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Introduction

Elastoplastic materials subject to cyclic loading exhibit increasing
fatigue, which is manifested by

material softening, heat release and material failure in finite
time.

In the uniaxial processes there is a qualitative and quantitative
relationship between

@ accumulated fatigue (by the rainflow algorithm, which counts
closed hysteresis loops in the loading history and with each
closed loop associates a number depending on its amplitude —
the contribution of the loop to the total damage)

o dissipated energy (the number associated with a closed loop is
its area).
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Introduction

In multiaxial loading processes

@ the concept of closed loop is meaningless
@ reliable counterpart of the rainflow algorithm 7

@ the notion of energy dissipation is a purely thermodynamic
one — independent of the experimental setting

We propose a thermodynamic model for material fatigue
accumulation based on the hypothesis that there exists a
qualitative and quantitative relation between accumulated fatigue
and dissipated energy.

We demonstrate our model on the example of a transversally
oscillating elastoplastic beam.
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Plan of the talk

Constitutive laws of elastoplaticity, stop operator,
Prandtl-Ishlinskii energy balance

First idea of the model
Model with fatigue

Model with fatigue and temperature

Model with fatigue, temperature and phase transition
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Constitutive laws of elastoplasticity

A classical hysteresis-type model for one-dimensional
elastoplasticity by L. Prandtl and A. Yu. Ishlinskii - the relation
between strain € and stress o given by the formula

7= PEO) = [ sl ot ar (1)

for e € WHL(0, T;R). Here, ¢(r) > 0 is a weight function, and
s.[e](t) represents the elastic-ideally plastic element or stop
operator with the threshold r > 0.
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The stop operator

Given a parameter r > 0, a function ¢ : [0, T| — R, and an initial
condition 0 € [~r, r], we look for functions o, ¢ : [0, T] — R such
that ¢(0) = 0, and

-

o(t) +&(t) = e(1)

lo(t)] < r
£(t)(o(t) —6) > 0 V& €[—r,r]

For every ¢ € W11(0, T) and o° € [—r, r], the problem has a
unique solution ¢ € W11(0, T). The solution mapping

s, [—r,r] x W0, T) — W0, T), o =s,[0%¢]|

is called the stop (or elastoplastic element).
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The stop operator

Given a parameter r > 0, a function ¢ : [0, T] — R, and an initial

condition ¢° € [—r, r], we look for functions o, ¢ : [0, T] — R such
that o(0) = ¢°, and
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The stop operator

Given a parameter r > 0, a function ¢ : [0, T] — R, and an initial
condition ¢° € [—r, r], we look for functions o, ¢ : [0, T] — R such
that o(0) = ¢°, and

o(t) +&(t) = e(t) :
lo(t)] <r =

Ve
£(t) (o(t) —5) > 0 V5 €[-r,r] */

—r

0
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The stop operator

Given a parameter r > 0, a function ¢ : [0, T] — R, and an initial

condition o° € [—r, r], we look for functions o, ¢ : [0,

that ¢(0) = 0, and

-

o(t) +&(t) = &(t)

T] — R such

lo(t)] < r ’

e

/ €

é(t)(a(t)—&) > 0 V5 €[-r,r] /

—r

For every ¢ € W11(0, T) and o° € [—r, r], the problem has a
unique solution o € W1(0, T). The solution mapping is Lipschitz
continuous and admits Lipschitz continuous extension to

s, [—r,r] x C[0, T] — C[0, T].
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Prandtl-Ishlinskii energy balance
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Prandtl-Ishlinskii energy balance

For a single stop, the energy balance reads

2s,e] - ( 2[e]) = r (—sr[en\.
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Prandtl-Ishlinskii energy balance

For a single stop, the energy balance reads

2s,e] - ( 2[e]) = r ( ~ /e

For the Prandtl—lshlinsku operator

ﬂdzAmﬂdem
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Prandtl-Ishlinskii energy balance

For a single stop, the energy balance reads

2s,e] - ( 2[e]) = r ( ~ /e

For the Prandtl—lshlinsku operator

ﬂdzAwﬂdem

we define the potential energy operator

wa=§4mﬂaﬁmw

and the dissipation operator

Dkk1KNWUMe—mMMr
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Prandtl-Ishlinskii energy balance

For a single stop, the energy balance reads
2ol = 3 (5570) = o] S (e — sl
For the Prandtl—lshlinsku operator
Pl = [ e(r)silldr
0
we define the potential energy operator
1 [e.9]
Vid=3 | et s2lelar
0
and the dissipation operator
DI = [ relo) (e~ sel)ar
0

Prandtl-Ishlinskii energy balance
EP[E] - V[E]t = ’D[E]t‘
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Constitute laws of elastoplasticity - continuation

Kinematic hardening:
o = Be + Ple] (2)

with B positive.
The momentum balance equation:

ouUgr — dive = f,

in Q x (0, T) and with suitable initial and boundary conditions.
Here u is the displacement, € = uy, f is a given volume force and
o0 is the mass density.
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First idea of the model

Prandtl- Ishlinskii operators are easily understood and rather
intuitive, but their use in physical and engineering literature is still
nonstandard.

