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Introduction

Problem: rigorous derivation of a reduced model for a thin plastic plate
starting from 3d plasticity

€l

Our framework:
@ small-strain perfect plasticity

@ (Quasistatic evolutionary setting

Result: a quasistatic evolution model for a thin plate

@ coupling of the stretching and bending components of the stress
through the stress constraint and the plastic flow rule

@ genuinely three-dimensional
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Introduction

Problem: rigorous derivation of a reduced model for a thin plastic plate
starting from 3d plasticity

€l

Our framework:
@ small-strain perfect plasticity

@ (Quasistatic evolutionary setting

Result: a quasistatic evolution model for a thin plate

@ coupling of the stretching and bending components of the stress
through the stress constraint and the plastic flow rule

@ genuinely three-dimensional

~» new model, different from the classical 2d linearly plastic plate model

Maria Giovanna MoRA (Pavia) A Quasistatic Model for Perfectly Plastic Plates September 20, 2012 2/16



Small-Strain Perfect Plasticity

Q c R3 reference configuration, T >0

u: [0, T xQ —R3 displacement, Eu :=sym Vu linearized strain

additive decomposition J e: [0, T x O — M elastic strain

Eu=e+p p:0,TI x Q — MY plastic strain
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u: [0, T xQ —R3 displacement, Eu :=sym Vu linearized strain

additive decomposition J e: [0, T x O — M elastic strain

Eu=e+p p:0,TI x Q — MY plastic strain

Here My = {A e M3 3 :trA =0} ~» plastic incompressibility
trp=0
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Small-Strain Perfect Plasticity

Q c R3 reference configuration, T >0

u: [0, T xQ —R3 displacement, Eu :=sym Vu linearized strain

additive decomposition J e: [0, T] x O — M elastic strain

Eu=e+p p:0,TI x Q — MY plastic strain

Here My = {A e M3 3 :trA =0} ~» plastic incompressibility
trp=0
The elastic behaviour is linear: o := Ce stress
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Small-Strain Perfect Plasticity

Q c R3 reference configuration, T >0

w: [0,TIxQ—R3 displacement, Eu :=sym Vu linearized strain

additive decomposition J e: [0, T x Q — My elastic strain

Eu=e+p p:0,TI x Q — MY plastic strain

Here My3 = {A e M3<3:trA =0} ~ plastic incompressibility

sym

trp=0
The elastic behaviour is linear: o := Ce stress
SieES EETEE T K € M3 convex compact, 0 € intK
op(tx) € K J dK vyield surface
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Small-Strain Perfect Plasticity

Q c R3 reference configuration, T >0

w: [0,TIxQ—R3 displacement, Eu :=sym Vu linearized strain

additive decomposition J e: [0, T] x O — M elastic strain

Eu=e+p p:0,TI x Q — MY plastic strain

Here My3 = {A e M3<3:trA =0} ~ plastic incompressibility

sym

trp=0
The elastic behaviour is linear: o := Ce stress
SieES EETEE T K € M3 convex compact, 0 € intK
op(tx) € K J dK vyield surface

® op €intK = perfectly elastic behaviour
® op € 0K = plasticity occurs
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The Quasistatic Evolution Problem

Datum

a time-dependent boundary displacement w : [0, TIxI"' — R3, T c 0Q
(no applied forces for simplicity)

Problem
Find (t,x) — (u(t, x), e(t,x), p(t,x)) such that for every t € [0, T]

@ kinematic admissibility: Eu(t,x) = e(t,x) + p(t, x) for x € Q
u(t,x) =w(t,x) forx el

@ constitutive equation: o(t, x) := Ce(t, x)
@ equilibrium: divyo(t,x) =01in Q, o(t, x)vaa(x) =0 for x € 0Q\T
@ stress constraint: op(t, x) € K

@ flow rule: p(t,x) € Nk(op(t,x)),
where Ny () is the normal cone to K at T

v
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The Flow Rule

p(t,x) € Nx(op(t,x)) |

@ If op(t,x) €intK, then p(t,x) =0 = no plastic evolution
If op(t,x) € 9K, then p(t,x) L 0K at op(t,x)
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The Flow Rule

p(t,x) € Nx(op(t,x)) |

@ If op(t,x) €intK, then p(t,x) =0 = no plastic evolution
If op(t,x) € 9K, then p(t,x) L 0K at op(t,x)

@ Rate-independent process
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The Flow Rule

p(t,x) € Nx(op(t,x)) |

@ If op(t,x) €intK, then p(t,x) =0 = no plastic evolution
If op(t,x) € 9K, then p(t,x) L 0K at op(t,x)

@ Rate-independent process
@ Equivalent formulations:

flowrule <  op(t,x) € OH(p(t, x))

where H: M — [0, +00) is the support function of K
H(q) := sup T:q
TekK
H is convex, positively one-homogeneous and «|q| < H(q) < Blq|

Maria Giovanna MoRA (Pavia) A Quasistatic Model for Perfectly Plastic Plates September 20, 2012 5/16



The Flow Rule

p(t,x) € Nx(op(t,x)) |

@ If op(t,x) €intK, then p(t,x) =0 = no plastic evolution
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@ Equivalent formulations:
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The Flow Rule

p(t,x) € Nx(op(t,x)) |

@ If op(t,x) €intK, then p(t,x) =0 = no plastic evolution
If op(t,x) € 9K, then p(t,x) L 0K at op(t,x)

@ Rate-independent process
@ Equivalent formulations:
flowrule <  op(t,x) € OH(p(t, x))
< H(p(t,x)) =op(t,x): p(t,x)

where H: M — [0, +00) is the support function of K

H(q) := sup T:q
TekK

H is convex, positively one-homogeneous and «|q| < H(q) < Blq|

Existence results: Suquet 1981, Dal Maso-DeSimone-Mora 2006
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The Incremental Formulation

Let w e AC([0, T]; H1(Q;R3)) and let (ug, eg, po) be a stable and
kinematically admissible initial datum.

Let {tg, t1,..., tn]) be a partition of [0, T].
By induction define (uy, ei, pi) as a minimizer of

/Q dX+/ H(p — pi—1) dx

among all (u, e, p) €
suchthat Eu=e+pin Q and u=w(t;y)onT

Qle) := %Ce e, H(p) =sup T:p
TeK
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The Incremental Formulation

Let w e AC([0, T]; H1(Q;R3)) and let (ug, eg, po) be a stable and
kinematically admissible initial datum.

Let {tg, t1,..., tn]) be a partition of [0, T].
By induction define (uy, ei, pi) as a minimizer of

/Q dX+/ H(p — pi—1) dx

among all (u, e, p) € BD(Q) x L2(Q; M23) x My, (Q; M53)

sym
suchthat Eu=e+pin Q and u=w(t;y)onT
Qle) := %Ce:e, H(p) =sup T:p
TeK
BD(Q) := {u e LYQ;R3) : Eue My (Q; ngxnf’)}

Maria Giovanna MoRA (Pavia) A Quasistatic Model for Perfectly Plastic Plates September 20, 2012 6/16



The Incremental Formulation

Let w e AC([0, T]; H1(Q;R3)) and let (ug, eg, po) be a stable and
kinematically admissible initial datum.

Let {tg, t1,..., tn]) be a partition of [0, T].
By induction define (uy, ei, pi) as a minimizer of

/ Qle)dx + H(p—pi_y)
Q

among all (u, e, p) € BD(Q) x L2(Q; MZ3) x My, (Q; M53)

sym

suchthat Eu=e+pin Q and u=w(t;y)onT

Qle) := %Ce:e, H(p) =sup T:p
TeK

BD(Q) = {ue L}Q;R3) : Fue My(Q; M)}

._ dp
Hlp) -—/ H(d| |)d| Pl
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The Incremental Formulation

Let w e AC([0, T]; H1(Q;R3)) and let (ug, eg, po) be a stable and
kinematically admissible initial datum.

Let {tg, t1,..., tn]) be a partition of [0, T].
By induction define (uy, ei, pi) as a minimizer of

/ Qle)dx + H(p—pi_y)
Q

among all (u,e,p) € BD(Q) x L2(Q; M3X3) x My (Q U T; M)
suchthat Fu=e+pin Q and p = (W(ty) —u) ©venoH? on T

Qle) := %Ce:e, H(p) =sup T:p
TeK

BD(Q) == {u e LY(Q;R?) : Eue My(Q; M3}

_ dp
o [ ) o
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Existence of a Quasistatic Evolution

Theorem (Dal Maso-DeSimone-Mora ARMA 2006)
If w e AC([0, T]; H(Q;R3)), then there exists a quasistatic evolution
(w,e,p) € AC([0, TI; BD(Q) x L2(Q; M3X3) x My, (Q UT; M53))

sym
with prescribed initial data (ug, eg, po), in the following sense:

@ global minimality: for every t € [0, T]

| et ax /Q ) dx + (B — p(t))
Q
for every (ii, & P) € BD(Q) x L2(Q; MZ3) x My (Q UT; M3?) with

Eii=¢+pinQ and P = (w(t) — i) ©veaH2 on T
@ energy balance: for every t € [0, T]

t
/Q dx+/ H(p(s)) ds = QQ(eo)dx—l—/o (Ce(s), Ew(s))i2ds

v
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Properties of Quasistatic Evolutions

@ Euler conditions: setting o(t) := Ce(t), forevery t € [0, T]
dive(t) =0 inQ, o(t)vago =0 on 0Q\T
op(t) €K ae.in Q
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Properties of Quasistatic Evolutions

@ Euler conditions: setting o(t) := Ce(t), forevery t € [0, T]
dive(t) =0 inQ, o(t)vago =0 on 0Q\T
op(t) €K ae.in Q

@ balance of powers: for a.e. t € [0, T]
(o(t) e(t))rz + H(p(t)) = (a(t), EBw(t))r2

or equivalently, by the integration by parts formula

H(p(t)) = (op(t),p(t))

where the last duality is in the sense of Kohn-Temam.
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Properties of Quasistatic Evolutions

@ Euler conditions: setting o(t) := Ce(t), forevery t € [0, T]
dive(t) =0 inQ, o(t)vago =0 on 0Q\T
op(t) €K ae.in Q

@ balance of powers: for a.e. t € [0, T]
(o(t) e(t))rz + H(p(t)) = (a(t), EBw(t))r2
or equivalently, by the integration by parts formula
H(p(t) = (op(t), p(t))

where the last duality is in the sense of Kohn-Temam.

This can be interpreted as a maximum plastic work condition owing to
the duality formula
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Stress-Strain Duality

Kohn-Temam Stress-Strain Duality (Appl. Math. Optim. 1983)
If 0 € L2(Q; MIX™) with dive € L™ (Q;R™), op € L®(Q; MP*™),

and u € BD(Q) with divu € L?(Q), then
(op, Epu) is well defined
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Stress-Strain Duality

Kohn-Temam Stress-Strain Duality (Appl. Math. Optim. 1983)
If o € L2(Q; M X™) with dive € L™ (Q;R™), op € L®(Q; MpB*™),
and u € BD(Q) with divu € L?(Q), then

(op, Epu) is well defined

Using that p = Epu—ep + (W —u) ©voH?|T and trp =0,
we can define

(op,p) := (oD, Epu) — (0p, ep)r2 + ((0Vaq Jtan, W — W)r

@ integration by parts formula:

(op,p)+ (0, e—Ew)2 = —(divo, U—W) [ n [n/(n-1) + (0VoQ, U—W)a0\T

@ duality formula:

H(p) =sup{(tp,p) :T€? divt € L™, 1p € K, Tvoo =00n dQ\T'}
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A Perfectly Plastic Thin Plate

Qe =wx(-%55), wCcR?

le=vx(-55), yCow g

Maria Giovanna MoRA (Pavia) A Quasistatic Model for Perfectly Plastic Plates September 20, 2012 10/16



A Perfectly Plastic Thin Plate

Qe =wx(-%55), wCcR?

€
le=vx(-55), yCow I
Perform a change of variable: I

Pe: Q= wx(— %%) — Q¢ (¥, x3) = (X', ex3)
For (u, e, p) kinematically admissible in Q. we set

Y= (ug o0& up 0, euz op®) Eap | o3 )

where A & = ( T T
fi=Ateo®, *“q:=A lpoe” <&3p | 233
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A Perfectly Plastic Thin Plate

Qe =wx(-%55), wCcR?
),

le=vx(-55), yCow el

Perform a change of variable: Ie
Pe: Q= wx(— % %) — Q¢ (¥, x3) = (X', ex3)
For (u, e, p) kinematically admissible in Q. we set

Y= (w1 0P up 0h®, euz 0 h?) 1
where /\EE,::< f“ﬁ | 515’“3 )
fi=Ateo®, *“q:=A lpoe” <&3p | 233
Then (y,f, q) € A (W), that is:
o (y,f,q) € BD(Q) x [(Q;MZ33) x Mp(QUT; M23)
@ Ey=Ff+qinQ and q= (W —y)©OvanH? on I:=yx(—3,3)
® tr(Acq)=0inQUT
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Convergence of Rescaled Quasistatic Evolutions

Theorem (Davoli-Mora 2012)
Let w € AC([0, T]; H1(Q;R3)) be such that ws € AC([0, T]; H%(w)) and
W (t, x) = We(t, x') —x30,w3(t,x’), a=12.

Let (y&,f¢ g°) be a quasistatic evolution in Q. , rescaled to Q, with
boundary value w and initial value (yg, f5, dg).

v
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Convergence of Rescaled Quasistatic Evolutions

Theorem (Davoli-Mora 2012)
Let w € AC([0, T]; H1(Q;R3)) be such that ws € AC([0, T]; H%(w)) and
W (t, x) = We(t, x') —x30,w3(t,x’), a=12.

Let (y&,f¢ g°) be a quasistatic evolution in Q. , rescaled to Q, with
boundary value w and initial value (yg, fg, q5). Assume that

Acf§ — fo strongly in L2(Q; M2},

|Acp§lin, < C.

v
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Convergence of Rescaled Quasistatic Evolutions

Theorem (Davoli-Mora 2012)
Let w € AC([0, T]; H1(Q; R3)) be such that w3 € AC([0, T]; H?(w)) and
W (t, x) = We(t, x') —x30,w3(t,x’), a=12.
Let (y&,f¢ g°) be a quasistatic evolution in Q. , rescaled to Q, with
boundary value w and initial value (yg, fg, q5). Assume that
Acf§ — fo strongly in L2(Q; M2},
|Aep§lim, < C.
Then for every t € [0, T]
@ y°(t) — u(t) weakly*in BD(Q)
@ f¢(t) — e(t) strongly in L?(Q; MZ3)

@ q¢(t) — p(t) weakly* in My (Q UT: M323)

sym

where (u, e, p) is a “reduced” quasistatic evolution.

v
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Characterization of the Limit Evolution — |

1) Kinematic admissibility: (w(t), e(t), p(t)) € Axr(w(t)), thatis,
Uy (t, X) = Un(t, x') —x30u3(t,x’) (x=1,2)
with @(t) € BD(w) and usz(t) € BH(w)
BH(w) :={z € WH(w) : D2z € Mp(w; MZ32)} .

In particular, Eqpu(t) = Eqpti(t) — xﬁ?xBug(t), Eizu(t) =0.
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Characterization of the Limit Evolution — |

1) Kinematic admissibility: (w(t), e(t), p(t)) € Axr(w(t)), thatis,
Uy (t, X) = Un(t, x') —x30u3(t,x’) (x=1,2)
with @(t) € BD(w) and usz(t) € BH(w)
BH(w) :={z € WH(w) : D2z € Mp(w; MZ32)} .

