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Biomaterial is a substance that interacts with biological systems.

Alone or as part of a complex system, is used to direct by controlling of interactions with components
of the living system, the course of a phenomenon or (therapeutic or diagnostic) procedure.



Chemotaxis is a biological phenomenon describing the change of motion when a population of indi-
viduals (b) reacts in response to an external stimulus spread in the environment by another population
or substance (chemoattractant ¢). As a consequence, the population b directs its movement towards
(positive chemotaxis) a higher concentration of the chemical substance.

Lecture Notes in Biomathematics, 89, Eds:Alt & Hoffmann, 1990
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Chemoattractant c:

chemotactic agent possessing
chemotaxis-inducer
effect in motile cells

bioremediation of polluted media
a pollutant (oil)

———

——

——

———

Attracted population b:
individuals searching for food

leukocytes moving toward inviding microorganisms
endothelial cells attracted by solid tumours chemical signals

bacteria



allow cell colonization of biomaterials, prevent bacterial adhesion and
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initial and boundary conditions

D(t, x, b, c) diffusion coefficient of the attracted population b
d(t,x, b, c) diffusion coefficient of the chemoattractant ¢
K(t,x,b,c) chemotactic sensitivity

fi(t,x,b,c), fo(t, x,b,c) rates of growth and death of b
©1(t,x,b,¢), po(t, x,b,c) rates of production and degradation of ¢

f(t,x,b,c) = fi(t,z,b,c) — fo(t,z,b,¢), @(t,x,b,c) =, (t,x,b,c)— py(t, x,b,c) = Kinetic term
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Bio-materials and chemotaxis

1 |A chemotaxis model in a stratified medium]|

%_v.(D(x)Vb)+V-(K(b7C)bVC):f(b’c)
oc
a_gv.((S(a:) Ve) =ep (b, c)

matial and boundary conditions

mn a strati fied medium

E.R. Ardeleanu, G.M., An asymptotic solution to a nonlinear reaction-diffusion system with chemotaxis, Num. Funct. Anal. Optim., in press
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D, 5?;:(’;,0
E— .ﬁ:-&: w;

T,

QO ={=(2,y,2) €R% x € (wp, 1), § = (y,2) € W}
Parameters do not depend on the layer depth
D;, 0;, ¢;o = constant



%—i — DD,Ab; + KV - [bK;

(biyci) Vi) = ffi(biye;) inQ; =

% — 260;N¢; = (b, ;) In Q,
ci(0,€) = cip(§) in LY,
bi(0,€) =bio (&) in S,
interface boundary conditions
— _0b, 0 ob; .
DD, + KK (b, ) o = =D D41 =2 4+ Kby Ky (b1, cisn)
"Ox or ox

D. K, f.d, 7 are dimensionless parameters

bi = bi+1 on X,

dcit1

ox

(0,

T) X Qi’

on > = (O,T) x I,
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obi _ DD;Ab; + KV - [b;K; (b, c;) V] = ffi (b, i) inQ;=(0,T

ot
dei _ 68, ¢; = epip,(bi, ¢;) N Q;,

ot
ci(0,€) = cip in €,
bi(0,€) =bio (&) in S,

boundary conditions on the exterior boundaries

0by Jcy
DD + Kb K

1(9 + Kb Ky (b1, ¢1) — B
—DDai—kaK(b c)a——O onY, =(0,T7)xT

Tla ny ~n afC_ — 9 n»

Vb -v =0 on X = (0, T) x 'l

=0 onXy= (O, T) x 1y,
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\A chemotaxis model in a stratified medium: hypothesesl

cio = constant, c;o >0, b;p >0,
fieCl, K; € C, ¢, € C? bounded with bounded derivatives
filri,mo)ry <0, Vry,ry € R,

fZ(O, 7“2) = 0, VTQ - R,

fi

o < Ci(1+|m|"), Yri,m € R

(r1,72)

