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Nematic liquid crystals

@ Materials consisting of molecules with elongated shape

@ Fluid has anisotropic properties over a limited temperature
range: molecules lined up in a specific direction (uniaxial),
but no positional order

@ the director d is the average, over a small volume element,
of unit vectors representing the long axis of each molecule
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A simplified model for nematic liquid crystals

(F.-H. Lin & C. Liu ’95, '96)

Semplification of the original Ericksen-Leslie system with
termal and e.m. effects neglected

Us+u-vu—rvAu+ Vr = -Xdiv(Vd © Vd) + h
d: +u-Vvd =n(Ad - VqaW(d))
divu=0

@ W(d) double-well regular potential, e.g.
W(d) = (|d|* - 1)?
@ W relaxation of the constraint |d| = 1
Reasonable b.c. are
@ no-slip for u, Dirichlet for d (strong anchoring)
@ free-slip for u, hom. Neumann for d
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A corrected model (H. Sun & C. Liu, '09)

In Q x (0,00), Q C R?

u; + div(u @ u) + Vp = div(y(Vu + V'u)) — div(vVd © Vd)

— div(a(Ad — VgW(d)) @d — (1 —a)d @ (Ad — VqW(d)) +h
di+u-Vd—ad - Vu+ (1 —a)d-V'u=(Ad — VaW(d))
div(u) =0

@ a € [0, 1] related to the shape of liquid crystal molecules
a = 1rod-like, « = 1/2 spherical, a = 0 disc-like

@ b.c. considered: periodic, or no-slip for u+hom. Neumann
or non hom. Dirichlet for d

Oond =0 or d=g on 002
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The Sun-Liu isothermal model

Remarks

@ Lin-Liu model neglects kinematic transport: liquid crystal
molecules assumed small

@ Strechting term d - Vu included and a new component
d® (Ad — VqW(d)) added in the stress tensor to ensure
energy balance

@ Mathematical difficulty: lack of maximum principle and of
L>°—estimate for d
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Mathematical results

@ Well-posedness

e H. Sun & C. Liu 09': 3 strong sols, periodic b.c., in 2D (3D, v
large)

e H.Wu, X. Xu & C. Liu’10: uniqueness and continuous
dependence on in. data of strong sols, periodic b.c., in 2D

o C. Cavaterra & E. Rocca ’12: 3 weak sols in 3D, Neumann
or non-hom. Dirichlet b.c. for d and no-slip b.c. for u

o E. Feireisl, M Frémond, E. Rocca & G. Schimperna '11: 3
weak sols for non-isothermal system, Neumann b.c. for d,
free-slip b.c. foru

@ Asymptotic behavior
e H.Wu, X. Xu & C. Liu '10: conv. to eq. strong sols, conv.
rate, periodic bc, in 2D (3D, v large)
o H. Petzeltovd, E. Rocca & G. Schimperna '12: conv. to eq.
weak sols, conv. rate, Neumann bc for d in 2D and 3D
e M. Grasselli & H. Wu ’11: smooth global attractor in 2D for
strong sols, with finite fractal dimension, periodic b.c.
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d weak sols in 3D

Consider, e.g., hom. Neumann b.c. for d (no-slip for u)
(A1) W=W;+W,  We C?R®, W, convex, W, c C"'
(A2) he L2 (RT;Vy,) R* :=[0,0)

Theorem (C. Cavaterra & E. Rocca '12)
Assume (A1), (A2) and that

Uo € Hyy,  do € H'(Q)%, W(do) € L'(Q)
Then, 3 a weak sol w := [u, d] corresponding to ug, dg S.t.
uc LIOC(R+? Hdiv) N L?OC(R—F; Vdiv)
ur € L (R W 13/2(Q)%)
d € L, (RT; H'(Q)°) N Lis(RT; HA(Q)%), W(d) € Lisy(RT; L'(Q)
dr € Lio(RT; LY3(Q)°)
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J weak sols in 3D
Theorem (C. Cavaterra & E. Rocca ’12)

and satisfying the energy inequality
E(w(t)) + /St (H — Ad + Vg W(d)[* + VHVU||2) dr
< E(w(s)) + /t<h,u>dr
s
forallt > s, for a.e. s € (0,), including s = 0. We have set

ew(t) = ZIuOI? + ZIVAOR + [ WD), w—[u.d]

The space of test functions for weak sols is W3 ()
(uniqueness or strong-weak uniqueness in 2D not known)
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Trajectory attractor approach

(V.V. Chepyzhov & M.I. Vishik)

Abstract evolution equation in a Banach space E
wr = A, w, o €Y, ¥ space of symbols

