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The increasing role of migration and integration in the so-
cial and economic development of countries, regions and
the whole of the world is becoming more and more ap-
parent, stimulating interest in mathematical modeling of
migration and integration.
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The subject of this presentation is to provide a model for
studying the integration of migration flows with the resident
population.

A key basis for social cohesion in societies is the cultural
and educational level of the affected populations.



5. L. Bevilacqua, A. C. Gale3ao, F. Pietrobon-Costa, S. L. Monteiro.
Knowledge diffusion paths in a research chain. Mecanica Computa-
cional Vol XXIX, 2061-2069. 2010.

6—M. Gladwell, The Tipping Point. How Little things Can Make a Big
Difference. Little Brown and Company, London.(2000).

7—L.L. Cavalli-Sforza and M. Feldman, Cultural Transmission and Evo-
lution, Princeton: Princeton University Press. 1981.

8—He Jinsheng, Knowledge management and knowledge fermentation,
Science of Science and Management of S.&.T., 25, 23-26, 2004.

O—Z. Li, T. Zhu and W. Lai, A Study on the knowledge diffusion of
communities of practice based on the weighted small-world network.

Journal of Computers, 5, 2010.

10—Z. Shaoying, The model of dynamic spread knowledge based on
organizational learning. Science Research Management, 24, 67-71,
2003.



In our framework, we suppose an analogy between propa-
gation laws of the culture and heat, which are described

respectively by a diffusion equation on the knowledge and
temperature




The integration of two ethnic groups is studied by a dif-
ferential system. This issue is represented by a mathemat-
ical model consisting of the Cahn-Hilliard equation, which
describes the integration or separation law of two ethnic
fluxes, according to a control factor given by the cultural
levels of two populations, whose evolutions are described
by a system of diffusion equations. Moreover, we assume
that the homogenization process occurs when the mean of
two cultural levels exceeds a critical value.
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A mathematical model
of integration

Let us consider, in a bounded domain 2 C RQ, two eth-
nic groups A; and A, with different cultures (traditions,
religions, ecc.). Moreover, we fix a time interval [0,T], in
which there is not any new immigration. So, the total mass
My and M»> of two populations will be constants. In the fol-
lowing, we denote by p1 and p> the local (relative) densities
of the two groups, while the specific densities of the popu-
lations A1 and A, are the same, denoted by p. Finally, the
concentration c € [-1,1] of the component A; is given by

. 201 —p (1)
P
of course the concentration of the component A, is defined
by (1 —c) = @
In our framework, we study the evolution of this system of
two ethnic groups, as a mixtures two fluids with the same



specific density p. Thus, we are interested to study the mean
velocity v of the mixture, defined by

v __P1V1t+p2vo (2)
P
where v; and vy are the velocity related with the compo-
nents Ay and A>. Thus, we suppose that the evolution of
the mixture may be represented as a motion of a viscous
incompressible fluid by the system

pv=—-Vp+pV: -(Ve®Vec)+ V- -v(c)Vv + pb (3)

where p is the pressure, v(c) is the viscosity coefficient de-
pending on ¢, the vector b denotes the external body forces.
Moreover, because we suppose p(x,t) = const., we have
V -v = 0. For this problem is natural to suppose slow mo-
tions, so v =%¥ and the term V- (Ve®Ve) will be negligible.

The behavior of the components of the mixture will be
described by the Cahn-Hilliard equation, which allows to
study the evolution of the concentration ¢ by

pc =V - -M(()Vpu (4)



where the function M(c¢) is the mobility such that
M(c)>=0 , M(-1)=M(1)=0 (5)

while u is called embedded (supplemented) potential. Which,
in analogy with chemical potential, describes the slope of

the internal energy with respect to variation of composition

of two species, defined by

u(er 01, 92) =792 — poF'(e) - ELTE2G () (6)

where the potentials F' and G are defined by

o2

1
Fl)=(-1)? , G=7 (7)
while 71 > 0 and ¢o > 0 represent the knowledge levels
of the two components, while g is a critical value, which
denotes the integration-separation phase transition, con-
trolled by the mean value u = 2192 Hence, we obtain by

2
(4) and (6) the equation on the concentration ¢

pe =V M(V(rV% — poF'(e) - LT 226(e))  (8)

The free energy W related with the equation (8) is given
for homogeneous states by

W(p,u) = poF'(c) + uG(c)



