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Introduction

The PDE system for phase transitions/damage

c(9)9: + X9 — pddiv(u) — div(K(9)VI) =g in Q2 x (0, T),
uz — div(a(X)Rve(ue) + b(X)Ree(u) — p9l) =f in Qx (0, T),

(u)Ree(u)
2

X + 1Ol oo 0 (Xe) — DX + W'(X) 3 —b'(X) +9 inQx(0,T),

Variables

- 9 ~» absolute temperature;
- u ~ (small) displacements;

- X €[0,1] ~ phase/damage parameter
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Introduction

The PDE system for phase transitions/damage

c(9)9: + X9 — pddiv(u) — div(K(9)VI) =g in Q2 x (0, T),
uz — div(a(X)Rve(ue) + b(X)Ree(u) — p9l) =f in Qx (0, T),

Xe 101 oo (Xe) — BX + W/() 3 —t/(x) R

+9 inQx(0,T),
Variables

- 9 ~» absolute temperature;

- u ~ (small) displacements;

- X €[0,1] ~ phase/damage parameter

Nonlinearities & data
& c ~» specific heat & K ~» heat conductivity, p € R;
& Re ~ elasticity tensor & R, ~ viscosity tensor;
& a, b€ CY([0,1]; [0, +0));
& W= EJr'y, B: [0,1] — R convex & ~ smooth; u € {0,1};

& f volume force & g heat source.
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Introduction

The PDE system for phase transitions/damage

c(9)9: + X9 — pddiv(us) — div(K(9)VI) =g in Qx (0, T),
u: — div(a(X)Rve(ue) + b(X)Ree(u) — p9l) =f  in Q x (0, T),

e(u)Ree(u)
2

Xt 4 Ol oo 0)(Xt) — AX + W'(X) 5 —b'(X) +9 inQx(0,T),

Variables
- 9 ~» absolute temperature;
- u ~ (small) displacements;

- X €[0,1] ~ phase/(irreversible) damage parameter

Nonlinearities & data
& c ~» specific heat & K ~» heat conductivity, p € R;
& Re ~ elasticity tensor & R, ~ viscosity tensor;
& a, b€ C([0,1]; [0, +00));
o W= EJr'y, B: [0,1] — R convex with 8 := 85, & ~ Lipschitz;
n=1;
& f volume force & g heat source.
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Introduction

The momentum balance equation (1)

us: — div(a(X)Rve(ur) + b(X)Ree(u) — pdl) = f

Physical meaning: the case of phase transitions
Phase parameter X € [0, 1] with

X=0 e.g. solid phase
X=1 e.g. liquid phase
X € (0,1) “mushy region”
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Introduction

The momentum balance equation (1)

uy — div(XRye(ue) + (1 — X)Ree(u) — pvl) = f

Physical meaning: the case of phase transitions
Phase parameter X € [0, 1] with

X=0 e.g. solid phase
X=1 e.g. liquid phase
X € (0,1) “mushy region”
We have
{ a(X) =X ~»  viscous contribution in the liquid phase

b(X) =1—X ~- elastic contribution in the solid phase
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Introduction

The momentum balance equation (1)

uz: — div(a(X)Rve(ue) + b(X)Ree(u) — pvl) =f

Physical meaning: the case of damage
Damage parameter X € [0, 1] with

X=0 complete damage
X=1 undamaged state

X € (0,1) partial damage
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Introduction

The momentum balance equation (1)

uy — div(XRye(ur) + XRee(u) — p9l) = f

Physical meaning: the case of damage
Damage parameter X € [0, 1] with

X=0 complete damage
X=1 undamaged state
X € (0,1) partial damage

We have, e.g.

material stiffness decreases as X N\, 0

material stiffness decreases as X \, 0

aX)=x ~
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Introduction

The momentum balance equation (1)

ug — div(a(X)Rve(ue) + b(X)Ree(u) — p9l) =f in Q x (0, T),

Analytical features

» Elliptic degeneracy of the momentum equation when a(X) & b(X) — 0
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Introduction

The momentum balance equation (1)

ug — div(XRye(us) + XRee(u) — p91) =f  in Q x (0, T),

Analytical features

> Elliptic degeneracy of the momentum equation when a(X) = X & b(X) = X — 0:
e.g., in the case of complete damage
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Introduction

The momentum balance equation (1)

uy — div(XRye(us) + XRee(u) — p9l1) =f  in Q x (0, T),
c(9)0: + X9 — pddiv(us) — div(K(9)VI) =g in 2 x (0, T),

(u)Ree(u)
2

Xe + 0l o g (Xe) — AX + W/(X) 3 —b/(X) = +9 inQx(0,T),

Analytical features

» Elliptic degeneracy of the momentum equation when a(X) & b(X) — 0
> This affects the whole PDE system
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Introduction

A few words on the model derivation

- cf. [M. Frémond, Non-smooth thermomechanics, 2002]

- cf. [M. Frémond, Phase change in mechanics, 2012]
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Introduction

A few words on the model derivation
- cf. [M. Frémond, Non-smooth thermomechanics, 2002]
- cf. [M. Frémond, Phase change in mechanics, 2012]
& The equations:
for u: momentum balance with inertia: o stress tensor

uy — dive =f

for X: equation for microscopic motions: B & H ~+ microscopic forces
B —div(H) =0

for ¥: internal energy balance: e internal energy & q heat flux

e +divq=g+o:e(u)+BX;+H- VX,
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Introduction

A few words on the model derivation

- cf. [M. Frémond, Non-smooth thermomechanics, 2002]
- cf. [M. Frémond, Phase change in mechanics, 2012]
& The equations:
for u: momentum balance with inertia: o stress tensor
uy — dive =f
for X: equation for microscopic motions: B & H ~+ microscopic forces
B —div(H) =0
for ¥: internal energy balance: e internal energy & q heat flux
e +divq=g+o:e(u)+BX;+H- VX,
& The expressions of o, B, H, e and q are recovered from

> free energy (with f = f(9) concave s.t. c: Legendre transf. of —f)

?(ﬁ,s(u),x,vx):/n(f(ﬂ)+b(x)w

1
+ 5|v><\2 + W(X) — 9X + pmr(e(u))) dx
> pseudo-potential of dissipation
K(?)
2

via standard constitutive relations.

e(us)Rye(ue)

P(VI, X¢,e(ur)) = >

1
[Vo® + E‘thz + pl— oo, 01 (Xe) + a(X)
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Introduction

A few words on the model derivation

- cf. [M. Frémond, Non-smooth thermomechanics, 2002]
- cf. [M. Frémond, Phase change in mechanics, 2012]
& The equations:
for u: momentum balance with inertia: o stress tensor
uy — dive = f
for X: equation for microscopic motions: B & H ~~ microscopic forces
B —div(H) =0
for ©: internal energy balance: e internal energy & q heat flux

=1X¢2+a(X)=(ue) Ry =(ur)
e +divgq=g+ o :e(u) + BX: +H VX,

& The expressions of o, B, H, e and q are recovered from

> free energy (with f = f(19) concave s.t. c: Legendre transf. of —f)

R, 1
F(9,(u), X, VX) = / <f(19) + b(x)w + 5|V><\2 + W(X) — 9X + pﬁtr(e(u))) dx
Q
> pseudo-potential of dissipation
K(9 1 e(us)Rye(u
P00, %, e(0)) = O GOP 4 2P0l () + 2() IR )

via standard constitutive relations.

& Small perturbation assumptions: neglect quadratic terms |X;|? + a(X)e(u;)Rye(u;)
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Mathematical difficulties & Results

Analytical difficulties

c(9)9: + X9 — pddiv(us) — div(K(9)VI) =g in Qx (0, T),
u: — div(a(X)Rve(ue) + b(X)Ree(u) — p9l) =f  in Q x (0, T),

(u)Ree(u)
2

Xe + 10l oo 0)(Xe) = DX + B(X) ++/(X) 3 —b/ (X)b" +9 inQx(0,T),

& highly nonlinear coupling with quadratic terms
o
L)
L)

Riccarda Rossi PDEs for multiphase advanced materials — ADMAT 2012, Cortona, 17.09.2012

Analysis of a degenerating PDE system for phase transitions and damage



Mathematical difficulties & Results

Analytical difficulties

c(9)9: + X9 — pddiv(us) — div(K(9)VI) =g in Q2 x (0, T),
uy — div(a(X)Rve(ue) + b(X)Ree(u) — pdl) =f  in Q x (0, T),

e(u)Ree(u)
2

Xt + pOl 00,0 (Xt) — AX + B(X) ++'(X) 3 —b'(X) +9 inQx(0,T),

& highly nonlinear coupling with quadratic terms
& low regularity of 9

L)

o

Riccarda Rossi PDEs for multiphase advanced materials — ADMAT 2012, Cortona, 17.09.2012

