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Kinematics

’
I’ surface d autocontact

x=®at) =Hbt)

F =grad & = (

Gaa)
F=RW, W=WI!
RR! =1 detR =1
W stretch martrix

R rotation matrix



Kinematically admissible positions ¢

Loocal non interpenetration

det F =det W >0

We assume crushing or flattening
1s 1mpossible
det W > o, trW > o
with 1 > a > 0

We assume no collision with an obstacle
and no autocollision



Principle of virtual power

LLoads are applied by plates, rods,

wires, needles....

Plate equations of motion involve
second gratient theories. Velocities
of the plate are the trace on the surface
of the volume velocities.

It 1s wise to have

a volume third gradient theory.



Fquations of motion

[Linear momentum
O* P _ _ -
— =divIl +divAZ + f
Ot

Angular momentum

0=divA+M

plus boundary and initial conditions

We investigate 2-D motions

M set of 2 x 2 matrices
scalar product 11 : D =11, D;,
S C M symmetric matrices

A C M antisymmetric matrices

«4 1 M



Constitutive laws

Stretch matrix W satisfies

W €S, trW >, det W > o

Internal constraints are taken into account
by free energy

1 )
S IM — I|° + U(M) + Is(M) + ..

M

V(M) = I, (trM) + Io(det M)

Is 1s the indicator tfunction of S C M

I and I»> are approximation from the interior
of the indicator functions of

segments [2a, oo] and [C}jz, oo}



Constitutive laws

~ A

o
_ W A
oA\Y% | ( ) T >

A €dls(W)=A
Z = grad AP
A = (grad R) R’ + grad 2
M =TIF" — FII"

HR{(WI)JrW

with

__59‘ﬂV' 0O ::fziiﬁf{lﬂ

W =———. _
ot ot




Fquations
F =grad®, W = VFTF, R=FW™ !,

9* P S
— = divII+ div(AZ) + f, mn Q,,
ot?
: : ) :
O =0, gradd = 0, (—T (g‘rad (I)) =0, on 1.
ON
IIN + AZN =0, grad® =0, Z=0.0n I';,

. 9W
M=R{(W-I)+ Wi (W)L A,
oM

A € (QIS(W) = A,
Z = grad AD,
div((grad R)R') + AQ

IR {AW+WA+WW—WW)}RT — 0.

AP
(I) -..O = a, — -..O :O
(,0) = a, = (a,0)

Two unknowns ® and A
Two equations



In 2-D

R(0) = [ cosf  sinb ]’ Q:Q[

—sin@ cos6

0 1
A—,_c[_l O]

'The unknowns are ® and z



Fquations in 2-D

F =gorad® W =VFTF, R=FW !,

R(0) — [ cosf sinf ] |

—sinf cosb

89@1 . . , -,

proa div II4+ div(AZ) + f, in Q,,
. . o .
=0, grad® =0, o (grad qm) — 0, on Ty,
[IN + AZN =0, grad® = 0, Z = 0,0n Ty,
oW

HR{(RUI)Jr‘Wer(VV)Jrz[ _01 é”

Z = grad AD,
AG + AB + 2(trW)

+ (w11 — Was)wig + Wig(waa — wyy) = 0,

dd®
®(a,0) =a, —(a,0) =0.
(a,0) = a. — (a,0)

The last pde does nor give 0, it gives z!



Virtual velocities

dg
V(T) = {v € L(0,T: B (), 5 € L30T L*(2)),
a

)
@ =0, grad g =0, IV (grad @) =0, on ['y, grad@ =0, on Fl}

V.(T)={p€ L?(0,T; H'(Q,)), ¢ =0, on 00, }
Variational formulations

(D —a) € V(T), V@ € V(T),

A%q
/ / (}- odadT

t A
+/ / R{(VVI)Jr‘sVJr—(VV)%—A} : grad @
Jo Ja, OW

+grad A® : grad Apdadr

t p
— / /- odadr,
Jo Ja,

6 cV.(T), Yo € V.(T), 6(a,0) =0,

/ / { grad 8 + grad @) - grad g} dadTt
0 JO,
t
= / / z2(wyq + waon )edadT
0 J0Q,

t -
+ / / (W11 — Wo2)wia + Wi2(woa — wiy)pdadT
Jo Ja,




Let ~v such that 1 >~ > a > 0.
If trW > 2~, det W > ~?

and |W| < ¢ then functions

F—-W, F-W ' F-R,
\31@
OM

K (W),

are (°°
with globally bounded derivatives



Approximation

O, (a,t) = a+ Z x; (0T (a)
1=1

Displacements ;(a) are dense in H*(€),)
with the convenient boundary conditions

One unknown x = (x;(t))

