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Three equations :

Ou
O At flu) = (.1
2
eglz—i—g—Au—i-f() g(x,1), €e>0

ngAzu—Af( ) = g(x,1)
gEL>®(Qx(0,T)), VT >0

Q) : bounded and regular domain of R", n = 1,2 or 3



Motivations :

e Caginalp phase-field system :

u : order parameter
0 : relative temperature

Generalization :

o] __ 0
WZ—Au—l—f(u)—?C:
[oate] da _ ., Ou
e t o —RAa=—u—7j

o= fot 0 ds + «y : thermal displacement variable

Based on the Maxwell-Cattaneo law



e Hyperbolic relaxation of the Caginalp model :

glz Au+f()—0,6>0
A@—
8

t

Models rapid phase transitions in certain classes of materials (P. Galenko et
al.)

e Cahn-Hilliard equation

Models phase separation processes in binary alloys



In general :

= FL R = 3 17 f(5) = — s

Approximation of logarithmic potentials :

F(s) = =25 + k1[(1 +5) In(1 +5) + (1 — 5) In(1 — 5)]
f(s) = —kos + Ky ln%i
€(—1,1), 0 < k1 < Ko

Logarithmic terms : entropy of mixing

Regular nonlinear terms : the problems are well understood



The first model problem :
— Au+f(u) = g(x,1) in Q
u=0onT
u|t:0 = Up

I : boundary of 2

Assumptions :

09, % c L™ x(0,T)),YT >0

of cC'(—1,1),f(0) = 0,fis odd

o limg_, 4 f(s) = oo, limy_, 11 f'(s ) +00

.f/ _CO’F > —C1, €0, C1 > O F fo

® Uy € HZ(Q) ﬂHé(Q), ||MQ||Loo(Q) <1



Existence of a solution :

Take § € (0,1) s.t.

||“0”Lc>o <4, ||g||Loo (2% (0,T)) —f(6) <0
(recall that lim_,; f(s) = 400)
SetU=u—9":

T AU )~ (6) = g~ £6)

Multiply the equation by Ut = max (U, 0) (f' > —co) :

d
E“UJr”]z}(Q) < C||U+||i2(g)



Gronwall’s lemma (U1 (0) = 0) :
u(x,r) <6, ae. (x,1) € Q2 x (0,7)
fisodd:

() ||z (0y < 0 € (0,1), Yt € [0,T]
— We essentially have a problem with a regular nonlinear term

Additional regularity : u(t) € H*(Q2), Vt € [0, T]



Let uy and u; be 2 solutions with initial data uo ; and up> and set u = u; — u>
and Uo = Uuo,1 — Up2 -

—Au+f(um) —fluz) =0
u=0onT

uli—0 = uo

Multiply the equation by u (f' > —co, co > 0) :

llur (£) — ua(t )HLz <e

Consequences :

e Uniqueness



e We can define solutions in

® ={veL®Q), [vllLe@ <1}
(we can consider initial data containing the pure states)

We have

u(t)[| ooy < 1, >0

(the phases mix instantaneously)



Remark : End of proof of existence : set

1)
(s=0),s>9

» Isl
S)= ()+f )
+f(=0)(s+0), s < —0

f5(S) =f(=9)

\’\I/\

0 : as above
We have : f§ > —co, F5s > —ci
This yields : [Jus(t)[| oo () < 0 € (0,1),7 € [0,T]

Since f5 = f in [—J, ¢], we deduce the existence and uniqueness of the solution



Remark : Dissipative estimates : we take
g =g(x), g €L7(Q)
Key step : dissipative L>°(2)-estimate

Consider the ODE’s

Vi +f(v2) = he = Elgllr (), y£(0) = Euoll= (o)

We have

(D) < 1= 6(D(uo) + |h+l), t € [0, 1]
()] < 1=06(|hz]), 1> 1
D(v) =

1=[v[[zoo ()



Comparison principle :
y_(t) < u(x,t) <y (1), ae. (x,1) € A x RT
This yields

()| o) <1 =06, 1>0
()] oo (0) < 1= 0(ll8llLee())s £ =1

— Dissipative estimate
— Existence of finite-dimensional attractors

— Convergence of trajectories to steady states



Remark : Neumann boundary conditions

éé;Z:OonF

v : unit outer normal

Similar results

Remark : Dynamic boundary conditions

Account for the interactions with the walls in confined systems

ou ou
E—Apu—i—fr(u)—i-%:OonF

Ar : Laplace-Beltrami operator
Jr : regular surface nonlinear term



Main feature : nonexistence of classical solutions
Counterexample :
Y —f() =0, x€(=1,1), y(£1) =K, K >0
(stationary 1D problem, f = —K, g = 0)
No classical solution for K large : critical value Kj s.t.
o If K < Kj : existence of the unique solution s.t. [y(x)] < € (0,1)
e If K > Kj : no classical solution
The approximate solution ys converges to the solution to

Y =f(y) =0, y(£1) = £1

— The boundary condition is lost



More generally : the approximate solution us converges to u s.t.
9 _ Au+f(u) = g(x,1) in Q

S — Aru+fr(u) +h(u) =0onT
In general : h(u)
u is the unique solution to a variational inequality

The equality holds when :

u

e f has a growth of the form =y

p > 1,close to 1

] :Efr(il) >0



Coupled systems : the situation can be more complicated
Caginalp system : similar results
Generalized Caginalp system based on the Maxwell-Cattaneo law :
o) o)
ﬁz — Au+f(u) = G
[oute) da _ u
e T o —Aa=—u—g

u=a=0onTl
uli—o = o, ali—o = a0, Lli—0 = a1

By approximating f as above : existence of a solution s.t.

lu(x,1)| < lae. (x,1) €2 x(0,T), T>0



The uniqueness is not straightforward : we need to estimate

0
[ ) )5 o )
Q t
Idea : prove the strict separation property
||u(t)||L°°(Q) < 5(T) € (07 1)7 re [07 T]a T>0
One possibility : prove an L>°(£2)-estimate on %—‘;‘
The best we can have in general :

Oa
HEHLoo(o,T;Hg(Q)) <cT), T>0

Here : up € H}(Q) x H3 (), ap € HY () x H3(Q), a1 € HY(Q) x H*(Q)



In one space dimension : we can conclude with the continuous injection
H'(Q) C L*®(Q)

We can also prove the strict separation in two space dimensions

We need ans estimate of the form

I @l r@xor) < cp,T), p=>1,T>0
(p = 4 is sufficient)

Lemma : We have

/ Ml dxdr < ¢(T), L>0, T > 0.
Qx(0,T)



R ——
Multiply the equation by f(u)e™/ ()l

Use the young’s inequality

ab < ¢(a) +(b), a, b =0

ps)=e€ —s—1,9(s)=1+s)In(1+s)—s5,5>0
— We obtain

oo @)Vl dxdr < ¢
+2 fo(o T) 1% dx dr

We conclude by using the Orlicz embedding

/ 2
/ eMax < e (HVHHI(Q)H), veH (Q)
Q



We assume that

lf/‘ < ec[f|+c/
(True for the logarithmic nonlinear terms)
—f'(u) e P(Q%x(0,T)), T>0,p>1
This yields, differentiating the equation for u w.r.t. ¢

Ou ~ -
5 €L (OvT)HO(Q))

Inject in the equation for «

— 98 ¢ 1(0,T; H*(Q))



In three space dimensions : we need
f'w) e L2 % (0,T)), T>0

6
We can conclude when || < ¢[f]5 + ¢/
— Not satisfied by the logarithmic nonlinear terms

Satisfied when f has a growth of the form

ﬁ,r25,0>0

close to =1



The second model problem :

2 0
68—;+7?—Au+f(u):g, e>0
u=0onTl
uli—o = o, =0 = uy

For simplicity : g = g(x) € L>(Q)

Here : ugp € LOO(Q), Huo”Loo(Q) <1



Existence of strong solutions only (when € > 0 is small and the initial data are
not too large)

We are not able to prove the existence of weak solutions
Main ingredients :

e Perturbation argument : the solutions remain close to those of the limit
parabolic problem

e Dissipativity provided by the equation



Theorem : There exists €y > 0 and a monotone decreasing function
R : (0,¢9] — RT satisfying

lim R(e) = 400

e—0t

s.t., for every initial data satisfying

D(uo) + (|[uol132 0y + ellur [ ) + leatlloy)? < R(e),
there exists a unique global solution s.t.
D(u(t)) + [[u(t) 720y + €ll G ()11 + 151 D17
H!(Q) or D2 q)

4 e B8(5) [

1 —Q
< O(D(wo) + (o2 + ellen | g + N[22y e
+0(gl=(e): @ >0,

where « and Q are independent of € and D(v) = m



Uniqueness : standard (f' > —cg, ¢ > 0)

Existence : follows the following steps :

Step 1 : Dissipative estimate in H' () x L*(Q) :
0By + N0y + Sy N6 g
< Q(D(uo) + (ol s ellr 22 ) F e
+O([8llL= (), @ >0

a and Q independent of e



|
Step 2 : Consider the limit parabolic problem (e = 0) :