Analysis of a degenerating PDE system for phase transitions and damage



Mathematical difficulties & Results

Analytical difficulties

c(9)9: + X9 — pddiv(us) — div(K(9)VI) =g in Qx (0, T),
u: — div(a(X)Rve(ue) + b(X)Ree(u) — p9l) =f  in Q x (0, T),

e(u)Ree(u)
2

Xt 4 pdl_ oo 0(Xt) — AX + +B8(X) + 7' (X) 5 —b'(X) +9 inQx(0,T),

& highly nonlinear coupling with quadratic terms
& low regularity of 9
& doubly nonlinear character of the X-equation

)
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Mathematical difficulties & Results

Analytical difficulties

c(9)9: + X9 — pddiv(us) — div(K(9)VI) =g in Q2 x (0, T),
uy — div(a(X)Rve(ue) + b(X)Ree(u) — pdl) =f  in Q x (0, T),

e(u)Ree(u)
2

Xt + pOl 00,0 (Xt) — AX + B(X) ++'(X) 3 —b'(X) +9 inQx(0,T),

& highly nonlinear coupling with quadratic terms
& low regularity of 9
& doubly nonlinear character of the X-equation

& elliptic degeneracy of the momentum equation
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Mathematical difficulties & Results

From a nondegenerate to a degenerate system

e To handle the elliptic degeneracy,

c(9)9: + X9 — pddiv(ur) — div(K(9)VI) =g in Q2 x (0, T),
uy — div(a(X)Rve(ue) + b(X)Ree(u) — pdl) =f  in Q x (0, T),
e(u)Ree(u)

Xt + 10l —oo,0)(Xe) = DX+ B(X) +7'(X) 5 =b'(X) 2

+9 inQx(0,T),
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Mathematical difficulties & Results

From a nondegenerate to a degenerate system

e To handle the elliptic degeneracy, consider the approximate nondegenerate system

c(9)9: + X9 — pddiv(us) — div(K(9)VI) =g in Q2 x (0, T),
uz — div((a(X)+8)Rve(ue) + b(X)Ree(u) — p9l) =f  in Q x (0, T),
e(u)Ree(u)

Xt + 10l —oo,0)(Xe) — DX+ B(X) +7'(X) 5 =b'(X) 2

+9 inQx(0,T),
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Mathematical difficulties & Results

From a nondegenerate to a degenerate system

e To handle the elliptic degeneracy, consider the approximate nondegenerate system

c(9)9: + X9 — pddiv(ue) — div(K(9)VI) =g in Q2 x (0, T),
usr — div((a(X)+0)Rve(us) + b(X)Ree(u) — p91) =f in Q2 x (0, T),

Xt + pOl— oo 0)(Xe) — DX+ B(X) +7'(X) 5 —b’(x)w

+9 inQx(0,T),
notion of weak solution
limit as § L 0 = ¢ with evolution for X given by
variational inequality + total energy inequality
cf. for rate-independent complete-damage evolution
- [G. Bouchitté & A. Mielke & T. Roubitek, ZAMP 2009]
- [A. Mielke & T. Roubitek & J. Zeman, CMAME 2010]
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Mathematical difficulties & Results

From a nondegenerate to a degenerate system

e To handle the elliptic degeneracy, consider the approximate nondegenerate system

c(9)9: + X9 — pddiv(ue) — div(K(9)VI) =g in Q2 x (0, T),
usr — div((a(X)+0)Rve(us) + b(X)Ree(u) — p91) =f in Q2 x (0, T),

Xt + pOl— oo 0)(Xe) — DX+ B(X) +7'(X) 5 —b’(x)w

+9 inQx(0,T),
notion of weak solution
limit as § L 0 = ¢ with evolution for X given by
variational inequality + total energy inequality
cf. for rate-independent complete-damage evolution
- [G. Bouchitté & A. Mielke & T. Roubitek, ZAMP 2009]
- [A. Mielke & T. Roubitek & J. Zeman, CMAME 2010]

& Alternative approach for complete damage in (cf. [E. Bonetti & C. Kraus & A.
Segatti, work in progress 2012])
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Mathematical difficulties & Results

