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Motivation

B Many PDEs, including also some modeling multiphase advanced
materials, contain hysteresis operator with vectorial inputs or are
connected to operators of this type, see, e.g. Krej¢i 1996;
Krejci—Sprekels 2000, 2001, 2002a, 2002b; Krejci—Sprekels—Stefanelli
2002; Klein 2004, Seidman-Klein 2012; Visintin 1994, 2001; Mielke +
Coauthors
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representation results

B Brokate-Sprekels 1996:

B Representation of hysteresis operators with scalar, piecewise
monotone inputs and scalar outputs by functionals acting on
alternating strings

B Investigation of operators by considering their representations

B Representation result also used in Brokate 1994,Brokate 2000,
Ekanayake—lyer 2008, Gasinski 2004, 2008, Jais-2008,
Kaltenbacher—Kaltenbacher-2007, Léschner—Brokate 2008,
Léschner-Greenberg 2008, Miettinen—Panagiotopoulos 1998,
Tan—Baras—Krishnaprasad 2005, Visone 2008

B K. 2012a = Phys. B. Vol 407, K. 2012b = WIAS-Preprint 1697:
Introduction of appropriate functions space for input functions and of
appropriate set for strings allowing a similar representation result for
hysteresis operators with vectorial inputs
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Some Notations and Definitions

B Let 7T > 0 denote some final time.

B Let X be some topological vector space.

B Let Y be some nonempty set, and let
Map ([0,7],Y) :=={v:[0,T] = Y}.

B Let C (][0, 77; X) denote the set of all continuous functions
u:[0,7] — X.

B «:[0,7] — [0,T]is an admissible time transformation :<=> « is

continuous and increasing (not necessary strictly increasing), «(0) =
and o(T") =T.

0
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Hysteresis operators: Definition

Let H : D(H)(C Map ([0, T], X)) — Map ([0, T],Y) with D(H) # 0 be
given.

B 7 a hysteresis operator :<—=> H is rate-independent and causal.

B 7 is rate-independent :<= Y v € D(H), ¥ admissible time
transformation «v : [0, 7] — [0, T] withv o« € D(H),Vt € [0,T7:

Hv o al(t) = H[vl(a(t)).

B His causal :<= Y v1,v2 € D(H),¥t € [0,T]:
If 1)1(7') = UQ(T) V1 e [O,t] then H[Ul](t) = H[UQ](t).
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Hysteresis operators: Definition

B Let Dy C Map ([0, 7], X) be nonempty. Let Z be a nonempty set of
initial states. Let G : Z x Dy — Map ([0, T],Y") be given.
G is a hysteresis operator :<= for all zgp € Z it holds that G|z, -] is a
hysteresis operator
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Hysteresis operator - Examples: Scalar relay operator

For thresholds values a < b the standard relay R, ;, is defined by

B The scalar relay operator is a hysteresis operator.

ADNAT2012,
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Hysteresis operator - Examples: Generalized vectorial relay |

Many vectorial relays considered in the literature (see, e.g., Della
Torre-Pinzaglia-Cardelli 2006a,b, L6schner-Greenberg 2008, (Mayergoyz
2003), Visintin-1994) can be rewritten as an operator of the following form
(see K. 2012b):

For a nonempty, open subset O of X, a nonempty set Y, and a function
¢ : X\ O — Y the generalized vectorial relay operator is defined by

Roc Y x C([0,T); X) — Map ([0,T],Y),

Clu(t)), i u(t) €0,
Rocln’,ul(t) = { % it u((0,4]) €O,

¢ <u(max{s € [0,¢] ‘u ¢ O})) , otherwise.
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Hysteresis operator - Examples: Generalized vectorial relay |

Roc:Y x C([0,T); X) — Map ([0,T],Y),
C(u(t), i u(t) €O,
Rocln®,ul(t) = { % it u((0,¢]) €O,

C( <max{s € [0,t] | u(s) go})), otherwise.