In particular, Eqpu(t) = Eqpti(t) — xﬁ?xBug(t), Eizu(t) =0.
Moreover,
e(t,x) = &(t,x’) +x38(t,x’") + ey (t,x)

p(t) =p(t) @ L1 +x3p(t) @ LT — e (t)

1 1
where &:= [2, edx3, €:=12[? xzedxs
2 -2

Maria Giovanna MoRA (Pavia) A Quasistatic Model for Perfectly Plastic Plates September 20, 2012 12/16



Characterization of the Limit Evolution — |

1) Kinematic admissibility: (w(t), e(t), p(t)) € Axr(w(t)), thatis,
Uy (t, X) = Un(t, x') —x30u3(t,x’) (x=1,2)
with @(t) € BD(w) and usz(t) € BH(w)
BH(w) :={z € W (w) : D%z € Mp(w ngxn?)} .

In particular, Eqpu(t) = Eqpti(t) — xﬁfxBug(t), Eizu(t) =0.
Moreover,
e(t,x) = &(t,x’) +x38(t,x’") + ey (t,x)

p(t) =P(t) @ L1 +x3p(t) © L1 — e (1)
1 1
where &:= fjl edxs, €:=12[? xzedxsz and
2

@ Ed(t) =

o —D?us(t) =&(t) +p(t) in w, us(t) =ws(t) onvy,

&(t) +p(t) in w, B(t) = (W(t) —it) ©vawH"' ony
t) =
P(t) = (Vuz(t) — Vws(t)) ©vawH! ony
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Characterization of the Limit Evolution — Il

2) Regularity:
(u,e,p) € AC([0, TI; BD(Q)x L2(Q; M3 xMp (Q U T; MEX3))

3) “Reduced” quasistatic evolution: (u, e, p) satisfies
@ ‘reduced” global minimality: for every t € [0, T]

/Qr(e(t))dX</ Q4 (&) dx + 5, (5 — p(t))
Q Q

for every (i, &,p) € Axr(w(t))

@ “reduced” energy balance: for every t € [0, T]

t t
/Q Qule(t))dx + /0 3¢, (p(s))ds = /QQr(eo)dX+ /0 (Cre(s), E(s))2ds

where Qr(e) :=min {Q(&): & € M3, Eap = exp (x, B =1,2)}
and H,(p) := min {H(q) : g € M}®, qop = pap (o, p = 1,2)}
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Characterization in Rate Form

@ Euler conditions: setting o(t) := C,e(t), for every t € [0, T]
dive:o(t) =0 and divy div,/&(t) =0 in w
with Neumann boundary conditions on dw \ 7y
o(t) e K, ae.in Q, where K; :=9H,(0)
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Characterization in Rate Form

@ Euler conditions: setting o(t) := C,e(t), for every t € [0, T]
dive:o(t) =0 and divy div,/&(t) =0 in w
with Neumann boundary conditions on dw \ 7y
o(t) e K. ae.in Q, where K, :=0H;(0)
@ balance of powers: for a.e. t € [0, T]
I (p(t)) = (a(t), p(t))
where the stress-strain duality is now defined as
(o), p(t)) := (5(t), B(1)) + (6(t), B(t)) — (0L (1), éL (1))

The first duality is in the sense of Kohn-Temam 1983, while the second
one is an adaptation of Demengel 1983. In particular, we show that

He(p) =sup {(t,p) : T € L2(Q; M3)3), T(x) € K, forae. x € Q,
divy /T € L2, divy/divy/t € L? satisfying Neumann}
September 20, 2012 14 /16
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Convergence of Rate-Independent Processes

["-limits of rate-independent evolutions (Mielke-RoubiCek-Stefanelli 2008):

X state space
E::10,TI x X — RU{+o0o} stored-energy functionals
D.: X x X — [0, +oc] dissipation distances

If E:=T-lim&:, D:=T-limD,, and 3 a “joint recovery sequence”, then
guasistatic evolutions associated with (€., D) converge to a quasistatic
evolution associated with (€, D).