A scheme of the results (1)

c(9)9: + X9 — pddiv(us) — div(K(9)VI) =g in Q2 x (0, T),
uyr — div((a(X)+0)Rve(us) + b(X)Ree(u) — p9l) =f in Q x (0, T),

e(u)Ree(u)
2

Xt + pOl — oo 0 (Xt) = AX + B(X) ++'(X) 5 —b'(X) +9 inQx(0,T),

The reversible system p =0

> existence for p =0 and p # 0

> uniqueness in the isothermal case
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Mathematical difficulties & Results

A scheme of the results (1)

c(9)9: + X9 — pddiv(us) — div(K(9)VI) =g in Q2 x (0, T),
uyr — div((a(X)+0)Rve(us) + b(X)Ree(u) — p9l) =f in Q x (0, T),

e(u)Ree(u)
2

Xt + pOl — oo 0 (Xt) = AX + B(X) ++'(X) 5 —b'(X) +9 inQx(0,T),

The reversible system p =0

> existence for p =0 and p # 0

> uniqueness in the isothermal case

The IRreversible system ;=1

> existence for p =0
» enhanced regularity in the isothermal case

> degenerate limit as § | 0 for p =0
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Mathematical difficulties & Results

A scheme of the results (Il)

c(9)9: + Xt — pddiv(ue) — div(K(9)VI) =g in Q2 x (0, T),
usr — div((a(X)+0)Rve(us) + b(X)Ree(u) — p91) =f in Q x (0, T),

e(u)Ree(u)

Xt + pOl _ oo g (Xt) — AX + B(X) ++'(X) 5 —b'(X) +9 inQx(0,T),

Common features for =0 and p =1
& All existence results proved by passing to the limit in time-discretization scheme
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Mathematical difficulties & Results

A scheme of the results (Il)

c(9)9: + Xt — pddiv(ue) — div(K(9)VI) =g in Q2 x (0, T),
usr — div((a(X)+0)Rve(us) + b(X)Ree(u) — p91) =f in Q x (0, T),

e(u)Ree(u)

Xt + pOl _ oo g (Xt) — AX + B(X) ++'(X) 5 —b'(X) +9 inQx(0,T),

Common features for =0 and p =1
& All existence results proved by passing to the limit in time-discretization scheme

& In the eqn. for X, —AX replaced by

ApX = —div(]VX|P~2VX) with p > d, or

AX e as(X1, X2) :=/Q/Q (VX1(x) = VXa(y)) - (VXa(x) — VXa(y))

. d
I — y 2] dxdy with s > 2

hence X is estimated either in W1P(Q) C C%(Q), or H5(Q) C CO(Q).

Riccarda Rossi PDEs for multiphase advanced materials — ADMAT 2012, Cortona, 17.09.2012

Analysis of a degenerating PDE system for phase transitions and damage



Mathematical difficulties & Results

A scheme of the results (Il)

c(9)9: + Xt — pddiv(ue) — div(K(9)VI) =g in Q2 x (0, T),
usr — div((a(X)+0)Rve(us) + b(X)Ree(u) — p91) =f in Q x (0, T),

e(u)Ree(u)

Xt + pOl _ oo g (Xt) — AX + B(X) ++'(X) 5 —b'(X) +9 inQx(0,T),

Common features for =0 and p =1
& All existence results proved by passing to the limit in time-discretization scheme

& In the eqn. for X, —AX replaced by

ApX = —div(]VX|P~2VX) with p > d, or

AX e as(X1, X2) :=/Q/Q (VX1(x) = VXa(y)) - (VXa(x) — VXa(y))

. d
I — y 2] dxdy with s > 2

hence X is estimated either in W1P(Q) C C%(Q), or H5(Q) C CO(Q).
e Gradient theories for damage:

> p-Laplacian in rate-dependent & rate-independent models, see e.g. [Bonetti,
Mielke, Roubitek, Segatti, Schimperna, Thomas.....]