B The generalized vectorial relay operator is a hysteresis operator.

B For thresholds values a < b, we obtain the standard relay operator R p.
for X =Y =R, O :=]a,b], and  := (, 5 with

1, i b
Ca,b(w)z{’ it w>b,

-1, if w<a.
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E Piecewise monotaffine functions and corresponding partitions
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Piecewise monotaffine function: Definition

Brokate-Sprekels 1996: Hysteresis operators act on Cp,p, ([0, 1) = the set
of all piecewise monotone and continuous functions from
[0,T] to R.

K. 2012a, K. 2012b: Hysteresis operators acting on piecewise monotaffine
(=composition of monotone with affine function) and
continuous function form [0, 7] — X.

Monotaffine function precise: K. 2012a, K. 2012b:
Let some function u : [0, 7] — X be given Let some
t1,t9 € [0, T] with £1 < o be given.
w is monotaffine on [t1, ta] (<=
38 : [t1,t2] — [0, 1] monotone increasing (not necessary
strictly increasing) such that

’U,(t) = (1 - 5(t))’u,(t1) + B(t)’u,(tg), Vit e [tl,tg].
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Monotaffine function: Example |

u(ts)

Y
Y
Y

u(ty)

K. 2012a, K. 2012b:

u(ty)

B wu is denoted as piecewise monotaffine <>
there exists a decomposition 0 =ty < t; < --- < t, = T of [0, 7]
such that for V1 < i < n: u is monotaffine on [t;_1, t;].

B Let Cpw.m.a ([0, 77; X) be the set of all piecewise monotaffine
functions in C'([0, T; X).
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Monotaffine function: Example Il + properties

u(to)

Y
Y
Y

u(t,) ®

u(ty) u(t))
K. 2012a, K. 2012b:
B Foru € Cpwm.a ([0,7]; X) and every admissible time transformation
a:[0,T] = [0,T]is holds that u o & € Cp w.m.a.([0, T]; X).
B Cpwma([0,T];R) = Com([0, T]).

Representation of hysteresis operators for vector-valued inputs by string functions - ADNAT2012, W
Cortona, Sep. 17th, 2012 - Page 15 (33)



Standard monotonicity/monotaffinicity partitions

B Brokate-Sprekels 1996: Let u € Cpn ([0, T']) be given.
The standard monotonicity partition of [0, T'| for u := unique defined
decomposition 0 =ty < t; < --- < t, = T of [0, T such that for
1 < < nholds:
t; is the maximal ¢ €|t;_1,T’] such that u is monotone on [t;_1, t].

B K.2012a, K. 2012b: Let u € Cp, y.m.a.([0, T]; X) be given.
The standard monotaffinicity partition of [0, T'| for u := uniquely defined
decomposition 0 =ty < t1 < --- < t,, = T of [0, T'] such that for
1 <17 < n holds:
t; is the maximal t €]t;_1, T such that u is monotaffine on [t;_1, t].
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El Convexity triple free string of elements of X and functions acting on
strings
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Convexity triple free string of elements of X

Brokate—-Sprekels: Set of alternating strings:

SA:{(’UO,Ul,...,Un) ER”+1|H2 1,

('Uz' — vi_l)(viﬂ — 'Uz') <0, Vi<i< n}

K. 2012a, K. 2012b:
B A convexity triple free string of elements of X is any
(vo, ..., vp) € X" withn € Nand
V; ¢ CODV(’Ui_l, Ui+1) foralll < i <n.
B Forv,we X :
conv(v,w) :={(1 = ANv+Aw|A € [0,1]}.
B letSp(X)={VeX" |neN and V isa

convexity triple free string of elements of X }.
B ltholds Sp(R) = S4.
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Representation of strings and string functions generated by operators

B Brokate-Sprekels 1996:

B ForV = (vg,...,vn) € Sa let the piecewise linear
representation of V' be the function 7 [V] : [0, 7] — R satisfying
m[V](to) = wo,

7[V](t;) =v;, w[V]islinearon [t;i—1,t;] Vi=0,...,n
with t; = LT,

B Let#H : Cpm([0,7]) — Map ([0, T],R) be an operator. Now, the
string functional F3; : S4 — R generated by H is defined by

Fy(V) :=H[x[V]](T), VYV € S4.
B K. 2012a, K. 2012b:
B ForV = (vg,...,v,) € Sp(X) let the piecewise affine

representation of V' be defined analogously to the piecewise linear
one, just with “linear” replaced by “affine”.
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Representation of strings and string functions generated by operators

B K. 2012a, K. 2012b:

B LetH : Cpwma. ([0,T];—)Map ([0,7],Y) be an operator. The
string function Fy; : Sp(X) — Y generated by H is defined by

Fy(V) = Hmpwat [VI(T), YV € Sp(X)
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String function generated by the generalized vectorial relay

For a nonempty, open and convex subset O of X, a nonempty set Y, a
function ¢ : X \ O — Y and 19 € Y it hold that: The string function
generated by generalized relay Ro,g[no, -] in K. 2012b satisfies:

FRo,c[no,J (vo,v1,...,0p)

(C(vn), i v &0,

n° if v; €0 Vie{0,...,n},

= q C((1 — s)vg + svky1) with s € [0, 1] such that

(1 — s)vy, + svgy1 € 00},

[ k=max{ie{0,....n—1}| v; €0.}, otherwise,

(Formulation for O not convex: see
K. 2012b)

(I=s)Vitsvy

Vk
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Bl Representation result and consequences
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Representation result

K.2012a, K. 2012b:  (Result in Brokate-Sprekels 1996 corresponds to
X =R, Y := R, “monotaffinicity” — “monotonicity” ), Sp(X) — Sa,
Cp.w.m.a. ([07 T]; X) = Cpm([oa T]) )

Theorem

a.) Every function G : Sp(X) — Y generates a hysteresis operator
He" : Cpwma. ([0, T]; X) — Map([0,T1;Y') by mapping
u € Cp.wma.([0,T]; X) to the function HE," [u] : [0,T] — Y by
defined by considering standard monotaffinicity partition
0=ty <ty <---<ty="Tof|0,T) foru and defining

HE [u](t) = G (ulto), u(t)), Yt € [to, t],

HE [u](t) = G (ulto), - -, ulti-1),u(®) ¥t €lti—1,ti],
vV 2<i<n.
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Representation result

b.) For every hysteresis operator
B:Cpwma ([0,T]; X) — Map([0,T];Y) there exists a unique
function G : Sp(X) — Y such that B = Hg".
It is the string function Fz generated by B

B If one is evaluating a hysteresis operator acting on continuous, piecewise
monotaffine functions, then it is sufficient to keep track of the positions of
the changes of direction of the input function. (in the scalar case, one
needs to keep track of local extrema of function)

B Many properties of this hysteresis operators can be conveniently
formulated and investigated by considering the functional generated by
the operator. (scalar case: Brokate-Sprekels 1996)
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B Madelung deletion and corresponding forgetting
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Madelung deletion

Generalization of Madelung deletion for scalar strings in Brokate-Sprekels
1996, Sec. 2.6.1 for vector valued inputs:
W LetV = (vo,...,v,) € X" and W(wy,. .., w,_2) € X" with
n € Nand n > 2 be given.
W is denoted as the result of a Madelung deletion in V', if there is some
j€{l,...,n— 2} such that
W = (vo,...,0j-1,Vj42,...,Vp),
conv (vj,vj4+1) C conv (vj_1,vj42),
vj & conv (Vj—1,Vj4+1), Ujt1 & conv (vj,vj42).

v|+2

» :

J

—1
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Forgetting according to Madelung deletion

B Letafunction G : Sp(X) — Y be given. The function G forgets
according to the Madelung deletion, if for all V, W € Sg(X) holds: If
W is the result of a Madelung deletion in V, then G(V') = G(W) is
satisfied.

B Let some hysteresis operator
M : Cpwm.a ([0,T]; X) — Map ([0, T],Y) be given. The operator
‘H forgets according to the Madelung deletion, if the string function
Fy : Sp(X) — Y generated by H forgets according to the Madelung
deletion.
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Forgetting according to Madelung deletion

Operators forgetting according to the Madelung deletion

B scalar relay, scalar play, scalar stop, scalar Preisach and
scalar Prandtl-Ishlinskii operator

B generalized vectorial relay as in Kl. 2012b, corresponding
vectorial Preisach operators, vectorial play/stop with very
special characteristic sets

Operators not forgetting according to the Madelung deletion

B scalar Duhem operator

B most vectorial play/stop operators; generalized vectorial
relays using switching sets (Seidman 1983, 1989, 1990;
Hante—Leugering—Seidman 2010; Belbas 2004;
Seidman—Klein 2012), except or special switching sets
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A Concluding remarks
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Concluding remarks

B Using the monotaffine functions and convexity triple free strings the
representation result in Brokate-Sprekels 1996 has been extended to to
the vectorial case in K. 2012 a,b

B If one is considering piecewise affine or piecewise monotaffine and
continuous inputs, one needs not the memorizes the whole evolution of
the input to be able to evaluate the value of the hysteresis operator, one
needs only to keep track of the positions of the directions changes of the
input.

B The string representation of hysteresis operators can be used to
formulated and investigated properties of these operators.

For example: Forgetting with respect to the Madelung deletion

Representation of hysteresis operators for vector-valued inputs by string functions - ADNAT2012, W
Cortona, Sep. 17th, 2012 - Page 30 (33) AS)



Concluding remarks

B Using the monotaffine functions and convexity triple free strings the
representation result in Brokate-Sprekels 1996 has been extended to to
the vectorial case in K. 2012 a,b

B If one is considering piecewise affine or piecewise monotaffine and
continuous inputs, one needs not the memorizes the whole evolution of
the input to be able to evaluate the value of the hysteresis operator, one
needs only to keep track of the positions of the directions changes of the
input.

B The string representation of hysteresis operators can be used to
formulated and investigated properties of these operators.

For example: Forgetting with respect to the Madelung deletion

Thank you for your attention.
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Discontinuous inputs

The above construction can also be applied for piecewise monotaffine inputs
that are not continuous, leading to an hysteresis operator, corresponding to
the arclen extension, see Recupero 2011. But, not all hysteresis operators for
inputs of this type can be constructed in this way.

For example: The glue operator. For z, € X let

G, : Map ([0, 7], X) — Map ([0, T, X ) be defined by

T, ifthereexits s € [0,t] x. = u(s),

u(t), otherwise,
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Discontinuous inputs

Ty, ifthereexits s € [0,t] x,. = u(s),

gx*[u] (t) = {

u(t), otherwise,

it holds

,

Xy, ifthereexists ¢ € {1,...,n}:
Fg, (vo,...,vp) = xy € conv(vi_1,v;),

[ Un, otherwise,

;

Ty, ifthereexits s € (0,t] x,conv(u(s—),u(s)),

H%e;; [ul(t) = { 2., ifthereexits s € [0,t) x,conv(u(s),u(s+)),

u(t), otherwise.
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Standard partitions and strings

Brokate-Sprekels 1996: Let u € Cpn ([0, 1) be given.
For the standard monotonicity partition
0=ty <ty <--<tn="Tof[0,T]foruitholds

(u(to), u(tl), c. ,u(ti_l), u(t)) € Sy,
Vit E]tifl,ti], 1 <i<n.

K.2012a, K. 2012b: Letu € Cpw.m.a ([0, T7]; X) be given.
For the standard monotaffinicity partition
0=ty <ty <--<ty,="Tof[0,T]foruitholds

(u(to),u(tl), e ,u(ti_l),u(t)) S SF(X),
Vit E]ti_l,ti], 1< <n.
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