 satisfying (11), it follows from standard arguments that the strictly convex, coercive
and |.s.c. functional J : V — (—o0, +00],

J(v) =

" /|Vr| dz + /( 070)) do= [+ hpng (o)) o, 1 (0) € L)

Q

+o0, otherwise

has a unique minimizer p,+1 on V . Standard arguments (maximal monotonicity, Euler—
Lagrange, elliptic regularity) then show that actually p,+1 € W solves (10) and that

0<pn+1 <1in Q.

Butthen also g(pn+1) > 0 in , and the elliptic boundary value problem (9),
Oy pin+1 = 0 on 0Q, has a unique solution 1,1 € W . Testing (9) by —1,,,; <0
yields immediately that fi,,+1 > 0 a.e.in €.
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A priori estimates

Step 1: Test (5) by /1 jip 1 —>

1 1 1
sl 5lhmes = anlly = Gl + 1 [ (Vi do
Q

+/ [9(pns) ks — 9(pn)tin + g(pn) (i1 — pn)?] dz = 0
Q

Summation —
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A priori estimates

Step 1: Test (5) by /1 jip 1 —>

1 1 1
sl 5lhmes = anlly = Gl + 1 [ (Vi do
Q

[ [otonsnnien = alpu)i + 9(0.) s = )] do = 0
Q
Summation —>
1 (1
2 6l — — 2 e
/(5 +.CI(Pn)) i dz + Z{)/ (2 +g(pn)) |tnt1 — pn|* da
Q n=vq

m—1

Jth/|Vun+1\2dx§C, 1<m<N. 12)

n=0 Q
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A priori estimates Il

Step 2: Test(6) by p, o1 — pr —

Prt1 — Pn ||?
e
h

2
s HV(an — Pn)

H

)

using the boundedness of g' and f3 . Young’s inequality and summation over n yield

< 3(Iweel, - oo

+/(f1(ﬂn+1)—f1(pn)> dz < /Ch(1+|un|)wd%
Q

Q
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A priori estimates Il

Step 2: Test(6) by p, o1 — pr —

Prt1 — Pn ||?
e
h

2
s HV(an — Pn)

H

)

using the boundedness of g' and f3 . Young’s inequality and summation over n yield

< 3(Iweel, - oo

+/(f1(f’n+1)—f1(pn)) dz < /Ch(1+|un|) wdﬂc’

Q Q

Pn+1 — Pn

2
v m
h H+H P

m—1 2 m—1 5 .
Z h + Z HV(pn+l - pn) ) +/f1(/)m)d[12 <C.
n=0 H oy H /

(13)
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A priori estimates Il

Step 2: Test(6) by p, o1 — pr —

Prt1 — Pn ||?
e
h

j_l + HV(PnH — Pn)

H

)

using the boundedness of g' and f3 . Young’s inequality and summation over n yield

< 3(Iweel, - oo

+/(f1(f’n+1)—f1(pn)) dz < /Ch(1+|un|) wdw,

Q Q

m—1 m—1 .
On, - Fn 2 2 2
Z h Pl = P +vam, + Z Hv(p"+l - ﬂn) ) +/f1(ﬂm)df17 < C.
h H H H
n=0 n=0 Q
(13)
Step 3: Test (6)by —/ Ap,1 andby h f{(pni1) —
m—1 5 m—1 2
S|+ D0 |Aen)|, < c (14)
n=0 n=0
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A priori estimates Il

Step 4: Take the difference of (6), written for 7 + 1 and 7, and test by
h™ : (/)rr+2 — Pn+1 ) . We obtain

‘ Pn+2 — pn+1 _ Pn+1l — Pn
h

Hpn-}—l — Pn

]

dx + % /(f{(pn+2) - f{(pn+1)) (Prt2 = pr1) do

Q

‘ Prn+2 — Pn+1

1
2 h

+h/‘vpn+2 — Pn+1
h
Q

dx

< Ch H Pn+2 ; Prn+1 Pn+2 — Pntl Hpn+1 — Pn

h

2
+Ch//.tn+1
H
Q

+/(un+1 — 1in) g (pn) w d
Q

One now substitutes for fi,,+1 — (1, from (5). Young, Holder, the embedding V' — L4(Q)
and the discrete Gronwall lemma imply the estimate
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A priori estimates IV

. m—1 . m—1 .
Pm+1—Pm 2 Hpn+2_pn+1 Pn+1—Pn 2 H Pn+2— Pn+1 Hz
_— — h||V—————= <C.
H h H+;) h h H+; h H —
(15)
Step 5: Write (5) in the form
bn — MUn g\ Pn+ — g\ Pn
<l + g(p:z) + {/([)n+1 >> / +1]l / + J(/ 1)}1 J</ )//n - A/[lerI — 0
and test by /1,71(/1,,7“ — [tn ) . HoIder, Young, embeddings, discrete Gronwall =
'm.—l} /,L - l,L 2 2 m—1 2 C
e o o o ) e
,;LH |+ |[vu w2 [V =, <€ e