Then, we study the evolution of the educational level by a
diffusion equation. So that, it is possible to observe that
the culture show a diffusive behavior similar to the heat
diffusion. (Both are extensive variables. On the other side,
the knowledge and the temperature are intensive variables.)
Thus, from this similarity, we introduce two equations re-
lated with the knowledge, which describe the cultural bal-
ance laws of two ethnic groups

_ 1. %
pP1 — EG(C) + EVQV = -V :p1—alpr1 —2) +py1  (9)

1

. - v
PP — §G(C) + EVQV = -V -p2—alps—p1) +py2 (10)

where a > 0, 1 and ~o represent the cultural supplies,
while p; and p, denote the cultural fluxes related with the
knowledge 1 and ¢, by the constitutive equations

pP1 = —01Vyr (11)

p2 = —3>Vyo (12)

with two cultural conductivities 61,0o > 0O connected with
the components A1 and A».



T herefore, the differential system is given by the equations
(3), (8), (9) and (10) with the boundaries conditions

M()Vp-nlgo = 0, v(t)lsgo=0, Ve(t) n|yjo =0,
(13)
Vpi1(t) -nlgg = 0, Veo(t) n[gg =0
where n is the unit outward normal.and the initial conditions
v(z,0) = vo(x), c(x,0) =co(z) , €N
(14)
p10(z) , w2(z,0) = poo(z) , z€Q

901(3370)



Dissipation for a phenotype
system

Now, there is a second important step. In fact, if we con-
sider the differential system of a binary mixture with two
different temperatures, we should impose the laws of ther-
modynamics.

As a research field, the thermodynamics of life systems re-
mains obscure within science and esoteric to the researches.

Anyway, in our framework, we need to consider the natu-
ral restrictions on the constitutive equations. About this
question, we can follow two different ways. The first sup-
poses a complete analogy between heat and culture, tem-
perature and knowledge. So, it is easy to generalize the
thermodynamics to these life systems, as the study of the
restrictions, which we have to associate with any partic-
ular phenotype organism. In the second way, we do not
consider any similarity between heat and culture. So, the



equations on knowledge will be considered as new diffu-
sive equations, without any connection with temperature.
In this framework, the stability conditions need of a Dissi-
pation Principle, which may be defined as the quantitative
study of the energy dissipation, that occurs among living
structures. Similarly, the Thermodynamics of Life Science
studies the restrictions on the set of living processes by a
First and Second Law. These two frameworks, although
similar, involve different restrictions, which lead to different
equations.

Let us begin with the dissipation principle, for which we
need to define for the differential system (3), (8), (9) and
(10) the internal mechanical power 77,,?,1, the internal struc-
tural power 7>;§, the internal cultural power 793;) defined re-
spectively

P = v(e)(Vv)? (15)

(Ve?)
2

Pi=pr oo F () (p1492) GO+ M() (V)2 (16)



PL = p1o191 + p19ovs — %(901 + 02)G(c) + alp1 — ¢2)?
+5((V1)?) + 6((Vep2)?) (17)

T hus, we can put out

Dissipation Principle

On any living process, there exists a state function v, called
free energy such that, we have

pb <Py, 4+ P+ P (18)

Proposition. The differential system (3), (8), (9) and (10)
satisfies the Dissipation Principle (19).

Proof. By (15)-(17), the inequality (18) assumes the form

c?)’ :
o < (T + 1L 0B (e) 4 M()(T)? + proos

+popops + alpr — ©2)2 + 5((Ve1)?) + 6(Va)?)




hence, the free energy is given by

2
V) L ooF(@) + Ll +p2e3)  (19)

Thus, we obtain by (18) the inequality

V() (VV)24+M () (Vi) ?+alp1—92)?+6((Vp1)?)+6(Vipa)? >

so, the coefficients v(c), M(c¢),d and a must be non-negative.

pY = p



Thermodynamics in life science

Here, the evolution of two ethnic populations can be de-
scribed by a different view point, where the cultural power
is fully assimilated to heat power (extensive variables) and
the analogy between the knowledge and the temperature
is more apparent (intensive variables). Moreover, for our
mixture, which have two knowledge, the analogy is with a
mixture of two fluids with two different temperatures. So,
it is evident to use the Laws of Thermodynamics for de-
scribing the restrictions and the property of this particular
phenotype system.