Disadvanteges:
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First idea of the model

Prandtl- Ishlinskii operators are easily understood and rather
intuitive, but their use in physical and engineering literature is still
nonstandard.

Disadvanteges:

@ The density function ¢ is a priori unknown and must be
identified

@ other 3D plasticity models like von Mises or Tresca models are
available.

In P. Krejéi, J. Sprekels: Elastic-ideally plastic beams and
Prandtl-Ishlinskii hysteresis operators, Math. Meth. Appl. Sci. 30
(2007), 2371-2393 they showed that in the modeling of the
one-dimensional transversal vibrations of an elastoplastic beam the
tree-dimensional von Mises model leads to a scalar
Prandtl-Ishlinskii model whose density function is a priori given.
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The model

is based on the idea that the Euler-Bernoulli dimensional reduction
applied to transversal oscillations of an elastoplastic beam leads, as
a result of averaging over the thickness of the beam, to a
Prandtl-Ishlinskii constitutive law:

o= PE|(t) = /0 s [el(8) (r) dr

for e € W1(0, T;R) and to the momentum balance equation:
(after rescaling all constants to 1)

Wit — Wxxtt + Oxx = f’

where w is the transversal displacement, € = w,y.
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PDE system

The resulting prototypical system of partial differential equations is
of the form
Wit — Wit T P[Wxx]xx =f

with boundary conditions

w(0, ) = w(L, t) = P[ws(0, t) = Plwe] (L, ) = 0.

Prandtl-Ishlinskii operators are not differentiable in general; hence,
for the existence and uniqueness analysis, we rewrite the PDE as a
system

ug = P[WXX]

Wt — Wyxxt = —Uxx+ &

with boundary conditions
u(0,t) = w(0,t) = u(L, t) = w(L, t) = 0.
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The fatigue model

Our basic modeling assumption consists in replacing the
elastoplastic constitutive law (2) by

o = B(m)£+/ooosr[5](t)g0(r)dr (3)

where
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The fatigue model

Our basic modeling assumption consists in replacing the
elastoplastic constitutive law (2) by

o = B(m)£+/ooosr[5](t)g0(r)dr (3)

where m is the fatigue parameter
and the momentum balance equation becomes

Wit — Wixtt + [B(m(WXX))WXX + P[WXX]]XX =f.
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The fatique equation

We complete the system by an evolution equation for the fatigue
parameter m:

(£ + 3B ) me = [ oc —slDorlelelr)ar
= |Dleltl,

assuming that the rate of fatigue m; is proportional to the
dissipation rate D

D= —B’(m)gzmt + | Dlel¢|

with a proportionality factor C.
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The associated system

ug = B(m(w))wix + P [wi] in Qr,
We — Wit = —Usx+ 8(x,1) in Qr,
u(l,t) =u(l,t) = 0 0<t<T,
w(0,t) = wy(0,t) = 0 0<t<T,
u(x,0) = wh(x) 0<x<1,
w(x,0) = wo(x) 0<x<1,
where we put
u(t) = w0+ [ 1B i+ P x5 0

glx,t) = /fxs

is well posed on some a priori unknown time interval [0, T*].
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The fatigue model with temperature

Our basic modeling assumption consists in replacing the
elastoplastic constitutive law (5) by

- B(m)s—|—/Ooosr[s](t)g0(r)dr—ﬁ(9—96) Fren (8)

where
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The fatigue model with temperature

Our basic modeling assumption consists in replacing the
elastoplastic constitutive law (5) by

- B(m)s—I—/Ooosr[s](t)go(r)dr—ﬁ(ﬁ—HC) Fren (8)

where m is the fatigue parameter, 6 is the absolute temperature,
[ > 0 is the thermal dilation coefficient,

Jana Kopfova Non-isothermal cyclic fatigue in an oscillating elastoplatic mate



The fatigue model with temperature

Our basic modeling assumption consists in replacing the
elastoplastic constitutive law (5) by

- B(m)s—I—/Ooosr[s](t)go(r)dr—ﬁ(ﬁ—HC) Fren (8)

where m is the fatigue parameter, 6 is the absolute temperature,
(3 > 0 is the thermal dilation coefficient, 6. > 0 is a fixed reference
temperature and v a viscosity parameter.