< p<2 IfN =3,
0 < p<xifN=1,2.
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\A chemotaxis model in a stratified medium: Perturbation teohnique'

b (t,6) = b)) (t,&) +eby (t,6) + ...,

¢i(t, &) =2 (t,&) +ec (t,6) + ..,
fi (bz, Cz) = fz (b?, C?) +é (f1>bz (b?, C?) b} +é (f2>cz (b?, C?) Czl + ...,
0 (0

K; (b, ci) = K; (1), ¢)) + e (K)), (B),¢)) b} + ¢ (Ky),, (b),c)) el + ...,

©; (b, ¢i) = v, (b?, Cg) +e (goz-)bi (b?, Cg) b} +¢ (gpi)ci (b?7 c?) c} 4+

J. Cole (1968). Perturbation Methods in Applied Mathematics. Blaisdell, Walthem, MA.
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2 0-order approximation|
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oc)
ot .

C? (07 5) = Ci0-

) (t, &) = ¢; 0 = constant.
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Ob;
ot
bi(0,€) = bio(§) in €Y,
bz' = bi+1 on Zi,

ob; dbi 11
Di_ == DZ 19
1
~ = >
6837 on Ly,
by,
L — Y

Vb, -v =0 on X,

— — DD;Ab; — ffi(bi,ci0) =0 inQ;,
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ob;  — :
— — DD;Ab; + p;(b;) =0 in Q;,

ot
b:(0,€) = b;o(&) in €,
b; = bix1 on X,
ob; _ 8bi+1

on >,
Ox

Vb;-v =0 on X,

i(r)] < FCIL+ "), Vr € R,

p<2if N =3,

<
< p<o0if N =1,2.

16
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[Functional framework]

b(), Co, D,

ADMAT 2012, Cortona, September 17-21, 2012

(1)1, T &€ (iEo,ZUl)

q)na T < (xn—laxn>

Dl) T € (:C())ajl)

Dna T c (xn—laxn)
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Bio-materials and chemotaxis

0-order approximation: Functional frameworkl

V= H(Q), V' = (H'(Q))

Introduce A, : V — V'
(b, 0y = 3 [ (DD V0t (b))
i=1 /%

_ /Q (D(x)Vb - Vb + i (b, ) Y] dE, Vb € V

Introduce A : D (A) C L?(Q) — L*(Q)
Ab = Agb, Wb € D (A)

where D(A) ={beV, Abe L*(Q)}.

ADMAT 2012, Cortona, September 17-21, 2012
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O-order of approximation'

ADMAT 2012, Cortona, September 17-21, 2012

db

dt

(t)

+ Ab(t)=0a.e. t € (0,T),

b(0) = by.
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—(t) + Ab(t) =0a.e. t € (0,T),
b(0) = by.

Theorem. Let

bo € H'(Q), Aby € L*(2), by > 0 a.e. in Q.

Then the Cauchy problem has a unique solution
b e Who([0,T); L*(2)) N L™ (0, T; H'())
which is positive and satisfies the estimate
16(t) | 1) < Cv, forany t € [0,T7,

where Cy depends on the problem data.

20



Sketch of the proof

|. Prove

b — u(b, z) is locally Lipschitz from H'(Q2) to L*(Q2) uniformly in

21



Sketch of the proof

|. Prove

b — u(b, z) is locally Lipschitz from H'(Q2) to L*(Q2) uniformly in

Il. Operator truncation: A (corresponding to 1) is replaced by Ay corresponding to

p(b, ), 1ol iy < N
py (b, ) = Nb
~ AANTATIREE 16/l ) > N
1oy

which is Lipschitz from H'(Q) to L*(2).
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lll. Prove existence for the problem

d;)_év(t) + Ayby(t) = 0ae. t € (0,T),

b (0) = by
by € WH([0,T]; L*(Q2)) N L= (0,T; H'(9)) ,

1on (@) () < Co llboll ) = Cv» forany ¢ < [0, 7.
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lll. Prove existence for the problem

db
d—i‘v(t) + Anby(t)=0a.e. t € (0,7T),

by (0) = by.

by € WH([0, T; L*(2)) N L™ (0, T3 H' () ,

1on @)l () < Co llboll ) = Cv» forany ¢ < [0, 7.