First Law. On any life process, there exits a state function
e, called internal energy, such that

pé = Ph, + PL+ P, (20)

where the power 75330 IS the new representation of the internal
cultural power related with this new life system, defined by



i i =
7390 — 73901 + Psoz
where 753)1 and 7'5[;2 have to satisfy the cultural balance laws

PL, =V p1+ ps1 (21)

75:22 =V :p2+ ps2 (22)

For this model, 75[2 will be defined by the First Law by the
equation

75:;0=pé—77f;n—73g= (23)

(Ve2)
2

() (TV)2 =y o 2 —poF (e)+ (p1+2) G () +M () (V1

T hus, we suppose

(Ve)?

2
(24)

pe(c, Ve, p1,902) = p1e1(p1) + p2ea(p2) + poF(c) + v



So, we can define

Phy = mrErg, (p0)p1 — 2 (w12 = M vy - Lo
(25)

Phy = p2 E2p(p2)02 — (w12 = D (v — Lontit
(26)

Finally, by (22), (23) and (26), (27) the equations on
w1 and oo assume the new forms

U(C) 2 M(C)(v )2 — 1G(c)=k‘1V2901+10131

(27)

(Vv)

Pl €1p P1—

- : M .
P2 62@2902—1)(26) (Vv)2— 2(6) (VM)Q—%G(C) = ko V224 p2s2
(28)

Thus, the system (3), (8) is integrated with the equations
(28) and (29).



Second law. On any life process, there exits a state func-
tion n, called entropy, such that

i i
pn > —L 4~ %2 4 p1 V1 +po- Voo (29)
P1 2

Proposition. The differential system (3), (8), (28) and
(29) satisfies the First and Second Law.

Proof. By the definition of P.. and P!

o1 WE have from the
inequality (30)

élgol(gpl)gbl . U(C> (VV>2 _ (30)
©1 2¢1
M(c)

5 (V)2 — LG(e) + p1- Vo1 +
1 2

ey (p2) . w(c)
Y2 —
2 2¢7

(V)2 — §G<c) + P2+ Vo

pn > p1

(Vv)? — (31)

P2
M (c)

2¢2
from which the entropy is defined by

pP1€10, (1) p2€1,, (1)
pm(c, p1,02) = pG(c)-I-/ :le dso1-l-/ :le dp1




while from (31), we have

(L 1y goyay (32)
Y1 po 2

(L M G N2 b Ver —pa- Vi > 0

Y1 P2 2

Hence, for the arbitrariness of the processes Vv,Vu, V1, Voo,
we obtain the restrictions

v(c) >0, M(c)>0, p1-Ve1 <0, p2-Vpa <0 (33)

Maximum principle

If we like that the Cahn—Hilliard equation describes a natural
physical problem, we have to prove a maximum theorem,
namely we have to show that the evolution equations imply

that the concentration ¢ is always defined into the interval



To this aim, remembering that the chemical potential is
given by

b= —%v (V) + poFule) + |2 + 2|Gue), (39)

2
we recall the definition of F' and G by letting
1
F(c) = Z(C2 —1)?, ceR (35)
1 [ &2 —1<e¢<1
G(c) = = (36)
211 c<—1 or c>1
Hence F' > 0 and F' vanishes only at ¢ = —1,1. Moreover,
by (36)—(37) we have
Fe(e) = 4e(c? — 1) ceR (37)
C —1<ec«<1
Ge(c) = (38)
O c<—1or c>1

We denote by W the c—dependent part of the free energy,
that is

P12
u — .

W(c) = ¢of'(c) +uG(c), 5



The function W has a uniqgue minimum when u > 4yq,
while for u < 4¢pg it has two minima in ca, with |ct| <
1. It is known that the unique minimum in the potential
corresponds to the situation without a miscibility gap, while
in the regime with two minima there is a miscibility gap.

Finally, the mobility can be chosen as a positive function
depending on c¢. The dependence of mobility on the con-
centration is not new in literature: it appeared for the first
time in the original derivation of the Cahn-Hilliard equation
and later other authors considered different expressions for
M(c) . Here the mobility M (c) is taken in the form

M(c) = Mg(c® —1)?, Mg > 0,

which implies that both M and VM vanish at ¢ = —1,1.
Furthermore, the mass density is such that

p(c) =p20, c<-1, p(c) =p1o, c>-1.

In such a way p is extended to R.