@ Space of sols: sols w : Rt — E sought in a space ngc
endowed with local convergence topology ©; . (weak or
strong)

@ Trajectory space: for each o € T, K is the set of some
sols from Wit and Kf := Uyes KF

@ The translation semigroup {T(t)} acts on Ky (if the family
{KT},ex is translation coordinated)

@ Introduce a subspace W; of W : usually Banach, but

loc*
also metric space with metric PW; - We assume that

Kr c Wy, forall o € ¥. The subspace W, is used to
define bounded subsets of the trajectory space Ky
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Trajectory attractor approach

0 Ay C ngc uniform (w.r.t. o € ¥) trajectory attractor if

1) As is compact in ©}),

2) Ay is a uniformly (w.r.t. o € ¥) attracting set
for {KS}sex in the topology ©;

3) Ay is the minimal compact and uniformly
(w.r.t. o € X) attracting set for the family

{]C }JEZ in @
@ If Ay exists, it is unique
e If T(t) is continuous in ©} , then T(t)As = Ay, Vt € RT

@ For existence of As: prove 3 P C ngc compact and
uniformly (w.r.t. o € ¥) attracting in ©°

loc

loc
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Trajectory attractor approach

To this aim we need
@ A dissipative estimate of the form

Py (T(HW, wo) < Ao (pW;(W, Wo)) e N, V>t

for every w € K5
No : RT — R locally bdd; k, Ag, A independent of w
@ That the ball

Byy: (Wo,2M\) := {w € Wyt pyys (W, Wo) < 21}

. . _l’_
is compact in ©,

If, in addition, {K} },cx is (© ., £)—closed, ¥ compact, then
As C Kf and
As = Ayx)

+further properties of the trajectory attractor
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Trajectory attractor in 3D-Hom. Neumann b.c. for d

GENERAL SMOOTH POTENTIALS

Banach-metric setting
Set w := [u, d] and introduce the space

Wi ;:{w € L (RY: Hgy x H'(Q)%) N L2 (R Vi, x H3(Q)3) :
€ LR W92(Q)P). dy € LY LV2(2)%))

endowed with the topology @fgc of local weak convergence.

In ngc we consider the following metric subspace

Wy ::{w € L¥(R*; Hgi, x H'(Q)%) N L2 (R*; Vg x H2(Q)?) :
u; € LB(RY W¥/2(Q)%), dr € L5(RT; L32(0)°),
W(d) € [=(R"; L' (Q))}

used to define bounded subsets of the space of trajectories IC{.
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Trajectory attractor in 3D-Hom. Neumann b.c. for d

Definition
For every h € L2 (R*; VY, ) the trajectory space K with

external force h is the set of all weak sols w = [u, d] satisfying
the energy inequality for all { > s and for a.a. s € (0, 0)

Set Kf := Unes K, . We have £f ¢ W, We take

Y =Hi(ho) := [{ T(t)ho,t > 0}] (R+;V,)

loc w

h, translation bounded in L2 (R*; Vi), i.e.
) t+1 )
Ihollis s v, ) = SUP / Iho(7)lly, dr < o0

< hg translation compact (tr.-c.) in L,zoc w
compact in L%, , (R*; Vg,
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Trajectory attractor in 3D-Hom. Neumann b.c. for d

(A3) W satisfies (A1)and 3¢y >0,¢1 >0, € Rand§ > 0s.t.
foralld € R3

Wi (d) < co(1 + |VaWi(d)[?) Wi (d) > ci|d?* — ¢,
(A4) W) <b(1+d®) VvdeR® b>0

Theorem (S.F. & E. Rocca '12)

Assume (A3) and hg € L3 (R*; Viy,). Then, the semigroup
{T(t)} acting on Iq[+ (ho) POSSESSEs the uniform (w.r.t.

h € #..(ho)) trajectory attractor Ay, (n,)- This set is strictly
invariant, bounded in W, and compact in ©; loc:

In addition, if (A4) holds and hy is tr.-c. in L% (R*; Vi) or
ho € L3 (R*; Hyy), then K, #1. (hy) 1S Closed in o

loc’
Az (hg) C ICH+(hO) and

Az (ho) = Auw( (ho))
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Trajectory attractor in 3D-Hom. Neumann b.c. for d

POLYNOMIAL POTENTIALS

Banach-Banach setting
Set w := [u,d] and, for p > 2, introduce the space

—{W € L (R Ha x (H'()° N LP(2)%))
W e L (RY; Vg, x H3(Q)?) :
up € LBo(RY; WI2(0)%), dy € L (RT; L2/2(2)%) )

