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Piezoelectric Transducers

Direct effect:  apply mechanical force — measure electric voltage

Indirect effect: impress electric voltage — observe mechanical displacement

Application Areas:
» Ultrasound (medical imaging & therapy)
» Force- and acceleration Sensors
» Actor injection valves (common-—rail Diesel
engines)
» SAW (surface-acoustic-wave) sensors

| S
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Hysteresis in Piezoelectricity

e.g. ferroelectric hysteresis:
dielectric displacement and mechanical strain
at high electric field intensities (E ~ 2MV /m):
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. .. T>T, T<T,
Piezoelectricity
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Ferroelectricity
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polarization hysteresis butterfly hysteresis

courtesy to M.Kamlah
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Ferroelasticity
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Models of Ferroelectricity/Ferroelasticity

(1)

Thermodynamically consistent models

macroscopic view, 2nd law of thermodynamics
Bassiouny& Ghaleb’'89, Kamlah&B&hle'01, Landis'04,
Schréder&Romanowski’05, Su&Landis'07,
Linnemann&Klinkel&Wagner'09

Micromechanical models

consider material on level of single grains

Huber&Fleck'01, Frohlich'01, Delibas&Arockiarajan&Seemann’05,
Belov&Kreher'06, Huber'06, McMeeking&Landis&Jimeneza'07
Phase field models

transition between phases (domain wall motion)
Wang&Kamlah&Zhang'10,
Xu&Schrade& Miiller& Gross& Granzow& Raodel 10,
Phenomenological models using hysteresis operators

from input-output description for control purposes
Hughes&Wen'95, Kuhnen'01, Cimaa&Laboure&Muralt'02,
Smith&Seelecke& Ounaies&Smith'03, Pasco&Berry04, Kuhnen&Krej¢i'07,
Ball&Smith&Kim&Seelecke'07, Hegewald&BK&MK&Lerch’'08
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Models of Ferroelectricity/Ferroelasticity

(1) Thermodynamically consistent models
macroscopic view, 2nd law of thermodynamics
Bassiouny& Ghaleb’'89, Kamlah&B&hle'01, Landis'04,
Schréder&Romanowski’05, Su&Landis'07,
Linnemann&Klinkel&Wagner'09

(2) Micromechanical models
consider material on level of single grains
Huber&Fleck'01, Frohlich'01, Delibas&Arockiarajan&Seemann’05,
Belov&Kreher'06, Huber'06, McMeeking&Landis&Jimeneza'07

(3) Phase field models
transition between phases (domain wall motion)
Wang&Kamlah&Zhang'10,
Xu&Schrade&Miiller& Gross& Granzow&Rddel ' 10,

(4) Phenomenological models using hysteresis operators
from input-output description for control purposes
Hughes&Wen'95, Kuhnen'01, Cimaa&Laboure&Muralt'02,
Smith&Seelecke& Ounaies&Smith'03, Pasco&Berry04, Kuhnen&Krej¢i'07,
Ball&Smith&Kim&Seelecke'07, Hegewald&BK&MK&Lerch’'08
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Hysteresis
input: + out > magnetics
> piezoelectricity
> plasticity
| 4
output: —7 input % memory
/\/ * Volterra
property
* rate
independence

Krasnoselksii-Pokrovskii (1983), Mayergoyz (1991), Visintin (1994),
Krej&i (1996), Brokate-Sprekels (1996)
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A Simple Example |: The Relay

.

+1

Rp,alv](t) = w(t)
+1 if v(t) > aor (w(t;) = +1 A v(t) > B)
{ —1 ifv(t) < Bor(w(t)=-1Av(t) <a) t €[t tivi]

to, t1, t2, . .. sequence of local extrema of v,
i.e., v.monotone on [t;, ti+1].
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A Simple Example |I: The Mechanical Play

F[v](t) = w(t) = max{v(t)—r, min{v(t)+r,w(t;)}} t € [t tit1]
Relation to Relay operator: F[v](t) = 5 [0 Re_rss:[v](£) ds
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A Simple Example Ill: The Elastic-Plastic Element

v~ strain

v W stress
_/ r~ yield stress

-r

S [v](t) = w(t) = min{r,max{—r,v(t)}} t € [t; tit1]