Now we consider the initial value problem

p(c)e = V-[M(c)Vu(c)] ¢(x,0) = co(x) x € €2 (39)



Theorem. Let cg(x) € [—1,1] for any x € 2, then the
solution c¢(x,t) of equation (40) takes value in [—1,1] a.e
x € 2 and for each t € RT.

Proof. We introduce

c, c<—1.
Accordingly,
c_(x,0) = —1, F(c_.(x,0)) =0 VxeQ;

moreover

% Ge(e) = 0 ¢ (~1,1)

A, C) — ’ C Ty

ot ©
hence
oc oc oc~y
— _)=0g—Fc(c.) ———V -[pVec_] , —-1,1) .
o () =005 Fe(e) =5 0% [pVe] . cg (-1,1)

(40)

Multiply the differential equation in (40) by u(c_). Then,
after an integration on €2 and by the divergence theorem

we obtain

02y o=~ [ MOV (e) V(e v (41)



Looking at the left—hand side of (42) and applying (41) we

obtain

Oc

Pa.u(c ) dv

0
= 6o pa—ch(c )dv — /—V [PV c_]dv

Since Ve_ -n = 0 at 092, the divergence theorem gives

/Q 8—CV [ch_]dv——/ pV[ ]Vc dv

ot
Because
Oc
[——(c )] Ve =0
SO, we have
/ 9T 1pve]d / Ve |2d (42)
C_ V= ——" C_ (V)
oot 2dt Ja
Moreover, since F.(—1) = 0O then
Oc 8(0 )

[ [Fe(c—) = 0;

ot ot



SO we have

Oc

P Fe(e)dv=— /QpF(c_)dv (43)

Finally, we have from (43) and (44)

d

=P (@ |0oF )+ 21V e f?| dv =

— [ M(e) Vi (e2) - T (e-)dv <0
After a time integration on [0,7] and by the initial condi-
tions we obtain

/Qp leoF(C_)+%|VC_|2 l{—=7 dv < 0O T e RT .

This implies F'(c_(x,T)) =0, Ve_(x,T) = 0. Since, for any
T > 0 we have

c_(x,T) = -1 c(x,T)>—1.

By a very similar proof we can show that e¢(x,7T) < 1.



T he differential system for the
separation-integration model

In the framework of the Section 3, the differential system
is given in the 2-dimensional domain Q2 x (0,7) by

ov=—-Vp+pV-(Vec®Vec)+V-v(c)Vv+pb, V-v=0 (44)

pe =V - M()V(rV% — poF'(e) - LT 226/ () (a5)

U(C) 2 M(C)

(Vi)2— S”1G<c> = k1 V2p14p1s1
(46)

(Vv)

Pl €1 P1—

_ M |
P2 62@902—@(26) (Vv)?— 2(6) (VM)Q—%G(C) = ko VZpo+poso
(47)

with the boundary conditions (13). While the initial condi-
tions are given in (14).



There are meaningful problems for which is correct to ne-
glect the mean velocity v of the mixture. Then, in a such
a case, we obtain the new system

P58 =V MV(Ve — poF'(e) ~ PLT226(e))  (a8)

M(C) (V )2 1G(C) — k;1V2g01 _I‘ P1S1

(49)

3901
P1 61901(901)

©> M(C)
ot

(V)2 — 20<c> = koV200 + poso
(50)

o0
P2 €20,(92)—=

For this new system, the boundary conditions are given on
0S?2

M()Vp-n = 0 Ve(z,t) n(z)|go =0,
(51)
0, VQOQ(QZ,t) : n(x)|8§2 =0

Vei(z,t) - n(z)|pn



Finally, we assign the initial conditions

v(z,0) = vo(x), c(x,0) =co(z) , €
(52)
p1(x,0) = w10(z) , p2(x,0) = poo(z) , T€N

In order to describe the integration-separation process, it
is crucial for this system to study the numerical simulation
of Cahn-Hilliard equation (49). For this purpose, we will
consider only the Cahn-Hilliard equation, where (p1+ ¢5) is
a parameter, which represents the mean knowledge level of
two populations. In the Fig. 1, 2, 3, 4, we have represented
the evolution of the integration-separation phase fields, with
different values of the control u = %, such that ug; <
Uy < uz < ug < Yo -



il




Finally, when u > g we obtain the complete homogeniza-
tion represented in the Fig. 5.

Fig.5