> s-Laplacian [D. Knees & R. R. & C. Zanini, M3AS to appear]
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Mathematical difficulties & Results

A scheme of the results (Il)

c(9)9¢ + X9 —div(K(9)VY) =g inQx(0,T),
ug: — div((a(X)+d)Rve(ut) + b(X)Ree(u) )=f inQx(0,T),

e(u)Ree(u)
2

Xt 4 0l oo ,0)(Xt) + AsX + B(X) ++'(X) 5 —b'(X) +9 inQx(0,T),

Common features for =0 and p =1
& All existence results proved by passing to the limit in time-discretization scheme

& In the eqn. for X, —AX replaced by

ApX = —div(]VX|P~2VX) with p > d, or

AX e as(X1, X2) :=/Q/Q (VX1(x) = VXa(y)) - (VXa(x) — VXa(y))

. d
I — y 2] dxdy with s > 2

hence X is estimated either in W1P(Q) C C%(Q), or H5(Q) C CO(Q).
e We focus on the irreversible case p =1, p=0

> existence ~» OK for ApX, AsX

> degenerate limit as 6 | 0 ~~ OK for AsX
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Mathematical difficulties & Results

Outline

& The existence theorem for § > 0
& Sketch of the proof
& Two ideas on the degenerate limit § | 0

& The existence theorem for 6 = 0

ccarda Rossi PDEs for multiphase advanced materials
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The nondegenerate case

Preliminary: “enthalpy” transformation

In view of the time-discretization,
()9t + X — div(K(9)VI) =g in Q2 x (0, T),
+
wt + X:O(w) — div(K(w)Vw) =g inQx(0,T),
via the enthalpy transformation (cf. [T. Roubi¢ek, SIMA 2010])

9~ O(w),

9
Wt = C(’l9)’t9t 1.e. w :/0 c(s)ds = {K(ﬁ) - K(W) _ |§((g((:l,))))
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Preliminary: “enthalpy” transformation

In view of the time-discretization,

()9t + X — div(K(9)VI) =g in Q2 x (0, T),
4
wt + X:O(w) — div(K(w)Vw) =g inQx(0,T),
via the enthalpy transformation (cf. [T. Roubi¢ek, SIMA 2010])
(19)19 ) /’9 ( )d {19 ~ e(W)7
Wt = C t 1.e. w = c(s)as = _ K(®(w))
0 K@) ~ K(w)= (O(w)

Hence,

wi + X:O(w) — div(K(w)Vw) =g inQx(0,T),
us: — div((a(X)+0)Rve(ur) + b(X)Ree(u)) =f in Q2 x (0, T),
Xt 4 Ol o001 (Xt) + AsX + B(X) ++/(X) 3 —b’(x)w +0O(w) inQx(0,T),

+ homogeneous Dirichlet bdry cond. for u + no-flux bdry cond. for w, X

Riccarda Rossi
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The nondegenerate case

The weak formulation of the equation for X

Xt Dl 000) +AX 500 4700 3 600 R o) in g (0, 7)

(eax)

Why do we need a weak formulation?

> For (eqy) to make sense a.e. in Q x (0, T), we need to estimate separately AsX
and B(X)
> This could be done by testing (eqy) by 8:(AsX + (X))

> This would involve an integration by parts in time of the term

[ etmadax+ 500

NOT doable, because of the low regularity in time of w.
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The nondegenerate case

The weak formulation of the equation for X
R
Xt + 0l —oo,01(Xe) + AsX + B(X) +7'(X) 3 fb’(X)w +O(w) inQx(0,T)
(eax)
e Weak formulation of (eqy) for 3 = 0ljg 1} ~ B = 0ljp 4oo) (cf. [C. Heinemann & C
Kraus, AMSA, to appear]):
Xt(x,t) <0 fora.a.(x,t) € 2x(0,T),+

T u)Ree(u
I (e + 2500 0) + €0+ 000 + 500 W) axar > 0

with € € Alg 4 00)(X), for all ¢ € L2(0, T; H*(Q)) N L®(Q) with o < 0, +

/t/ |xt|2dxdr+las(x(r),x(r)”/ W(X(t))dx

< 7as(X(s) X(s) )+/ W(x(s) dx+/ /xt( b () S )Reg( )+e(w)) dxdr

Vte (0, T], foraa.0<s<t.

Riccarda Rossi
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The nondegenerate case

The weak formulation of the equation for X

Xt + 0l oo 0] (Xe) + AsX + B(X) +7/(X) 2 fb’(X)w +0O(w) inQx(0,T)

(eax)
e Weak formulation of (eqy) for 3 = 0ljg 1} ~ B = 0ljp 4oo) (cf. [C. Heinemann & C
Kraus, AMSA, to appear]):

