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@ We are interested in the following class of systems:

U — Aw =0, (1)
a(v)

w = —a(u)AufT|Vu|2+f(u)—)\u+sut+5A2u (2u)

representing a variant of the Cahn-Hilliard model for phase
separation.

@ We add no flux b.c.: 0,u = dpw = 60,Au = 0 (and, of course,
the initial conditon u|;—o = wp).
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@ We are interested in the following class of systems:
up— Aw =0, (1)

w= —a(u)Au — #\VUF + f(U) — AU+ euy (2u)

representing a variant of the Cahn-Hilliard model for phase
separation.

@ We add no flux b.c.: 0,u = dpw = 60,Au = 0 (and, of course,
the initial conditon u|;—o = wp).

@ We will just consider the 4th order case 6 = 0.

e We will set A(u) = —a(u)Au — Z{0 |V uf?.
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Motivation and related work

@ Phase separation in water-oil mixtures: [Gompper-Kraus, 1992],
[Gompper-Zschocke, 1993].

@ Phase-field crystal growth: [Elder-Grant, 2004].

@ Faceting of a growing crystalline surface: [Savina et al., 2003],
[Korzec-Rybka, 2012].

@ Phase separation in polymers: [deGennes, 80’s],
[Mitlin-Manevich, 1990].

@ A lot of mathematical work in recent contributions by [Pawtow
and Zajaczkowski] (especially related to the sixth order case with
smooth potential).



The u-formulation

U[—AWZO, (1)

w=—a(u)Au — # |Vul? + f(u) — Au+ euy (2u)

@ f(u) = F'(u) =log(1+ u) —log(1 — u)

e either asmooth, 0 < a < a(+) < a < oo (smooth nonlinear
diffusion)

e ora(u) =f(u) = LUZ (singular diffusion).

1=



Outcome of the basic a-priori estimates

@ Energy estimate:
ue H'(0,T; V)N L®(0,T; V)N L=(Q).
@ Estimate on time derivatives (only for convex energies):

ue W>(r,T; V'), 0<7<T

@ Estimate of f(u):

f(u) € L3(0, T; H) N L>°(7, T; H)



The z-formulation

@ Set
‘ Y ra(s)\1/2
zZ:=o(U) = —
= [ (52)
! 1
:/ A=) = arcsinu (singular diffusion)
o (1—

ur— Aw =0, (1)
w=—2¢'(U)Az + f(u) — AU + ey (22)

@ Note that ¢'(u) = singular diffusion)

1
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The v-formulation (singular diffusion)

@ Set
v = f(u) =log(1 + u) — log(1 — u),

@ so that ;
U= j(v) = (V) = §tanh%

U — Aw =0, (1)

i(v)

w=—Av+ 7|Vv\2+v—)\u+eut (2v)




An integration by parts formula

Lemma (Dal Passo, Garcke & Grlin, 1998)

Let h e W2°°(R), y € H?(Q), dny =0on T = 9Q. Then,
/ 2 1 // 4
/h(y)IVyl Ay = —5/ N'(y)Ivyl
Q Q

+3 [ A)0%YE ~ 18y7) + 5 [ H)IT)

where /I(-) denotes the second fundamental form of I'.




The key estimate (singular diffusion)

Recall that

W:—AV+I(TV)|VV\2+V—)\U+EU1 (2v)

@ Compute (2v) x —div(m(v)Vv).
@ Applying the Lemma, we get, on the left hand side,

3 [ (- mw) = mwiw) + ) jgue

+3 / mw) K) H(Vv),

@ together with several lower order terms.
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Choose now:




