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1. Parabolic variational inequalities
H : Hilbert space, norm |- |g, inner product (-, )y

¢ . proper, |.s.c., convex, > 0, on H, ¢(0) =0,
any levelset {z € H | p(z)+|z|g < r}is compact in H for Vr > 0

K(t):0<t<T,#0, closed convex subset of H, K(t) = K(t) N D(yp),
P'(2) == p(2) + I)(2), VzeH,
Strong Class (Kg) (cf.K.[7], Yamada[10])
( Ja(-) € Wh2(0,7),38(-) € wl1(0,T) such that )
Vs, t € [0,T],Vz € K(s)ND(p),3zZ € K(t);
2 — 2|y < la(t) - a(s)|(1 + ¢(2)?),
\ [p(2) — ()| < |B() — B(s)|(1 + ¢(2)) ,
For {K(t)} € (Kg), f € L?(0,T; H) and ug € K(0) N D(yp),

(E) () 4+ 94" (u(t)) 5 f(t), u(0) = ug,
has a unique (strong) solution w in W12(0,T; H) such that
u(t) € K(t), o(u(-)) is absolutely continuous on [0, T].

(Kg) := ({K()}




Let us consider (E) for a more general class of {K(t)} such as
t — K(t) is continuous.

Weak Class (Ky) (A model case)

( F{Kn(t)} € (Kg),n=1,2,---, such that

Ve € (0,1],3A: € BL(H),A: = AL, |Ae| <&, Ing;

(Kyw) =< {K(®)} (I + Ac)Kn(t) C K(t), (I + A-)K(t) C Kn(t),
Vit € [0,T],Vn > ne

e((I + A)v) < (1 +Ce)p(v), Vv e D(p).

Example (Basic idea).
Q c RY, bounded, smooth M := 99, Q :=Q x (0,T)
H :=L2(Q), V:=HYQ), Acz = —¢=

1 2
() m §/Q|vz(q;)\ dz, for zeV,
o0, otherwise.

Given a cotinuous function ¥ (x,t) on Q, we put
K(t) :={z€ H | z(x) < ¢(x,t) for a.e. x € Q}, Vte[0,T].

~”




If v € WH2(0,T;V), then {K(t)} € (Kg); in this case we can take

t
a(t) = B(t) = const. /O ' () [y dr.
But, in general, {K(t)} € (Ky). In fact, assuming that

O<cexs << c*<ooon Q,

take a sequence of smooth functions {in}, cx < 9 < c*, on Q which
converges to ¥ uniformly on @, namely

Ve > 0,3ne s.t. |[yYn(x, t) —p(x,t)]| < ecs, V(z,t) € Q, Vn > ne.
Given n € Kyp(t) :==4{z€ H | z(-) < ¥n(-,t) a.e. on 2}, we have:

(1 —e)n(z) < (1 —e)n(z,t) < (1 —e)(W(x,t) +ec) < P(z,t).
Hence
(I + A)Kn(t) Cc K(t) for all t € [0,T] and n > n..
Similarly,
(I + A)K((t) C Knp(t) for all t € [0,T] and n > ne.

Since {K,(t)} € (Kg), it follows that {K(t)} € (Ky).



2. Weak solvability of (E)
Assume {K(t)} € (Kyw), f € L?(0,T; H), ug € K(0), and consider

[/ @) u(r) =@ gdr + [ o(u(r))dr + ZJu(t) — n(0)];
0 n ; n H 0 ¥ 5 n H

Fa) < [ orir+ [ (1), u(r) = n()pdr + Sluo — (03,
vt € [0,T], Vn e Ko,
Ko :={neWl2(0,T;H) | n(t) € K(t),Vt € [0,T],p(n) € L1(0,T)}
Theorem 1. Assume {K(t)} € (Ky ). Then:
(i) Vf € L2(0,T; H), Yug € K(0), 31u € C([0,T]; H) such that
w(0) = ug, u(t) € K(t), Vt € [0,T], ¢(u) € L1(0,T),
and (Ey) holds.
(ii) Let u;,2 = 1,2, be solutions of (Eyw; f;,u;0). Then
Sua(®) w0 < JJur(s) — w2+ [ (1~ o1 — o),
for all s,t € [0,T],s <'t.




Proof. (i) Take a sequence {K.(t)} € (Kg) which approximates
{K(t)} as well as u,g € Kn(0) N D(p) with u,0 — ug in H. Let uy,
be the strong solution of (F) for {K,(t)}, f, uno-
Since (I 4+ A)um(7m) € Kn(7) for large n,m,

(up(7), un(T) — (I + A)um (1)) g + ¢ (un(7))

<+ Ce)p(um(r)) + (f(7),un(7) — (I + A)um (7)) g

(up (7)), um () — (I + Ae)un(7)) g + p(um(1))

< (1 + Ce)pun(r)) + (f(7),um(T) — (I + Ac)un(7))
Add these inequalities and use A, = A} to get

1d d
Ed—\Un(T) - Um(T)|H - d—(Asun(T) um(TDH

< C'e{p(un()) + ¢ (um (1)) + lun (M5 + lum (D + | F(D|F + 13

Integrate this over [0,t] to obtain an inequality of the form
lim sup |un(t) — um(t)|% < C"e uniformly in ¢ € [0, T
N, 1M —00

We show that u, — u in C([0,T]; H), and u is a weak solution.



3. Activation of bacteria with environmental constraint

2
H = LA(Q2)2, p(w) =2 3 [VuilZaig), Yu = (wi,w2) € H' ()7,
1=1

(1), i=1,2, C?0on R, 0 < cx <1; < cx < 00,

+ S 17
K(@0) = {w = (w1, ws) € R2| ¥1(0)  ¥2(0) } , VO eR,

w; >0, i=1,2
KO() = {we H | w(z) € K(@O(z,t)) a.e zcQ}, Vo c C(Q), Vt.

w1 w2

o

0y — kAO 4+ h(x,0,w) = f in Q,
Wr(6) {

w — VAW + 6IK(@)(UJ) 5 g(w) in Q,

where
e) h(z,0,w): C?% on Q x R x R2,
. — 2.
¥.(8) W, h( ,O,.w) 0 on (‘9Q,QVw c R?;
g(+): Lip. cont. in R~.




Given g € H2(Q)NH(2), wg € H(R2)? with wg € K(fp) a.e. on €,
and f € L2(0,T; L?(2)), find a solution {6, w} of problem (1)-(4):

0 — kA0 + h(x,0,w) = f(x,t) in Q, (1)
=0 on 002 x (0, T7), 6(-,0) =46y in L, (2)
w(t) 1= (w1(t), wa(t)) € K(0(1)), vVt € [0,T], w(0) =wo, (3)

/Ot /Q n' - (w — n)dxdr + Zizl /Ot /Q vVw; - V(w; — n;)dzdr (4)

o lw(® —n@F < [ [ o(w) - (w —mdwdr + _fwo ~ n(0)[3,

vVt € [0.T], Vn = (n1,1n2) € Ko(6),

Theorem 2. Problem (1)-(4) has a solution {6, w} such that
0 € Wh2(0,T; HE(2)) N L>(0,T; HA(R2)) € C(Q),
w € C([0,T]; H) N L2(0,T; H(2)?)
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