Xt(x,t) <0 fora.a.(x,t) € 2x(0,T),+

T u)Ree(u
I (e + 2500 0) + €0+ 000 + 500 W) axar > 0

with € € Alg 4 00)(X), for all ¢ € L2(0, T; H*(Q)) N L®(Q) with o < 0, +

/t/ |xt|2dxdr+las(x(r),x(r)”/ W(X(t))dx

< 7as(X(s) X(s) )+/ W(X(s) dx+/ /Xt( b’(X) e(u )R"'E( )+@(W)) dxdr
Vte (0, T], foraa.0<s<t.

e Consistent with the formulation of (eqy) a.e. in Q x (0, T)
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The nondegenerate case

The existence result for the nondegenerate system for damage

Theorem | [Rocca & R., arXiv preprint 2012]

Under suitable assumptions, there exist

w € LT(0, T; Wh(Q)) N L (0, T; L1(Q)) N BV([0, T|; Wh'(Q)*) V1<r< Zﬁ,

u e HY0, T; H3(; RY)) N Wheo(0, T; HE (S RY)) N H2(0, T; L2(S4; RY)),
X € L>=(0, T; H5(Q)) N HY(0, T; L2(Q2)),

fulfilling initial conditions +

/Qcp(t) W(t)(dx)f/t/‘ chtdxder/t/ Xt@(w)godxder/ot/g;K(W)VWVgadxds
—/ /gsoJr/ wop(0)dx

for all p € .7 := CO([0, T]; WL (Q)) n W' (0, T; L (Q)) and for all t € (0, T], +
ue — div((a(X)+0)Rve(ue) + b(X)Ree(u)) = f in H71(Q;RY), ae. in (0, T), +
weak formulation of equation for X
Furthermore, positivity of the temperature ¥ = ©(w).
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The nondegenerate case

(Formal) A priori estimates

Q All calculations rigorous on the time-discrete level.
& First estimate: energy estimate
// (we + XeO(w) — div(K(w)Vw) = g) x 1+
// (e — div(a(X) +0)Rue(ue) + BXRez(u)) = F) % uet

(u)Ree(u)
2

Xe + 0l o 0] (Xe) + AsX + B(X) + 7/ (X) 3 b (X) = +O(w)) x X
J/(
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The nondegenerate case

(Formal) A priori estimates

Q All calculations rigorous on the time-discrete level.
& First estimate: energy estimate
// (we + XeO(w) — div(K(w)Vw) = g) x 1+
// (e — div(a(X) +0)Rue(ue) + BXRez(u)) = F) % uet

(u)Ree(u)
2

Xe + 0l o 0] (Xe) + AsX + B(X) + 7/ (X) 3 b (X) = +O(w)) x X
J/(

= [wllLeo(o, 1)) T HuHH1(0,T;H&(Q;]Rd))ﬁleOO(O,T;LZ(Q;]R%d))

+ Xl oo (0, 7315 (@)1 (0, Ti2(0)) < €
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The nondegenerate case

(Formal) A priori estimates

& Second estimate: regularity estimate on equation for u cf. [E. Bonetti & G.
Schimperna & A. Segatti, JDE 2005]

// (uee — div((a(X) +0)Rue(ue) + bXRec(u) = F) x (— div(=(uc))
for this, we need ”XIILOO(O,T;HS(Q)) S C with s > d/2

= HUHHl(O,T;HS(Q;R"’))OW1v°°(0,T;H&(Q;]Rd))ﬁHQ(O,T;LZ(Q;Rd)) <C.
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The nondegenerate case

(Formal) A priori estimates

& Second estimate: regularity estimate on equation for u cf. [E. Bonetti & G.
Schimperna & A. Segatti, JDE 2005]

// (uee — div((a(X) +0)Rue(ue) + bXRec(u) = F) x (— div(=(uc))
for this, we need ”XIILOO(O,T;HS(Q)) S C with s > d/2

= HUHHl(O,T;HS(Q;R"’))OW1v°°(0,T;H&(Q;]Rd))ﬁHQ(O,T;LZ(Q;Rd)) <C.

& Third estimate: Boccardo-Gallouét estimate on equation for w

d+2
<C vi<r<@t2

= Wl o, 7:wrr@)nnBv(o, TEWE (2)%) dr1
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The degenerate limit

How to pass to the limit as § | 0
o Nondegenerate system:
we + X:©(w) — div(K(w)Vw) = g (weak formulation)
ug — div((a(X)+6)Rye(ue) + b(X)Ree(u)) = f in H(Q;RY), ae. in (0,T)

e(u)Ree(u)
2

Xt 4+ O~ oo ,01(Xt) + AsX + B(X) + ¥'(X) 3 —b'(X) + ©(w) (weak formulation)
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The degenerate limit

How to pass to the limit as § | 0
o Nondegenerate system:
w: + X:O(w) — div(K(w)Vw) = g (weak formulation)
ug — div((X + 8)Rye(ur) + (X + 6)Ree(u)) = £ in H (4 RY), ae in (0, T)
e(u)Ree(u)

> + ©(w) (weak formulation)

Xe + Ol — oo 01 (Xe) + AX + B(X) +4/(X) 3 —

e For simplicity, we focus on a(X) = X & b(X) = X.
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The degenerate limit

How to pass to the limit as § | 0
o Nondegenerate system:
w: + X:O(w) — div(K(w)Vw) = g (weak formulation)
ug — div((X + 8)Rye(ur) + (X + 6)Ree(u)) = £ in H (4 RY), ae in (0, T)
e(u)Ree(u)

Xt + Ol —oo,0(Xe) + AX + B(X) + 7' (X) 3 — >

+ ©(w) (weak formulation)

e For simplicity, we focus on a(X) = X & b(X) = X.

Main idea (cf. [A. Mielke & T. Roubitek & J. Zeman, CMAME 2010])
e Let (ws,us,Xs)s be solutions: the energy estimate in particular yields

“ vV Xs + IRy E(Gtué)||L2(0:T;L2(Q;]Rd><d)) + ” vV Xs + dRe s(u(;)HLOC(O’T;LZ(Q;]RE/Xd)) <C,

2
19 usll 20, 711—1(@mdy) + 19¢U5 [l oo 0, 7i12(@mdy) < €
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The degenerate limit

How to pass to the limit as § | 0
o Nondegenerate system:
w: + X:O(w) — div(K(w)Vw) = g (weak formulation)
ug — div((X + 8)Rye(ur) + (X + 6)Ree(u)) = £ in H (4 RY), ae in (0, T)
e(u)Ree(u)

> + ©(w) (weak formulation)

Xe + Ol — oo 01 (Xe) + AX + B(X) +4/(X) 3 —

e For simplicity, we focus on a(X) = X & b(X) = X.

Main idea (cf. [A. Mielke & T. Roubitek & J. Zeman, CMAME 2010])
e Let (ws,us,Xs)s be solutions: the energy estimate in particular yields

VX5 4 6 Ry £(9eus)ll 120, 7.12(ard x dy) + 1V X6 + 6 Re €(us) | 100 0, 712 pd xdy) < Cs
||3t2u6HLz(O,T;Hfl(n;md)) T 19eusll o0 0, Tu2(@mdy) < €

o Hence, work with the elastic and viscous quasi-stresses

ns = VX5 + de(us), ps = /Xs + de(0ru5)

and pass to the limit as § | 0 in

d2us — div(v/Xs + 6 Ry ps) — div(v/Xs + 0 Remy) = in H Y RY), ae in (0, T).
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The degenerate limit

The existence result for the nondegenerate system for damage
Theorem Il [Rocca & R., arXiv preprint 2012]

Under suitable assumptions, up to a subseq. the functions (ws,us, 15, tts5, X5)s converge to
(w, u, n, i, X) fulfilling initial conditions +

=vXe(u), 7 =VXe(u) ae. inany openset AC Q x (0, T)s.t. X > 0a.e. in A,
9%u — div(VX Ry p) — div(VXRe 1)) = in H (2 RY), ae in (0, T),

+ weak formulation of enthalpy equation +

+ weak formulation of equation for X:

/ / X + 7' (X)) Ldedf+/ as(X, go)dt>/ /( 'r]Re'r]+@( )) pdxdt

for all ¢ € L%(0, T; H(R)) N L°°(Q) with ¢ < 0 & supp(y) C {X > 0},

/w(t)(dx)+/ /|X| dxdr+ = / /u( )R, p(r) dxdr+/ W(X(t))dx + d(t)

/ngXJrf/ \v0|2dx+7ael(b(X0)uo,uo)+7as(X0,X0)+/ W(Xo) dx
Q 2 Ja 2 2 Q

t t
+/ /f . utdxdr+/ /gdxdr
0 Jo 0 Jo

with /Orﬂ(r)dr > %/Ot/Q (|u,(r)‘2 +n(r) R, 'r,(r)) dx + a;(X(r), X(r))dr  forall 0 <t < T.
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