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Sharp Limits of Diffuse Interface Models
in the Context Energy Storage

Wolfgang Dreyer Clemens Guhlke Riidiger Miiller

@ Overcoming the shortcomings of the Nernst-Planck model

@ Does the Cahn-Hilliard model approximate a sharp interface model ?

PDEs for multiphase advanced materials Cortona September 2012 ”5 B



Mathematical modelling of Li-ion batteries at WIAS

Phase Transition Interfaces

due to fast charging Conditions across singular surfaces
Viscous Cahn-Hilliard-Lame improved Butler/Volmer rates

N
{e <]
Many-particle cathode Carbon layer anode
= - Li+ = ]
( v

Phase Transition Electrolyte

due to slow charging Reaction-Diffusion-Fourier-Poisson

Nonlocal Fokker-Planck

improved Nernst-Planck fluxes
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Description of mixtures

N constituents A, A,, ....., Ay
with atomic masses m, m,, ..... , My,
and electric charges z,, z,, ..... ) Zy

N, chemical reactions , .
R; ie{l,2,..., Ny}

a, A +a,A, +...+ay, A, _>E biA +biA, +...+bA,

R,

Def. v =a’ —b' stoichiometric coefficents Ri = Ré — R]i reaction rates

a,B,...ell2,... N}
N . N .
[I Zmav(;:O [I ZzaV;=O
a=l1 a=1
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Description of electrolytes

1 . N . Variables
Ap=——n with p°= Z z,n, —div(P) (¢  electric potential
go a=1 . ..
(n, )ae{l,z,,,,,N} particle densities
0,pv+div(po®v—0) = —n‘Vo V  barycentric velocity

NR . . .
o,myn, +div(m,n,o+J3,)=> myv,(Ri-R))  ae{l2,.,N}
i=1
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Description of electrolytes

1 . N ' Variables
Ap=——n with p°= Z z,n, —div(P) (¢  electric potential
go a:1 . o .
(n, )ae{l,z,,,,,N} particle densities
0,pv+div(po®v—0) = —n‘Vo V  barycentric velocity

NR . . .
o,myn, +div(m,n,o+J3,)=> myv,(Ri-R))  ae{l2,.,N}
i=1

Definitions I

0,p+div(pv)=0

pzzN:mana pU:ZN:manal)a J,=mn, (v, —v) —> ZN:J(X:o
a=1 a=1 a=1
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Description of electrolytes

1 . N ' Variables
Ap=——n with p°= Z z,n, —div(P) (¢  electric potential
go a:1 . o .
(n, )ae{l,z,,,,,N} particle densities
0,pv+div(po®v—0) = —n‘Vo V  barycentric velocity

NR . . .
o,myn, +div(m,n,o+J3,)=> myv,(Ri-R))  ae{l2,.,N}
i=1

I 0,p+div(pv)=0

Definitions

pzzN:mana pl):ZN:manana J,=mn, (v, —v) —> ZN:JazO
a=1 a=1 a=1

0,pv+div(po@v—-X)=0

1
[l p> :c+50(V(0®V(0—E‘V(0‘21)
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Constitutive model and 2" law of thermodynamics

. Variables
=—— (Z z_n_ —div(P)) @ electric potential

() a=1 . ..
(n, )ae{1,2,,,,, ny particle densities

N
0,pv+div(po®v—0) = (Z z n —div(P))Vep | v  barycentric velocity
a=l1

om_n, +div(imnv+J )= Zmav; (R: —R)) aeil2,... N}

P :—apl// lLla :_apw
oV @ op,

N
6=—p1—V¢®P+%V¢-P1 p:—pw+2pﬁ,uﬂ+§Vgo~P
E

Ja:—fMa/{ —ﬂ——) —(—— )VgoJ ae{l2,.,N-1
| my

Mg

R, =R, exp( Zmﬂvﬂ,uﬁ)
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The diffusion flux of the Nernst-Planck model

Variables
(¢  electric potential

(n, )ae{1,2,...,N} particle densities
X  barycentric velocity
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The diffusion flux of the Nernst-Planck model

Variables
(¢  electric potential

ZEITSCHRIFT

FUR

PHYSIKALISCHE CHEMIE () geqi2...ny particle densities
| X  barycentric velocity

STOCHIOMETRIE UND VE{  Die elektromotorische Wirksamkeit der Ionen.