0
G — A +f () =g
wW=0onT
ul—0 = up

We have :

D (1)) + 1(6) 22y < Q(D(w0) + 101z e + Qllgllie (). @ > 0

Step 3 : Compare the solution to the hyperbolic problem to that to the limit
parabolic problem :

lu(r) = (D)1 2y < €(QD o)+ w0z ) Fellun 72y )™ +Q8l(52))
() (@) ()

a > 0 and Q independent of €



Step 4 : Multiply the equation by —A(Su + %), 8 > 0 small enough :

dE, 0
dt@ + BE1) + g(uAu(z)uiz(Q) IV 5 OliEy) < elF @)y

where

Ed(1) = €| VG D)}y + BIVu@)IE 0 + 12u(0)]I}
—2((g, Au(0))2(q) + Be((Vu(t), V()2 (q)

Step 5 : Estimate ||f (u(t)) 41 (q)



We have :

[If (u(t)) _f<”0(t))H12-11(Q) < Mf( 1—||u°(f)||L°0(Q>—hu(l)—u0 )%

(O lzoo ()
< (L () 17y + Nu(0) 32 ) let) = (D117 g

My : smooth monotone increasing function only depending on f and satisfying

lim My(z) = +o0

z—+00

u® : solution to the limit parabolic problem

Consider the interpolation inequalities

) =0l < elhlt) =0 g ) = 0
Ju(e) — 0(0) e s < elle) — (D) g 0) — 00)



This yields
u(0)||21 00 < Ooe2 (1 + E,(1))2M, !
1 (u( ))Hyl@ < Qoe( (7)) f((§+Q0)—1_5%@+QO)(1+Eu(t))
+Qoe™ " + 0

1
Qo = Qo(D(uo) + (HMOH%IZ(Q) + €|y H;qu(g) + [Juy ”22(9))2)

0 = 0(/lgllze(a))
a > 0, Qp, O : independent of €

Finally :

dEy(t) 1 2 1
+ BE,(t) < Qpe2 (1 + E,(t))"M(— —
“ PEL )f Qoe( ) f((Q+Q0)71—6%(Q+Q0)(1+Eu(l)))
+2Qpe" ¥ + 20 (B <a)



R ——
Step 6 : Assume that

1
Do) + (luolegqy + el + it o) < R(6)
R = R(e) solves

0= 00(R)ez(1+2(8 — )" Qo(R) +367'0)*
XMf( — T ! — )
(0+00(R))~1—€8 (0+00(R)) (14+2(8—) 1 Qo (R)+36-10)
Then :
E,(t) < Eo(t)
where

1
Eo(1) = 2(8 — )~ Qo(D(uo) + (s gy + ellima |21y + 11 [ ) )%
Xe_at—f—3,8_1§



Consequence of the comparison principle :

Ey satisfies

) 4 BEy(1) > Qoer (1 +E0(f))2Mf((§+Q )~ %(1§+Q )(1+Eo (1))
— 0 —€ 0 0
+2Q0e™ + 20

We can take

E, (0) < Ey (0)

We conclude by noting that

lim R(e) = 400

e—0t



Further results :

Additional regularity

Existence of finite-dimensional attractors

Extension : hyperbolic relaxation of the Caginalp phase-field system

More difficult : hyperbolic relaxation of the generalized Caginalp phase-field
system



The third model problem :

G+ A%u— Af(u) = g
u=Au=0onT
uli—0 = uo

g=2g(x,1) € L=*(Q x (0,T))

Approximation of f : existence and uniqueness of the solution s.t.

u(x,0)] < lae. (x,1)  (Juollz=(oy < 1)



Strict separation :
o In one space dimension :
||M(I)HL°°(Q) < d€ (07 1)7 re (07 T)a >0
(continuous embedding H'(Q) C L>(Q2))
o In two space dimensions : Orlicz embedding

o In three space dimensions : growth assumption on f : f grows like

close to =1

— Not satisfied by the logarithmic nonlinear terms



Remark : Viscous Cahn-Hilliard equation :

Ou Ou )
_— p— p— >
o eAa +A%u—Af(u) =g, >0

e = 0 : Cahn-Hilliard equation

e > 0 : strict separation (even in three space dimensions)

Remark : Neumann boundary conditions (g = 0) :

5” U A%u— Af(u) =
5 = BaAV” =0onT
uli=0 = uo

Main feature : mass conservation

1
1) >= t>0 - >= -d
<u(t) >=<uy>,t>0, <> Vol(Q)/Q x



Same results as in the case of Dirichlet boundary conditions
Key step : H~!(Q)-estimate
— We rewrite the equation as