Relation to mechanical Play: S;[v](t) = v(t) — F[v](t)
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A General Hysteresis Model: the Preisach Operator

a

weighted superposition of elementary relays
with Preisach weight function w defined on
Preisach plane S = ST U S™:

PeIvI(e) // (5.0 al51(E) dlcr )

_ / / R COETOE / / s g SB)d@ D)
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A General Hysteresis Model: the Preisach Operator

a

weighted superposition of elementary relays
with Preisach weight function w defined on
Preisach plane S = ST U S™:

PeIvI(e) // (5.0 al51(E) dlcr )

_ / / R COETOE / / s g SB)d@ D)

=+ high dimensionality

+ can model minor loops

+ can model saturation

(w small for large values of 3, a)
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A General Hysteresis Model: the Preisach Operator

a

weighted superposition of elementary relays
with Preisach weight function w defined on
Preisach plane S = ST U S™:

PeIvI(e) // (5.0 al51(E) dlcr )

_ / / R COETOE / / s g SB)d@ D)

=+ high dimensionality
+ can model minor loops
+ can model saturation
(w small for large values of 3, a) <
minor loop
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Memory Deletion and Everett Functions (1)

deletion rules:

» monotone deletion: only local extrema of the input are
relevant for the subsequent output

» Madelung rule: inner minor loops are forgotten

> wipe out: previous local extrema are removed from memory
by subsequent absolutely larger extrema

deletion

(V(T))Te[o,t] V(ti)ie{l,...,N}
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Memory Deletion and Everett Functions (I1)

Everett (or shape-) function:

E(ve,v") = 2// e *w(ﬁ,a) d(a, p) if v, <Vv*

E(—v',—v) = E(vi, V")

PO = [ (B R0 dla ) = PW[VOHZS

~> crucial for efficient computation:
> avoid integral evaluation during the actual computations
» store only few time instances in the past (update)

Hysteresis in PDEs: each point in space has its own memory!

tH—l)
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A Phenomenological Model for Hysteresis in
Piezoelectricity

D' = P=7P“Eles
s s'+s S sfo +dIE P
2 == 5 P2 S = fs(P)(3egel — 11
D D"+ D Dr = dpo+ eE P
dp = fa(P)=p_d
S’ . .reversible strain o...mech. stress E
P . . o i st ...elast. coeff.
S'. . .irreversible strain E... electr. field .
= . . = . €? ...dielectr. coeff.
D". . .reversible polarization P. .. polarization .
= d ... coupling coeff.

D'. . .irreversible polarization

hysteresis identification: [Hegewald&B.K&M.K.&Lerch, J.Int.Mat.Sys.Struct.’08]
finite element formulation: [M.K&B.K.&Hegewald&Lerch J.Int.Mat.Sys.Struct.'09]
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Numerical Results: Bending Actuator

\\ aktive UJ,‘J N
Keramik-
Einspannung  schichten

Elektrode ) .
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EHU P 1 U
o—{ ~ 1P \ A 73 = !53 &
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Numerical Results: Bending Actuator

Identified Preisach weight function:

%HH U H "Eaun] P
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Numerical Results: Bending Actuator

comparison measurement — simulation with fitted Preisach operators:

Verschiebungsfluss D3 in C/m?
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Numerical Results: Bending Actuator

comparison measurement — simulation for alternative input signal:

i

x10

Verschiebungsfluss D3 in C/m?
Dehnung S|
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A Framework for Thermodynamic Consistency (1)

(by P.Krej&i 2009, originally for magnetostriction; uniaxial loading)

S = sfo— Fo]WE]
D = EUE—FQ[E]U;[[O']

with
AN — (L)) > 0 (%) Ty
AR - (Wb > 0 () { A (D) = 0
vl > -
U;[V] > 0. Uilv] > 0.