W+

p,loc :

endowed with its inductive limit topology 9;,/00-

Bdd subsets of Ky defined w.r.t the Banach subspace of W, ..
W, ;:{w e L2(R*; Hgy, x (H'(Q)% N LP(Q)%))
w e L2 (RF; Vg, x H3(Q)®)
up € La(RE WTI2(Q)), dy € L(RT; L2()%) )
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Trajectory attractor in 3D-Hom. Neumann b.c. for d

(A5) 3 Cy,Co>0and p € (2,+0) s.t.
Ci(|dfP —1) < W(d) < Co(1 +[d]?),  vdeR®
Konand K52 hoy = Unen, (ng) Kpn are the trajectory spaces

Theorem (S.F. & E. Rocca ’'12)

Assume (A3), (A5) and hg € L3 (RT; V). Then, {T(t)} acting
on K;M(ho) possesses the uniform (w.r.t. h € H(hg))
trajectory attractor A, 3., (n,)- This set is strictly invariant,
bounded in W, ,,, compact in ©} ...

In addition, if hg is tr.-c. in L,OC(R Vi) orhg € L3 (RT; H),
then ICP,H+(ho) is closed in @p’,oc, Ap 3, (hg) C K;fm(ho) and

Ap 2. (hg) = Apw(Hs (o))
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Trajectory attractor in 3D-Non hom. Dirichlet b.c. for d

Ifg € HL(RT; H=1/2(M3) N L2 (R*; H3/2(T)%) (same

assumptions for ug, dg and h), then 3 a weak sol w := [u, d]
satisfying

t
£w() + /s (I - ad+ VaW(d)|? + v|[Vul]?) dr

t t
S g(W(S)) +/ <gt7 8nd>,l-/f1/2(r)3><H1/2(r)3d7' + / <h, u>d7'
S S

forallt > s, fora.e. s € (0,0), including s =0
Symbol space for the Dirichlet datum g

H(90) = [{T(1)go. 1 > O}]=:

=how = {9 € CRYHA(TY) : g € L o (RT: H/3(N)%)}

—loc,w
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Trajectory attractor in 3D-Non hom. Dirichlet b.c. for d

Consider, e.g., general smooth potentials. Trajectory spaces
+ + +
lcg,h and ICH+(go)x”H+(ho) U Kg,h
9€H +(go),heH 1 (ho)

Theorem (S.F. & E. Rocca ’'12)

Assume (A3) and that g is tr.-c. in C(R™; H3/2(I")?) with

9o € L3 (]RJr H=1/2(N)?3), and hy € L2 (RT; Viy,). Then, {T(t)}
acting on ICH (go) x 7. (ho) POSSESSES the uniform (w.r.t.

[9,h] € H1(go) x H(ho)) trajectory attractor Ay, (gq)x#. (h)-
This set is strictly invariant, bounded in W, and compact in
o

In addition, if (A4) holds, if Qg Is tr.-c. in = _,OC and ifhg is tr.-c. in
L2 (RT; Vi) orhg € L3 (RT; Hyy ), then K, ) is
closed in ©},, Ay, (gy)x#. (hy) C K7,

H+(9o)xH+(ho

H+(9o) xH+(ho) and

At (go) < Ha (ho) = Aw(3:(90) xHo (o))
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Robustness of the trajectory attractor

Open issue: eventual regularization and energy identity for
weak sols in 2D =- existence of trajectory attractor in 2D for the

strong topology of W, not known

Consider then the problem P,

u; +diviu®u) + Vp

= 2udiv(Du)) + ediv(|Du|92Du) — div(Vd © Vd)

— div(e(Ad — VgW(d)) @d — (1 — a)d @ (Ad — VqW(d)) + h
di+u-Vd—ad - Vu+ (1 —a)d-V'u=(Ad — VgW(d))
div(u) =0

where g > 3

Sergio Frigeri Asymptotic analysis of some models for nematic liquid crystals



Robustness of the trajectory attractor

Preliminary results

@ Strong trajectory attractor for P,

Every weak sol to P, satisfies the energy identity

d
dt

Then, under assumption (A1) and

E(W(1) + || — Ad + VaW(d)||* + v||Vul|® + €| Du||fs = (h,u)

05gW(d) <c(1+1d*7) VdeR® Vij o0>0

Problem P, admits a (unique) strong trajectory attractor
A%l (hy) (Uniform w.rt. h € H(hp)) in the space of weak

sols Z;,OC with its strong topology ©; 5.
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Robustness of the trajectory attractor

@ Convergence of the family of strong trajectory attractors

Introducing a suitable space Z;f,oc of sols of both P, and
Py, endowed with its~weak topology C:)qf loc» SO that
Ay (o) At (ho) C Z;,OC, we have

A (hg) = A (ho) in eq+,/oc
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