V. Take N > Cy =
Anby () = Aby (1)

—> by (t) is the solution to the problem.
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lll. Prove existence for the problem

db
d_év(t) + Aby(t)=0a.e. t € (0,T),

by (0) = by.

by € WH([0, T; L*(2)) N L™ (0, T3 H' () ,

1on (@) () < Co llboll ) = Cv» forany ¢ < [0, 7.

V. Take N > Cy =
Anby () = Aby (1)

—> by (t) is the solution to the problem.
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Proposition. Under the assumptions of Theorem it follows that

b € L*(0,T; H*(Q)), i =1, ..

LN
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3 1-order approximation

1-order approximation'

ADMAT 2012, Cortona, September 17-21, 2012

oct
(%Z — 902<b?<7_7 5)7 Ci,0>7

c¢;(0,2) = 0.

t

¢ (t,€) = /%(bg(ﬂﬁ)acfi,o)d%

0
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(_

0b;

ot

b;
Ob;

DD;—

ox

_Epl_

DD,—

DD;Ab; + a; (t,£) b = Fy(t,€) in Q;,
b; (0,£) =0, in €,
(t7 Lis gl) — bi—l—l (t7 Li, 5/) on Zi,

_ ob;
+ DDZ‘+1 ({9+1> = G; (t, Xi, 5/) on Y,
T

T=X;

abl — GO (ta o, 5/) on 207

T=XTg

- Gn (t, Ln, €/> on En,

ox
ob,,

ox

T=x,

Vb -v =0 on X,
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The Cauchy problem:

/L
[
SN———
+
Y
/N
(o
N—
S
/N
(o
N—
I

L(t)ae te(0,7T),
0

S
—~
(-}
~—
I

where B(t) : HY(Q) — (HY(Q))

(B 0)b. )y iy = [ D@IVE- Vode + [a.€)bude
Q

Q

a; (t,§) =—f (fi)s, (07 (t,€) , cio)
and L (t) : HY(Q) — (HY(Q))

(L)) sy, o)
= Z / (F(f)e (B8, ), ciohp + KB (E, ) K (W) (t, €), ¢i0)Vei - V) dE

do.

dc} dc}
+KZ/ ( bo (t, ) K bo , Ci o) + b?+1(t §)Kiva(b ?+176¢+1,0) a;) (0

T=X;
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Theorem. The Cauchy problem for the <'-order approximation has a unique solution
bt e W2 ([0, T (H'(Q))) nL? (0,T; H'(2)) N C ([0, T]; L*()) .

Corollary. Problem in the stratified domain admits a unique asymptotic solution up the the order of
approximation ¢,

b e C([0,7];L*(Q) N W20, T, (H'(Q)) N L* (0,T; HY(Q)) .
¢ e L¥Q),

given by

~

b(t,&) = b (t,€) +eb (1),
c(t,&) = & (t,6) +ec (t,6).
In particular, the restrictions of the solution to each layer have the properties
b € WY ([0, T); (HY (%)) N L2 (0,T; H (%)) nC ([0,T]; L* (%)) ,
¢ € Whe(Q) nwh> ([0,T]; H' (%))
NCH ([0, T); L*(Q)) N W0, T; H*(SY,)).



Bio-materials and chemotaxis

4 Numerical simulations]

2, x€1[0,0.3) 1, x€1]0,0.3)
co=< 1, z€][03,07), d=ec¢ 2, ©€1[03,0.7), D=1
0, x€|0,7,1]. 1, ze€l0,7,1].
K(be) =y
C) =
R RS

p(b,c) =€(b—c)

Comsol Multiphysics
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A higher chemotactic sensitivity x = 5 versus a lower chemotactic sensitivity x = 0.5
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A higher rate of degradation and diffusion coefficient ¢ = 0.1 versus a lower rate of degradation and
diffusion ¢ = 0.01
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Solution b(t,x) for hi=5, eps=0.1
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Thank you for your attention !
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