Applications: linearized plasticity with hardening (Liero-Mielke 2011)

Maria Giovanna MoRA (Pavia) A Quasistatic Model for Perfectly Plastic Plates September 20, 2012 15/16



Convergence of Rate-Independent Processes

["-limits of rate-independent evolutions (Mielke-RoubiCek-Stefanelli 2008):

X state space
E::10,TI x X — RU{+o0o} stored-energy functionals
D.: X x X — [0, +oc] dissipation distances

If E:=T-lim&:, D:=T-limD,, and 3 a “joint recovery sequence”, then
guasistatic evolutions associated with (€., D) converge to a quasistatic
evolution associated with (€, D).

Applications: linearized plasticity with hardening (Liero-Mielke 2011)

This approach is not suited to our case:
Ee(u,e,p) = /Q Q(Ace) dx

Del(w, e, p) (v, f,q)) :=H(Aep — Acq)
for (u,e,p), (y,f, q) € Ac(w(t))
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Convergence of Rate-Independent Processes

["-limits of rate-independent evolutions (Mielke-RoubiCek-Stefanelli 2008):

X state space
E::10,TI x X — RU{+o0o} stored-energy functionals
D.: X x X — [0, +oc] dissipation distances

If E:=T-lim&:, D:=T-limD,, and 3 a “joint recovery sequence”, then
guasistatic evolutions associated with (€., D) converge to a quasistatic
evolution associated with (€, D).

Applications: linearized plasticity with hardening (Liero-Mielke 2011)

This approach is not suited to our case:

Ee(u,e,p) ::/QQ(/\Ee) dx

De((w e p) (y.f.q)) = H(Acp —Aeq) MO coeremy

for (u,e,p), (y,f, q) € Ac(w(t))
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Static case: we fix time and prove I'-convergence of

Je(u e, p) = /Q QAce) dx+ H(Acp) for (w,e,p) € Ac(w)

to
J(w e, p) = / Qule) dx + 3, (p)  for (w e,p) € Axr (w)
Q

Quasistatic case: compactness via a priori estimates; passing to the limit
in the minimality relies on the recovery sequence of the static case
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Static case: we fix time and prove I'-convergence of

Je(u e, p) = /Q QAce) dx+ H(Acp) for (w,e,p) € Ac(w)

to
J(w e,p) :=/ Qule) dx + 3, (p)  for (w e,p) € Axr (w)
Q

Quasistatic case: compactness via a priori estimates; passing to the limit
in the minimality relies on the recovery sequence of the static case

Main ingredient: density of smooth enough triples in Ak (0) with respect
to strong-L? for the elastic strains and strict-My, for the plastic strains
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Static case: we fix time and prove I'-convergence of

Je(u e, p) = /Q QAce) dx+ H(Acp) for (w,e,p) € Ac(w)

to
J(w e,p) :=/ Qule) dx + 3, (p)  for (w e,p) € Axr (w)
Q

Quasistatic case: compactness via a priori estimates; passing to the limit
in the minimality relies on the recovery sequence of the static case

Main ingredient: density of smooth enough triples in Ak (0) with respect
to strong-L? for the elastic strains and strict-My, for the plastic strains

@ the Kirchhoff-Love structure has to be preserved
@ the boundary conditions are imposed only on a portion of dw
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Static case: we fix time and prove I'-convergence of

Je(u e, p) = /Q QAce) dx+ H(Acp) for (w,e,p) € Ac(w)

to
J(w e,p) :=/ Qule) dx + 3, (p)  for (w e,p) € Axr (w)
Q

Quasistatic case: compactness via a priori estimates; passing to the limit
in the minimality relies on the recovery sequence of the static case

Main ingredient: density of smooth enough triples in Ak (0) with respect
to strong-L? for the elastic strains and strict-My, for the plastic strains

@ the Kirchhoff-Love structure has to be preserved
@ the boundary conditions are imposed only on a portion of dw

Here we assume dw € C2 and v open with 05,y = {P1, P>}
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