(%)... U; clockwise hysteresis potential for F;,
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A Framework for Thermodynamic Consistency (II)
Therewith for the free energy

W(o,E) := —4(sF0? + eE?) + So + DE + Uy[o]Uo[E]
we get thermodynamic consistency

So+DE—-W
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A Framework for Thermodynamic Consistency (II)
Therewith for the free energy

W(o,E) := —4(sF0? + eE?) + So + DE + Uy[o]Uo[E]
we get thermodynamic consistency
So+DE - W
= (So + DE — W) — S5 — DE
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A Framework for Thermodynamic Consistency (II)
Therewith for the free energy

W(o,E) := —4(sF0? + eE?) + So + DE + Uy[o]Uo[E]
we get thermodynamic consistency
So+DE - W
= (So + DE — W) — S5 — DE

= sfo54+"EE— (Ur[o])Uo[E] — Urlo](U[E])
—(sEo — A [o)Us[E])6 — (e E — R[E)Ur[o])E
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A Framework for Thermodynamic Consistency (Il)
Therewith for the free energy

W(o,E) := —4(sF0? + eE?) + So + DE + Uy[o]Uo[E]
we get thermodynamic consistency
So+DE - W
= (So + DE — W) — S5 — DE
= sfoo 4+ e"EE — (Ui[o])Uo[E] — Ur[o](U[E])
—(s0 — Ri[o]WL[E])6 — (¢ E — F[E]U[0])E

= (FR[o]6 — (Ui[o]))U2[E] + (F2[E]E — (Us[E])) Uro]
0

Y
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A Framework for Thermodynamic Consistency (lII)

Thermodynamic consistency remains valid for

S = sfot+de- Y U [E]
i=1

D = do+¢c"E— Z Fz(i)[E] Uii)[g]
i=1
with ) .
FOWTe — (U] 2 0 v and Upia[v] 2 0 ¥y

or
QIR E D1y —
Fi7vlv = (U;7[v]) = 0 wv
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A Framework for Thermodynamic Consistency (IV)

Thermodynamic consistency remains valid for

S = sfo+ dE + R[o](EF[E] — UlE])
D = dU+€GE+F2[E]U1[0']
- Filvly — (Ua[v])
with 3 U] — vEalv]
(Fa[v)v = (Ua[v]) 0 ()
a”d{ T and él[v] 0.

(%)... Us counterclockwise hysteresis potential for F»

8} or AV — (L[]) = O

VIV IV IV
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Special Case: Pure Electric Loading
S = S +5"=sFo 4 dE + O[E]
D = D™ 4 D" =do+ e E + P[E]
d = f£PlE]

.. polarization hysteresis

.. butterfly hysteresis
small ~~ reversible (non)linearity wrt o.

Q (_\()z_ﬁz
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Special Case: Pure Electric Loading

S = S+ Sr=sFc 1 dE+ Q[F] = sfo— Fi(o)Us[E]
D = D" +D"=do+ec°E+P[E] = €°E— F[E]Ui(0)
d = f£PlE]

7?. .. polarization hysteresis

Q... butterfly hysteresis

o small ~~ reversible (non)linearity wrt o.
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Special Case: Pure Electric Loading

S = S+ Sr=sFc 1 dE+ Q[F] = sfo— Fi(o)Us[E]
D = D" +D"=do+ec°E+P[E] = €°E— F[E]Ui(0)
d = f£PlE]
7?. .. polarization hysteresis
Q... butterfly hysteresis
o small ~~ reversible (non)linearity wrt o.
F1(0') = %
Ui(o) = %‘jo +1 >0 for o suff. small
F2[E] = —PIE] (...clockwise pcw convex!)
Uz[E] := clockwise hysteresis potential for f,

OlE] = —R(U:[E]+ EPIE])
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Hysteresis Potentials

FIvlv — (UR]) >0 Yv:[0,T] >R

relation to dissipated energy D[v]:

FIVIe — ()Y = & Dlv)
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Hysteresis Potentials for Preisach Operators

Theorem (e.g., [Brokate&Sprekels, 1996], [Krejci, 1996])
FIv](t) = P¥[v](t) = // ﬁesw(ﬁ,a)R@a[v](t) d(a, B)
0 = 2 [ ot Bl 0 R0 e 5

with w > 0.
Then F is a counterclockwise piecewise convex hysteresis operator
and U is a counterclockwise hysteresis potential for F.
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Hysteresis Potentials for Preisach Operators
Corollary
B =P0 =[] waRsar0d0.0)
oo = 2f[ o B R0 A0, )

with w > 0 and F invertible.
Then F = F~1 is a clockwise piecewise convex hysteresis operator
and U = Uo F~!is a clockwise hysteresis potential for F.