Von
UNTER MITY] ‘Walther Nernst.
vay (Mit 3 Ilolzschnitten.)
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II. LE CHATELIER x Pamts, O, M. GULIQ Elektrolyten wirksamen Krilfte. 3. Potentialdifferenz zwischen zwei versehieden Lon-
A. HORSTMANN 1§ HEprLEkrG, H. LANDOL] zentrierten Liésungen desselben Elektrolyion. 4. Fliissigheitsketten, 5. {fber die an
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The diffusion flux of the Nernst-Planck model

Nernst-Planck, 1890
J =M *(Vn,+n,zVep) for aec{l2,..N}

Dreyer, Guhlke, Miiller, 2012

N-1 1 z
J,=-Y M | vEL_Eay Z (CE_Zvywe | for  aef{l2..N-1)
= r 7T T mgz my

N-1

Jy=->J,

a=1
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The diffusion flux of the Nernst-Planck model

Nernst-Planck, 1890
J =M *(Vn,+n,zVep) for aec{l2,..N}

Navier-Stokes community, e.g. T. Roubicek, 2006

J =M Vi M (nz -n"We) for aefl2, ., N}
n

—> iJG:O

a=1

Dreyer, Guhlke, Miiller, 2012

N-1
Mo Hyy 1 2 zy
J =—>M |V — +— — \% for aeil?2,..,N-—1
=X aﬂ[ T TG ) <o] { }

N-1

Jy=->J,

a=1
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Stationary processes and equilibria

| & Variables
Ap=—— (Z z n_ —div(P)) @  electric potential

EO a=1

(n, )ae{1,2,...,N} particle densities

div(—o) = —(ﬁ: z n, —div(P))Ve

N
divJ )=0 aec{l2,.,N-1 >J3,=0
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Equilibria

A0_@p=-n p(z=0)=g¢ p(z=1) =@y 2, (z=D=-p,
zz F
) B 1 1
a’0.p=—ng0.p majna dz=M, J.nF dz=0
0

0

m
0. (e —— s +2.0) =0

mg n=n.+n,+ng
m
0. (p——"ps+2,0)=0
A S A _
i myg Ng =ZNe +ZyN,

1 2
S =—p+80(1+z)(V¢®V¢—5\V¢\ 1)
p=1+K(n-1)

t, =8,(T,p)+In(y,)

1
g, (T,p)=g, +a2K1n(l+E(p—1))
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Incompressible limit

A0_@p=-n, p(z=0)=g¢ p(z=1) =gy 2, (z=D=-p,
1 I

a’0,p=-n.0.¢ m, f n,dz=M, jnF dz =0
0

0

m
0. (He —— s +2.0) =0

m n=n.+n,+ng
m
0. (p——"ps+2,0)=0
A S A _
i mg Ng =ZNe +Z4N,

1 2
- 2, ==p+&+ (Ve®Vp-—|Vg['1)
Incompressibility K — o 2

p=1+K(n-1)

H, =8,(T,p)+In(y,)

1
g, (T,p)=g, +a2K1n(l+E(p—1))
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Incompressible limit

A0_@p=-n, p(z=0)=¢ p(z=1) =gy 2, (z=D=-p,
1 I

a’0,p=-n.0.¢ m, f n,dz=M, jnF dz =0
0

0

m
0. (He —— s +2.0) =0

m n=n.+n,+ng
m
0. (p——"ps+2,0)=0
A S A _
i myg Ng =ZNe +Z4N,

1 2
- 2, ==p+&+ (Ve®Vp-—|Vg['1)
Incompressibility K — o 2

p=1+K(n-1)

-1 >0 €
" t,=g,(T,p)+In(y,)

1
g, (T,p)=g, +a2K1n(l+E(p—1))
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Incompressible limit