0
lgb; —Au+f(u) =< f(u) >

(—A)~! : acts on functions with null average

(=A)~

We need to deal with the nonlocal term

Vol / flu

— Additional mathematical difficulties

< f(u)




-
Remark : Dynamic boundary conditions :

é —Au+f(u))=00onT
S — Aru+fr(u) + g——OonI‘
Jr : affine

The situation is similar to what was said in the first model problem :

Nonexistence of classical solutions

Existence of classical solutions if f satisfies growth assumptions or fr satisfies
sign assumptions

The sequence u;s converges to the solution to the Cahn-Hilliard equation with

O (—Au+f(u))=00nT
S — Aru+fr(u) +h(u) =0on T

In general : h(u) # 9



Existence of finite-dimensional attractors :
Neumann boundary conditions :
Main difficulty : no strict separation in three space dimensions
We can define the continuous (in H~!(£2)) semigroup

S(t) : @y — Py up — u(t), t >0, me (—1,1)
S(0) =1d, S(t+s) =S(t) o S(s), t, s >0

D, ={veL®Q), & =0onT,

Wiy < 1, < v > m}



Definition : Let ® be a Banach space and S(¢) be a semigroup acting on ®. A
set A C @ is called the global attractor for S(z) if

(1) A is compact in P.
(i) S(NA = A, 1 >0,

(iii) Ve > 0, VB C ® bounded, 3ty = 19(B,€) > 0s.t. > 1y implies
S(t)B C U,, where U, is the e-neighborhood of A.

The global attractor is unique
It is the smallest closed set satisfying (iii)
Dimension : fractal (entropy) dimension

First proof of existence of the global attractor : A. Debussche-L. Dettori



Finite-dimensionality : based on the differentiability of the semigroup
— The strict separation from 1 was necessary

— Could be proved only for small domains

Theorem : For every m € (0, 1), 3A,, C H*(Q) s.t.

(i) A, is compact in L°°($2) and H~'(€2).

(ii) Ay, has finite fractal dimension in L°(£2) and H~1(€2).

(iii) A,, attracts @, in H~1(Q).

— No restriction on the size of )



Existence of the global attractor : follows from classical results
Finite-dimensionality : construction of an exponential attractor

Exponential attractor : compact and positively invariant
(S(t)M,, € M,,, t > 0) set which contains the global attractor, has finite
fractal dimension and attracts exponentially fast the trajectories

Main tool : find a proper set C s.t.

IS(t)ur = S(t)uallz2() < c(B)ur = uall-1(q)

for some t > 0, Vuy, up € C



A,y is trivial if m is large : M € (0, 1) s.t.
Ay = {m}if |m| > M
Set S(7)(£1) = £1
Then
S(ne =2, &= U\m|§lq)m = BLOO(Q)(Oa 1)
Set Ay = {£1}

Theorem : The semigroup S(¢) possesses the finite-dimensional global
attractor

A= Upnj<iAn

on .



Dynamic boundary conditions :

Main difficulty : the order parameter can reach the pure states on a set with
nonzero measure on the boundary

We can define the continuous (in H~!(2) x L?(£2)) semigroup S(¢) acting on

@, = {(u,ulr) € @, <u>=m}, me (-1,1)

Here :

® = {(v,vlr) € L7(Q) x LZ(T), [Wlroo() < 1 [VIrflzeery < 1}
S(1) is associated with the solutions obtained via the regularization of f

Theorem : For every m € (—1, 1), the semigroup S(¢) possesses the
finite-dimensional global attractor .4,, which is bounded in C*(£2) x C*(T"),
0<a<i.



Existence of the global attractor : follows from classical results
Finite-dimensionality : construction of an exponential attractor

We need some (asymptotically) compact smoothing property on the
difference of 2 solutions

We have

Hulgt) — ua (1) |G < ce” P [Jur (0) — ua(0)|[3w +
¢ fo 1101 (s) — ”2(3))“%2(9) ds
B > 0, 8 : smooth cut-off function

% = H-1(Q) x LA(T)



— Contraction, up to [|6/(u1 — u2)[12(0,,12(2))

Compactness : we work on spaces of trajectories and use the compactness of
L2(0,; H' () NH'(0,1; H3(Q)) C
L*(0,1;L*(92))

We have

151000 — )] 1220132y T
101 = w2) 120 11 2y

ce" [lur (0) — ua(0) -1 @ynzzry

—~

Q)

IN

ui (0), MQ(O) (S BH—I(Q)QI](F) (uo, 6), € > 0 small