Efficient evaluation of F~1: see, e.g.
[Davino& Giustiani& Visone,2007]
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Insert Into Thermodynamically Consistent Model

sEo — Fi(0) Us[E]
D = ¢%E — F[E]Ui(0)

w0
I
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Insert Into Thermodynamically Consistent Model

S = sfo— F(o)Us[E]
D = €°E — R[E]Usi(0)

S = sfo—Fi(o)(lho B Y E]
D = &7E - F;'[E] Ui(o)
N—_——

=P
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Insert Into Thermodynamically Consistent Model

S = sfo— F(o)Us[E]
D = €°E — R[E]Usi(0)

S = sfo—Fi(o)(lho B Y E]
D = &7E - F;'[E] Ui(o)
N—_——

=P

S = sfto— F(0)lh][-P]
D = 5‘71:'2[—P]—|—PU1(0)
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A Simple Test: Ferroelectricity

Preisach weight function:
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A Simple Test: Ferroelectricity
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A Simple Test: Ferroelasticity

Preisach weight function:




Hysteresis Models for Piezoelectricity Based on Preisach Operators

A Simple Test: Ferroelasticity
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A Simple Test: Ferroelasticity
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A Simple Test: Ferroelasticity
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A Simple Test: Ferroelasticity
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A Simple Test: Ferroelectricity and Ferroelasticity
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Identification from Measurements

ferroelectricity: excitation via E; o = const.

5 = 50— (o) D[]
D = &7 R[-P]+PUi(0)
Algorithm ~-
SET U1P =D —<°E
JOR JE v — UL P
NORMALIZE ¥ 7W

k = 0: CHOOSE w?:
UNTIL INCREMENTS ARE SUFFICIENTLY SMALL DO

SET Ff' = ARGMIN ||S — sEo + FL 04|
EX — P[]
o okl — A pc
SET = ARGMIN,, -
. - < SfSE(TjLFlkJrlUW‘[\']
END DO

Sfit .= sEg — Fpo v~
D := 7P [v] + U1 P
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Identification from Measurements

ferroelectricity: excitation via E; o = const.
S SEU — F1(O’)U2[—P]
D I F2[—P]—|—PU1(U)
=E

Algorithm

SET U1P=D —¢°E

NORMALIZE v = u,p

~ max[U1P[
= 0: CHOOSE w?;
UNTIL INCREMENTS ARE SUFFICIENTLY SMALL DO
SET FI*! = ARGMINE, ||S — sEo + F U¥"2

EX — P[]
k+1 _ .
SET w*t! = ARGMIN,, ( S sEo 1 FIFLe

END DO )
Sfit .= sEg — Fpo U™
D :=e"P“"[v] + UrP
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Numerical Results: Stack Actuator

Interdigital

71

Active 4

ceramic
layers

Connectors ‘:::1‘\

Inactive
layers

Common
electrode
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Numerical Results: Stack Actuator

Identified Preisach weight function:
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Numerical Results: Stack Actuator

comparison measurement — simulation with fitted Preisach
operators:

strain &,

dielectric displacement 0 in Gim®

—o— D, (operator fif —o— 5, (operator fif

—== D, (measuremen) ——= 5, (measuremsm)

4 L L i L L L
-08 0 [ 1 15 2 25 08 0 05 1 15 2 25
electric fleld £, in kv/mm electric field £ in kv/mm
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Wellposedness in the Elliptic Case: Piezo Model

pug —DIVa(t) = fm(t)in Q
—divD(t) = f(t)in Q
a(t)-n = 0on Q\T", u(t)=u"(t)onl™
D(t)-n = 0onQ\T®, &t)=¢(t)onre

S(t) = sEg(t)+diE(t)—Fqu](t)Uz[E](t)
D(t) = do(t)+ e E(t) — F[E](t)Ui[a](t)
S(t) = DIVTu(t)

E(t) = —gradg(t)

i0) = up

#(0) = ¢o
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h Operators

Wellposedness in the Elliptic Case: Piezo Model

—ptrer — DIVa(t)
—divD(¢)

19
—~
~
N

= do(t) + = E(t) -
= DIVTi(t)
= —grade(t)

= oo

= f™(t)in Q

= f(t)inQ

= 00on Q\I™, G(t)=d"(t)on ™
= 0onQ\T®, ¢(t)=9¢°(t)onTl*
= sfa(t) + dTE(t) — Fi[a](t) U2[E](2)