The momentum balance equation becomes

Wit — Wixtt + [B(m(Wxx))Wxx + P[Wxx]]XX —B0sx + VWt = f.
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Thermodynamics

With the constitutive law (4) we associate the specific entropy
S[0,e] = cylog(0/0.) + Be
and the specific internal energy

1

Ulb,e] = cvb + %B(m)&:2 + 2/ ©(r)s?[e](t)dr +[0.< .
0

We have the energy balance

Ut + gx = o€y,

and again we assume that the fatigue rate m; is proportional to
the dissipation rate D with a proportionality factor C(6):

<c<19>+ B'(m)e?) m, = / Orle — sele))s[elol(r) dr
= DIl
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Thermodynamics

The second Principle of Thermodynamics (Claudius-Duhem
inequality) states for the entropy production 7

b= S0, ele + (g)x >0.

We rewrite it in the form
__ q0x
9'[/1 ‘= 0€&t + 98[0,5]1} —U[H,E]t — 7 > 07
use the Fourier law g = —k6, and get that the dissipation rate
D = —B'(m)e’m; + |D[e]¢|

has to be nonnegative. The fatigue accumulation rate m; should
be nonnegative, so we need to assume that B’(m) is negative.
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Oscillating elastoplastic beam
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Oscillating elastoplastic beam

For the oscillating elastoplastic beam problem

ur = B(m)wy + Plwix] + —(0—-46.),
Wt — Wxxt = —Uxx + g
1
O = Oy — EB/(m)W’ngt + |D[wsde| + — OWyt

me= [ A6 ) (3B mmime+ Dl ) (0

with a spatially regularized fatigue equation, and with zero initial
and boundary conditions for w and u, and homogeneous Neumann
boundary conditions for ¢, we find and efficient lower bound for
the existence and uniqueness time T*.
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Singularity occurs when m;  +co.
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Oscillating elastoplastic beam

For the oscillating elastoplastic beam problem

ur = B(m)wy + Plwix] + —(0—-46.),
Wt — Wxxt = —Uxx + g
1
O = Oy — EB/(m)W’ngt + |D[wsde| + — OWyt

me= [ A6 ) (3B mmime+ Dl ) (0

with a spatially regularized fatigue equation, and with zero initial
and boundary conditions for w and u, and homogeneous Neumann
boundary conditions for ¢, we find and efficient lower bound for
the existence and uniqueness time T*.

Singularity occurs when m;  +co.

Extension to temperature and fatigue dependent plasticity is
straightforward.
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Hypotheses

(i) P is a Prandtl-Ishlinskii operator and D is its associated
dissipation operator. We assume that its distribution function
¢ € L1(0,00) is such that ¢ > 0 a.e., and [;° ro(r)dr < co.
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Hypotheses

(i) P is a Prandtl-Ishlinskii operator and D is its associated
dissipation operator. We assume that its distribution function
¢ € L1(0,00) is such that ¢ > 0 a.e., and [;° ro(r)dr < co.

(ii) B:[0,00) — (0,00) is a C2 function, B’(0) = 0,

-1 < B"(m) <0 for all m> 0.
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dissipation operator. We assume that its distribution function
¢ € L1(0,00) is such that ¢ > 0 a.e., and [;° ro(r)dr < co.

(ii) B:[0,00) — (0,00) is a C2 function, B’(0) = 0,

-1 < B"(m) <0 for all m> 0.
(iii) A:R —[0,00) is a C! function with compact support,
L :=max{\(x) + [N (x)|, x € R}.
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Hypotheses

(i) P is a Prandtl-Ishlinskii operator and D is its associated
dissipation operator. We assume that its distribution function
¢ € L1(0,00) is such that ¢ > 0 a.e., and [;° ro(r)dr < co.
(ii) B:[0,00) — (0,00) is a C2 function, B’(0) = 0,
-1 < B"(m) <0 for all m> 0.

(iii) A:R —[0,00) is a C! function with compact support,
L :=max{\(x) + [N (x)|, x € R}.

(iv) g € L?(Q7) is a given function for some fixed T > 0, such
that 8it, Bxx € L2(QT)-

(v) 6% € L>=(0,1) is such that ° > 6, >0, % < L2(0,1).