We have
F,(a,t) = f(a,z(t))
W..(a,t) = f(a, (1))
R, (a,t) = f(a, (1))




FEquation of motion
AO + A + z(trW)
+ (u""l | IU'—"’22)UJ'12 -+ ’liﬁm ("{Ugg — W1 1) =20
with boundary condition = 0 on 9f2,

olves

zn(a,t) = fla,x(t))e(t) + fla, z(1))

because trW,,>2a > 0

Functions f are (°°
with derivatives globally bounded



‘ariational formulation for ® gives

x(0) =0, =(0) =0
Functions (. are uniformly
Lipschitz in open set of R"

D, (x) —a|l < e, trW,(z) > 2y
det W,,(x) > ~?

which contains @ = 0

There 1s a solution up to time 7;,
which depends on ¢, n and ~



A priori estimates

Principle of virtual power
with the actual velocities
and property

o O
—— (W)W = W-
OM (W) OM

(W)
glves
L[ ., ' 1 9 -
o (I)n (t)da + o ||Wn (t)_I” + lI/(Wn (t)) da
2 Ja, Ja, 12

T 8 8 3
. . l ¢
+ / / W,, : W, dadt + / — ||grad Ad,, (t) ||2 da
Jo Ja, Ja, 2

| . L | : :
+ / — ||(grad @, (15))”2 da + / / —grad#,, - grad 0,,dadr
Q, 2 Jo Ja, 2

"t ,
= / / f-®,dadr. + / ¥(1)da.
JO JQ, J Qg



We assume

fe L7(0,00; L*(,))

®,, is bounded in L2(0,T,: HY(Q))::

®,, is bounded in L>(0,T,;: H>(Qy));

W,, bounded in L>°(0,T,,; H*(Q,)):

W,, is bounded in L2(0,T,; L*(Q,)):

U (W,,) is bounded in L>(0,T,: L'(Q)):
0,, is bounded in L>°(0,T,,;: H*(,));

0. is bounded in L?(0,Ty: HY(924)).

Zn 18 bounded in the dual space of VT(TR_)

T'he bounds do not depend on n



Due to the a priori estimates

] ~ 2 B P
for 0 <t§T:inf{l_ﬂ R 2’}

Cq ’ ()

det Fﬂ(a‘a t) = det Wn(ag t) > 1—ct > "‘}fQ
trW,,>2 — cot > 2~
and

‘(I)n(a'at) T CL‘ < C3 < c

Thus7,, >1 >0
Because the ¢, do not depend on n
1" does not depend on ¢ and n



T'he impenetrability reaction

Due to the a priori estimates

vt € (0,77, (W,,(a,t))| <c

With the Lebesgue theorem. we have

Vg e V(T),
_ ()111 S
Tllgl;@ / / R, ( )W W,,) : grad @gdadr

A
/ / R (;W ) :grad @dadt



'The acceleration

With the a prior1 estimates
and the approximated equation for ®

T g2 2
d“D,, AP
lim — - GdadT =< —, % >
n—s 00 /O -/Qa dt? 7 dt? 7




The limit equations

(& —a) e V(T), Ve e V(T),
O*P
Ot>

T . s
. oA
-I-/ / R{(W—I)—I—W—I—{( (W)}:grad{o’

+ erad A® : grad ABdadr+ << A : R grad @ >>

T
= / / f - gdadr,
Jo Ja,

and

<

0 €V.(T), Vo € V(T), 0(a,0) =0,
T .
/ / {g‘rad 0 + grad 0) - grad go} dadTt
Jo Ja.,
=< z, (w1 + wa2)p >

T .
+ / / (w11 — wa2)wia + wia(way — wiy )pdadT
Jo Ja

L] - o)



What occurs after time 17

Mechanics provides the solution
A collision due to crushing
occurs 1nside the solid.
Collisions theory has to be applied.

Before collision,
negative stretch up to
—(1 —~) = —-99,999..%

1s possible

No limitation for positive stretch



Conclusion

The new quantity A is the reaction
to the bilateral internal constraint:
W is symmetric.

T'he third order gradient theory
1s rational
because of the exterior actions






Cliquez pour modifier les styles du texte du masque
DeUXIeme niveau -
0 Tr0|5|eme nlveau

Tension and torque



Cllquez pour modlfler les styles du texte du masque

4 —

O Tr0|S|eme nlve 5

Shear and torque



Shear and torque



Shear and torque
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