From this, we can deduce further estimates by comparison.
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Discrete approximations

Let t, =nh, 0<n < N.Wedefinefor t,—1 <t<t,, 1<n<N:
lu’h(t) = /"Ln7 lah = )LLn—17 ph(t) - pn, ﬁh(t) = pn—l I gh(t) = f]/_(pn),

. 1 “h 1
,Uh(t) = MUn—-1 + E(t - tn—l)(,un - ,un—l) 5 ,Oh (t) = Pn—-1 + E(t - tn—l)(pn - pn—l)7

7(0) = 9(pn 1) + 1t~ ta1)(g(pn) ~ 9(pn1)).
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Discrete approximations

Let t, =nh, 0<n < N.Wedefinefor t,—1 <t<t,, 1<n<N:
lu’h(t) = /"Ln7 lah = Mn—17 ph(t) - pn, ﬁh(t) = pn—l I gh(t) = f]/_(pn),

_ 1 o 1
i (t) = pn—1 + E(t —tn—1)(pn — fin-1), p"(t) = pn_1 + E(t —tn-1)(pn = pa—1),

- 1
7" (t) = g(pn—1) + 5-(t = tn1)(9(pn) = 9(pn-1))
Obviously, for t,—1 <t <t,, 1 <n < N,wehave

~ bn — Hn— ~ n — FPn— ~ n) n—
I e N L N
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Discrete approximations

Let t, =nh, 0<n < N.Wedefinefor t,—1 <t<t,, 1<n<N:
lu’h(t) = /"Ln7 lah = Mn—17 ph(t) - pn, ﬁh(t) = pn—l I gh(t) = f]/_(pn),

i 1 N 1
A" (8) = pn1 4 3 (b= tn1) (i = 1) s (1) = prt 3 (E = tn1)(pn = pn1),

- 1
7" (t) = g(pn—1) + 5-(t = tn1)(9(pn) = 9(pn-1))
Obviously, for t,—1 <t <t,, 1 <n < N,wehave

~ bn — Hn— ~ n — FPn— ~ n) n—
I e N L N

Notice that we have
N tn o
18" =" 2 gy = D P2 llin—sn-1ll /(tftn,l)%lt: 3 2 llmm—pn—1llf < Ch.
n=1 tn‘—l Y n=1
(18)

Due to regularity of the time derivative of ﬁh , we even have

N
~h  _hy2 o h* h 2
A" —n HLZ(Q) = ?Z

n=1

}LQ ~h
EHMt H2L2(Q) < Ch’. (19)

Hn — HUn—1
h

H
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Convergence |

Similar estimates can be proved for

~h R 2 R —hy2 ~h )2
2" — p HLQ(Q)v ln" — & HLQ(Q)v " —p HLQ(Q)a

and even for stronger norms.

R hp2
o™ = 7" lIZ2(q)-
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Convergence |

Similar estimates can be proved for

~h h )2 h —hy2 ~h h 2 h —hy2
2" — p HLQ(Q)v ln" — & HLQ(Q)v " —p HL2(Q)» " —p HL2(Q)-

and even for stronger norms.

Owing to the a priori estimates, we have for 7 ~, 0 (i.e.,for N — oo ):

= weakly starin H' (0,75 H) N L™ (0,T;V) (20)
T weakly in L* (0,7, W) (21)
o, o, op — o stronglyin L°°(0,7; H)  (by compactness) (22)
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Convergence |

Similar estimates can be proved for

~h hy 2 h —h)2 ~h h 2 h _h)2
187 =12, " =2y, 1" =P 2@y, P" =7 L2

and even for stronger norms.

Owing to the a priori estimates, we have for 7 ~, 0 (i.e.,for N — oo ):

/]h —

p' =
ot ut =

ﬁh —p

PPt —p

weakly starin H' (0,75 H) N L™ (0,T;V) (20)
weakly in L* (0, T; W) (1)
strongly in L°°(0,T'; H) (by compactness) (22)

weakly starin W (0, T; H) N H' (0, T; V) N L>(0,T; W)
and strongly in C° ([0, T]; H*~5(Q)) — C°(Q) (23)
weakly star in L>(0,7; W)

and strongly in L°°(0,7; V) (by compactness) (24)
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Convergence |

Similar estimates can be proved for

~h hy 2 h —h)2 ~h h 2 h _h)2
187 =12, " =2y, 1" =P 2@y, P" =7 L2

and even for stronger norms.
Owing to the a priori estimates, we have for 7 ~, 0 (i.e.,for N — oo ):