F2[E](t) Urle] (1)
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Wellposedness in the Elliptic Case: Piezo Model

—DIVa(t) = f™(t)in Q
—divD(t) = f¢(t)in Q
o(t)-n = 0on Q\I™, u(t)=u"(t)on ™
D(t)-n = 0onQ\T®, ¢(t)=¢(t)on e
(t) = sFo(t)+dTE(t) — Filo](t) Ua[E](t)
(t) = do(t) +e"E(t) — R[E|(t)Uilo](t)
S(t) = DIVTi(t)
(t) = —gradg(t)
(0)
(0)

= uO

= ¢o
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Wellposedness in the Elliptic Case: Piezo Model (weak form)

/a(t) : DlvTde:/Fm(t)de Vv € HY(Q,T )
Q Q

/ D(t) - gradv dx = / fe(t)vdx Vv e H}(Q,Te)
Q Q

(1) € Hingpy(,Tm) = {V € HY(Q)* : Vrm = G"(1)}
&(t) € Hyp(ry (2, Te) = {v € H(Q) : vre = ¢°(1)}

DIVTii(t) = sa(t) +d' (—grade(t)) — Fila](t) Us[—grade(t)](t)
D(t) = do(t) + 7 (—gradg(t)) — Fa[—grade(t)](t) Usle] (¢)

#(0) = 9o
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Wellposedness in the Elliptic Case: Piezo Model (weak form)

/g(t) : DIVTde:/f’"( yWdx Ve H3(QTm)
Q Q

/ D(t) - gradv dx = / fe(t)vdx Vv e H}(Q,T.)
Q Q

(t) € Hing(QTm) = {V € HY(Q)? : ¥rm = i™(2)}
o(t) € H¢e t)(QJ' )={veHY(Q) : v =¢°(1)}
DIVT(t) = s%a(t) + d' (—grade(t)) — Filo](t) Ua[—grade(1))(¢)
D(t) = do(t) + 7 (—gradg(t)) — F2[—grade(t)](t) Ur[o](t)
u(0) = wo
¢(0) =
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Wellposedness in the Elliptic Case: Piezo Model (weak form)

/g(t) : DlvTde:/Fm(t)de YV € HY(Q,T )
Q Q
/5(t)~gradvdx:/fe(t)vdx Vv € HY(Q,Te)
Q Q

U(t) € Himgpy(,Tm) = {V € HY(Q)* : Vrm = G"(1)}
O(t) € Hye(1y(2Te) = {v € H(Q) : vre = ¢°(1)}

(t) = [sEid - Fl[.](t)uz[—gradw)]} - (DlvTﬁ(t) - dT(—grad¢(t)))
D(t) = do(t) + e (—grade(t)) — Fa[—grade(t)](t) Us[a](t)
(0)
#(0)

19

‘:l
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Wellposedness in the Elliptic Case: Piezo Model (weak form)

/g(t) : DlvTde:/Fm(t)de W e HY QT )
Q Q

/ D(t) - gradv dx = / fe(t)vdx Vv e HA(Q,Te)
Q Q

(1) € Hin(ry(2,Tm) = {V € HY(Q)? : Vrm = d" (1)}
&(t) € Hy(y) (2, Te) = {v € HY(Q) : vre = ¢°(1)}
o(t) = P"[DIV' i, gradg](t)

D(t) = P¢[DIVT i, gradg](t)

6(0) = Up

#(0) = ¢o
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Wellposedness in the Elliptic Case: Result

F; hysteresis operators (rate independent),

U; > 0 clockwise hysteresis potential for F;,
Assumption 0: some invertibility condition on Fy
Assumption 1: some monotonicity condition on Fy, F>tl
Assumption 2: some continuity condition on Fi, F

Theorem

For f™ € HY(0, T; H-1(Q, T ), £ € HY(0, T; H-1(Q,T.)),
am(t) € HY(0, T; HY/2(T,), te(t) € HY(0, T; HY3(T,),
there exists a solution

(4,0) € H(0, T Hin(1y (2 Tm)) x H(0, T; Hl (2, Te))

1F,, F» are not monotone operators!
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Idea of Proof |

a simpler model problem “electrostatics with remanent polarization”
—divD(t) = fé(t)inQ  ¢(t) =0 on dQ
D(t) = Plgradg](t)
for all t € [0, T]
#(0) = <o

time discretization ty, ..., ty, t; = i1, T =

—

, 61 = @(t;), Di = D(t;). .