(vi) O is a given positive constant.
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Method of proof

@ We discretize the problem, truncate the term with dissipation
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Method of proof

@ We discretize the problem, truncate the term with dissipation

o We get a system of ODEs with locally Lipschitz continuous
right hand sides, and one integrodifferential equation
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Method of proof

@ We discretize the problem, truncate the term with dissipation

o We get a system of ODEs with locally Lipschitz continuous
right hand sides, and one integrodifferential equation

@ We first check that the system admits a local solution on a
time interval [0, T},)
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Method of proof

@ We discretize the problem, truncate the term with dissipation

o We get a system of ODEs with locally Lipschitz continuous
right hand sides, and one integrodifferential equation

@ We first check that the system admits a local solution on a
time interval [0, T,)

@ We then establish a lower bound for the existence time
0 < TR < T, independent of n
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Method of proof

@ We discretize the problem, truncate the term with dissipation

o We get a system of ODEs with locally Lipschitz continuous
right hand sides, and one integrodifferential equation

@ We first check that the system admits a local solution on a
time interval [0, T},)

@ We then establish a lower bound for the existence time
0 < TR < T, independent of n

o On the interval [0, TR), we derive estimates for the
approximate solutions which enable us to show that the
truncation never becomes active if R is sufficiently large, and
can be removed
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Method of proof

@ We discretize the problem, truncate the term with dissipation

o We get a system of ODEs with locally Lipschitz continuous
right hand sides, and one integrodifferential equation

@ We first check that the system admits a local solution on a
time interval [0, T,)

@ We then establish a lower bound for the existence time
0 < TR < T, independent of n

o On the interval [0, TR), we derive estimates for the
approximate solutions which enable us to show that the
truncation never becomes active if R is sufficiently large, and
can be removed

@ We select a convergent subsequence indexed by n and pass to
the limit as n — oo to obtain the solution
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Energy identity
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Energy identity

d/ <0 + l(wt2 +wi 4+ B(m)wd) + Vwe] + HCWXX> dx
Q

dt 2
:/gtWth.
Q
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Energy identity

d/ <0 + l(wt2 +wi 4+ B(m)wd) + Vwe] + HCWXX> dx
Q

dt 2
:/gtWth.
Q

The solution is constructed by passing to the limit in a
space-semidiscrete scheme. Higher order estimates are obtained by
successive testing by higher and higher order terms and imply the
following regularity:
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Energy identity

d/ <0 + l(wt2 +wi 4+ B(m)wd) + Vwe] + HCWXX> dx
Q

dt 2
:/gtWth.
Q

The solution is constructed by passing to the limit in a
space-semidiscrete scheme. Higher order estimates are obtained by
successive testing by higher and higher order terms and imply the
following regularity:

Wioit s Wit > Ot 5 Oxxs Uttt Usxt € L2(Ov T L2(Q))
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Model with temperature and phase transition

The idea of this model is to consider also decreasing fatigue. Our
present model takes into account the possibility to repair a
partially damaged material by the effects of partial melting, so that
fatigue can also decrease in time.

The constitute law will be the same as before

o = B(m)s—i—/ooosr[s](t) o(m,r)dr—36(0 — 0.) +ve:, (5)

and also the momentum balance equation stayes the same:

Wit — Waxer + [B(M(Wix) )Wk + P[WXX]]XX =f.
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Thermodynamics

With the constitutive law (5) we associate the specific entropy
L
S[0,e,x] = cvlog(0/0c) + “86’(7\
and the specific internal energy
Uld,e,x] = cvb+ EB(m)e + 5 w(m, r)st[e](t)dr +50ce
0
+Lx + Ijo,11(x),
where L is the constant latent heat, x is the space and time
dependent phase variable and 14 is the indicator function of the set
A. We have the energy balance
Ut + gx = oey,

and the second Principle of Thermodynamics (Claudius-Duhem
inequality) for the entropy production 1

b= S0, €] + (g)x >0.
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Thermodynamics

We assume as before that B’(m) is negative and we have an
equation for the phase variable y:

L
=YXt € 9lo,11(x) — 9*(9 —0c),

and the evolution equation for the fatigue rate we assume in the
form

1

C(@)mt+ B( Ye2my = —h(m)xe|xel —i—/oogt(s—sr[s])s,[s]go(r)dr
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For the problem

ur = B(m)wyx + Pwix] + —(0—10.),
Wt — Wyxt = —Uxx + g,
1
0t = exx - EB/(m)fomt + ‘D[Wxx]t‘ + - ewxxt 5 *L\t

1 o0
. / o(m, r)s.le]dr,
2 0

L
—yxt € Ao 11(x) — 9*(9 —0c),
C

1 1, B >
o™t B'(m)e?m; —h(m)\f\t+/03t(6—5r[€])5r[€]<p(r)dr

with zero initial and boundary conditions for w and u, and
homogeneous Neumann boundary conditions for ¢, we expect
existence of a global solution.
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