= weakly starin H' (0,75 H) N L™ (0,T;V) (20)
T weakly in L* (0,7, W) (21)
o, o, op — o stronglyin L°°(0,7; H)  (by compactness) (22)
i weakly star in W (0, T; H) N H"(0,T; V) N L>(0,T; W)
and strongly in C° ([0, T]; H*~5(Q)) — C°(Q) (23)
P — weakly star in L>(0,7; W)
and strongly in L°°(0,7; V) (by compactness) (24)
¢ weakly starin L>(0,7"; H) (25)
i —n weakly starin W (0, 7; H) N H' (0, T; V)
and strongly in CO([O, T); H) (26)
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Convergence Il

Identification of the limits:

B Since fi is maximal monotone, we easily deduce that & = f{(p)
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Convergence Il

Identification of the limits:

B Since fi is maximal monotone, we easily deduce that & = f{(p)

B Using V < L5(Q) and the Lipschitz continuity of g, ¢’ f5 , we find

9(8") = 9(p). g’ (") = d'(p), f2(") = fa(p),
all strongly in L (0, T; L°(Q)) . (27)
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Convergence Il

Identification of the limits:
B Since fi is maximal monotone, we easily deduce that & = f{(p)

B Using V < L5(Q) and the Lipschitz continuity of g, ¢’ f5 , we find

9(8") = glp), g'(8") = g'(p), f2(p") = f2(p),
all strongly in L (0, T; L°(Q)) . (27)
B Similarly, we find

", 7" — g(p) strongly in LOO(O,T;LG(Q) —
" —n=g(p) stronglyin L*(0,T; L°(Q)) (28)
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Convergence Il

Identification of the limits:

B Since fi is maximal monotone, we easily deduce that & = fi(p)

B Using V < L5(Q) and the Lipschitz continuity of g, ¢’ f5 , we find

9(8") = 9(p). g’ (") = d'(p), f2(") = fa(p),
all strongly in L (0, T; L°(Q)) . (27)

B Similarly, we find

", 7" — g(p) strongly in LOO(O,T;LG(Q) =

" —n=g(p) stronglyin L*(0,T; L°(Q)) (28)
B Moreover,

i" g (5") — 1g'(p) stronglyin L>(0,T; L*?(Q)) (29)

9(") it — g(p) e weaklyin L*(0, T; L*/*(2)) (30)

A — (g(p))ep  weaklyin L*(0,T; L**()) (31)
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Convergence Il

Now observe that the discrete equations can be written as

(1+2g9(") At + () p" — Ap" =0 inQ (32)
pr — Ap" + & ="' (p") - filp") nQ (33)
dp =0,p" =0 onXY (34)
At0) = u°, p0) = p°, in Q2 (35)
It thus follows that the limit (z, p) is the (unique) solution to (1)—(4) !
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Error estimates

General strategy:

Subtract (1) from (32) and test the difference by (5" — p): .
B Subtract (2) from (33) and test the difference by [1” — .
B Add the results.

B Estimate !

This strategy works in principle but requires lengthy estimates using similar techniques as in
the derivation of the a priori estimates. However, one needs two preparatory results:
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Further estimates |

Preparation 1: We have for 0 < ¢ < 1, by interpolation,

(" = P)Dl 2= () < ClI(" = PO (0" = p) (Bl

forsome « € (0,1) depending on &, and thus (23), (24) imply
o — p strongly in L(0,T; Hzfg(Q)) (36)
We infer that there are N € N and 7,7 such thatforany N > N it holds (where

h=hy=%)
0<r<p,p",p", " <P <1 (37)

Assuming N > N in the following, we can claim henceforth that f{ and f' = fi + f4
are Lipschitz in the range of relevant arguments.
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Further estimates Il

Preparation 2:

Under the further assumption —Apo + [/ (po) — 1o g’ (po) € V', which is satisfied if
po € H?(Q) , we can show that

~h
15¢ Ioe 0, 75vyL2 015wy < C (38)

and
IAGB" — ")l L20,mm) < Ch2. (39)

We then obtain the following error estimate:
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Error estimates Il

Theorem:

Let the general assumptions hold, and let pg € H? . Suppose that N € N is so large that
for h = % we have:

1
| 3 y T
Joax, If2 (r)] < 5

mO<7F<p,pt,ph "t <i<.

Then it holds

~h 2
=Pl o, rsmar~ vy + 18" = il Lo o, mnr20,mv) < Ch'?, (40)

~h

Iz

where C' > 0 depends only on the data.

1/2

Remark: One obtains £ in place of h provided one can show that

|V ik lr20) < C . (Ongoing work; requires /1o € 117)
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Outlook

Ad multos annos, Gianni !
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