=

/ D - gradvdx = / ffvdx Vv e Hy(Q), and ¢; € Hy(Q)
Q Q

Ps. .. Nemitskii operator in-
duced by final value mapping

Di = Prlgraddo,...gradg;]
forall i e {1,...,N}
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Idea of Proof Il

/ D - gradvdx = / ffvdx Vv e Hy(R), and ¢ € Hy(Q)
Q Q

D; = Prlgradg,...gradg;]
forallie{1,...,N}
Assumption 1:
VneNVie{l,...N}¥(&, ..., &-1) € (R?) -
IN:R® —» RS € CH(R?) and strictly monotone
X = Pros--rEim1, )
0< < (M) - QN(Xzz) (M= X)
- A1 = A2f?
Browder-Minty = existence and uniqueness
of time discrete solution ¢; € H}(Q).

unif. wrt. i, N, (é), o ,5_1)
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Idea of Proof Il

“differentiate” wrt time =

D; — Dj_ fe —fe
/ -gradvdx = /vdx Vv € H(Q),
Q T Q T

Di = P¢lgraddo,...grade;]

forall i e {1,...,N}

Gi—Pi-1 ¢,

multiplier v = , monotonicity estimate

gradg; — grade;_q |

T

D; — Di 4 _gradg; —gradgi1 y

T T -

= uniform estimate for piecewise linear interpolates
" in H1(0, T; H}(Q)) and DV in HY(0, T; L?(Q))
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Idea of Proof IV

/Bi'gradvdx = /fie‘/dx Vv € Hp(Q), ¢i € Hy(Q)
Q Q

-

Di = Prlgradey,...grade]
D", ") uniformly bounded in H1(0, T; L2(Q)) x HY(0, T; HL(R))
R

= 3 weakly convergent subsequence whose weak limit (D, ¢) satisfies

/ D(t)-gradv dx = / fé(t)vdx Vv e H}(Q), foralltec(o,T]
Q Q



Hysteresis Models for Piezoelectricity Based on Preisach Operators

Idea of Proof IV

/5i'gradvdx = /fie‘/dx Vv € Hy(Q), ¢i € Hy()
Q Q

—

D; = Prlgraddy, . ..grade;]
D", ") uniformly bounded in H1(0, T; L2(Q)) x HY(0, T; HL(R))
o

= 3 weakly convergent subsequence whose weak limit (5,¢) satisfies

/ D(t)-gradv dx = / fe(t)vdx Vv e H}(Q), foralltel0,T]
Q Q

@" uniformly bounded in HY(0, T; H}(Q)) — L%(Q; C[0, T]) N
Assumption 2: P : C[0, T] — CJ0, T] continuous

= (D, ¢) satisfies  D(t) = P[gradg](t)  for all t € [0, T]
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Idea of Proof IV

/5i'gradvdx = /fie‘/dx Vv € Hy(Q), ¢i € Hy()
Q Q

—

D; = Prlgraddy, . ..grade;]
D", ") uniformly bounded in H1(0, T; L2(Q)) x HY(0, T; HL(R))
o

= 3 weakly convergent subsequence whose weak limit (5,¢) satisfies

/ D(t)-gradv dx = / fe(t)vdx Vv e H}(Q), foralltel0,T]
Q Q

@" uniformly bounded in HY(0, T; H}(Q)) — L%(Q; C[0, T]) N
Assumption 2: P : C[0, T] — CJ0, T] continuous

= (D, ¢) satisfies  D(t) = P[gradg](t)  for all t € [0, T]

(similar to wellposedness proof for heat equation with hysteresis, see,

e.g., [Brokate&Sprekels 1996], [Visintin 1994])
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Conclusions and Outlook

L4

thermodynamic consistent modelling via Preisach operators
includes ferroelectricity, ferroelasticity as well as their coupling
wellposedness in elliptic case by monotonicity

FEM computations

hysteresis identification

creep

vector hysteresis (cf. talk by Olaf Klein, Monday)

wellposedness in hyperbolic case by convexity?
~» wave equation with hysteresis [Krej&i'96])
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Thank you for your attention!
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Thank you for your attention!
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