A0_@p=-n, p(z=0)=g¢ p(z=1) =gy 2, (z=D=-p,
1 I

a’d,p=-ng0,¢

m
0. (He —— s +2.0) =0

mg

m
0, (1, _m—A,uS +z,0)=0
s

Incompressibility K — o

majnadzzMa Janzzo
0

0

n=n.+n,+n,
N =Z:N.+2Z 1,

1 2
S =—p+80(1+z)(V¢®V¢—5\V¢\ 1)

p=1+K(n-1)

n—-1—-0 €

p not determined by constitutive law

U, =g,(T,p)+In(y,)

g, (T, p)=g® +a’K In(l +é<p 1)

—> p becomes a variable !!! |_‘ g (T,p)=g~+a’*(p-1)




Incompressible limit

p(z=0)=¢, p(z=1) =gy 2, (z=1)=-p,

1 1
ma_[nadzzMa janz=o
0

0

ﬁzazz(ﬁ =—(2¢Ye +2,4V4)
|
0.5 X(0.9)" +In(y) +2.0) =0

1
82(5 X (0.9)" +In(y ) +2,0) =0

ys=l=-y.—y,

PDEs for multiphase advanced materials Cortona September 2012 %



General properties of the solution

Representation of the mole fractions

a e {C,A,S!

1

-1
ﬂ Yo =CuexXp(=2,0 =2 (0.9)") with ¢, = ya(j exp(—z,p— A (82¢)2)dzJ

0
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General properties of the solution

Representation of the mole fractions

a e {C,A,S!

1

-1
ﬂ Vo =CuexXp(=2,0 =2 (0.9)") with ¢, = yaU exp(—z,p— A (82¢)2)dzJ

0

First integral of Poisson equation

1
|] YVetyatys=1 = 512 (82(0)2 =log(cg + ¢ exp(—z.@) + ¢, €xXp(—z,9))
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General properties of the solution

Representation of the mole fractions
D a € {C,A,S}

1

-1
ﬂ Vo =CuexXp(=2,0 =2 (0.9)") with ¢, = yaU exp(—z,p— A (82¢)2)dzj

0

First integral of Poisson equation

1
|] YVetyatys=1 = 522 (82(0)2 =log(cg + ¢ exp(—z.@) + ¢, €xXp(—z,9))

Behavior of O_¢ at the boundaries

| I
|] 0= j(chc +2z,y,)dz = —12j822¢dz =2"(0.9(0)—0.p(1))
0 0
—=> e exXpP(—zc@ )+, €Xp(—Z,@ ) = Cc €XP(—Z Py ) +Cp €XP(—Z, )
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Asymptotic analysis of boundary layers
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Asymptotic analysis of boundary layers

B: gol (2) = (00(2) + ﬂwl(z) +...

Vi(2)=y2(2)+ Al (2) +...
z=0 z=1

L B R
z=A& z=1+4¢&
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Asymptotic analysis of boundary layers

B: ¢'(2)=¢"(2)+ 19" (2)+...
Va(2)=yo(2)+ Wy (2) +...

z=0

L

z=A&

L ¢/ (§)=9"(AE)

Ve (§)=yi(A8)

PDEs for multiphase advanced materials

Ri ()= (1+28)

Vo (E)=yi(1+28)
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Asymptotic analysis of boundary layers

B: ¢'(2)=¢"(2)+ 19" (2)+...
Ya(2)=yo(2)+ Ay (2) +...

z=0 z=1
L B R|
z=A¢ z=1+ A&
L: R
Var (&)=Y, (O + AT, (&) +... Vo (&) =T () + AV, 2 (E) +...
01 (&) =0, (&) + 2P, () +.. Dr (§) = Pp(E) + APR(E) + ...
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Asymptotic analysis of boundary layers

( ) - —¢L ( ) - —(DR
z=0 z=1
L B R
z=A¢E z=1+A¢

Matching conditions
1im5ﬁ)(§)=(00(2=0) I Jim 1 GR(§) =9 (z=1)
lim 0 PL(E)=0 ghm 0:0x(5)=0

§¢L (O) ag@R (0)
lim Vor (&) =1"(z=0) I Jim Vor(§)=»"(z=1)
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Simulation: Potential

0 L
e Sa fﬁ/ ff " HHIII'\\\
e J." IIII \
0.6 i | v -
L bulk R
>
& 0.4;

9, g ]

0.2 z=\g; XLz z=1+AS

% 10 0 | =1 0
E i 2 a R
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Simulation: Potential

0.6 | |
L bulk R
>
0.4 - Y
= D
9 { L ]
0.2 Z=A“E-'L x=L7z Z=1+)“§R
0 1 i
0 . 10 0 1 =00 0
St 2 SR
iy —
o o cc\PrR T FL
(D:]j—;"¢R + 1 ln A IZT
“ATc | fe - eXp(ﬁ Zpy (P —0))
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Simulation: Mole fractions

-------
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Simulation: Material pressure

0 0 0 | | -1 0
E.tL z OEJR
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Simulation: Material pressure

200 \
Ol . . . |
0 10 0 [ -1 0
éL Z OEJR
Recall
X=—p+eg,(1+ ;()(Vgo@)Vgo—%‘Vgo‘zl) = constant = 0.1 MPa
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Simulation: Nernst-Planck versus correct model

1.5

-,
—Yg 300
§
= 200}
100}
ok
10 ~10 0 0 10 ~10 0
Sk S Sk
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Mathematical modelling of Li-ion batteries at WIAS

Phase Transition Interfaces

due to fast charging Conditions across singular surfaces
Viscous Cahn-Hilliard-Lame improved Butler/Volmer rates

N
{e <]
Many-particle cathode Carbon layer anode
= - Li+ = ]
( v

Phase Transition Electrolyte

due to slow charging Reaction-Diffusion-Fourier-Poisson

Nonlocal Fokker-Planck

improved Nernst-Planck fluxes
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Binary mixture with constant total mass

Diffuse interface model

ou+0 . f=0  f=-MO (u+you)

o
pu=F"(u)— B0, u
M,y,>0

PDEs for multiphase advanced materials
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Diffuse interface model

Binary mixture with constant total mass

ou+o.f=0  f=-MO (u+ydu)  pu=F'(u)-po u
3 M,y,>0

Free energy balance

0w +0,(f (u+ yu)-poud ) ==y =Fa+L o

Entropy production

E= Py @) 20
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Sharp Interface model

" Binary mixture with constant total mass

ou+o_f =0 f =—Mo_u u=F'(u)

Free energy balance Entropy production

WO (f=-E  W=F@ &= f'20




Sharp Interface model

" Binary mixture with constant total mass

ou+o_f =0 f =—Mo_u u=F'(u)

v
S - |
M Free energy balance Entropy production
1
| owra == y=F@) &= 720
- Binary mixture with constant total mass ‘ =2 -2 ‘

+ .

Ou+[[m]1]1=0 with m; =f"—u"X%

m=—x,

Kinetic relations

.i_. . +

ﬂl—ﬂi L. L .t _
1 =£ ! 12) m.l with [ pos.def. | g =F+(1-u)u

__[[1u2]] L21 L22 m

2 Hy, =F —up

Interface
|

Free energy balance

oy, +llym+ full=-¢ with v, =F/(u) Hy = F'(uy)

Entropy production My =F +—u)

: & =—{[m (14, — )+ my (p, — 14,)1120 o = F —u




Sharp limit of the viscous Cahn-Hilliard equation

Ou+0 (F'(u)—Be’0 _u+ys’0u)=0

PNF< for multinhase advanced materials Cortona
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Sharp limit of the viscous Cahn-Hilliard equation

Ou+0 (F'(u)—pPe’0 _u+ys’ou)=0 Q. —> | Q. ‘.

Assumpti ' ' (1)
ptions of formal asymptotic analysis

VCH has a solution ¢°(¢,x) with transition layer

Existence of an interface [°(¢) ={x e (0,1): u*(¢,x) =u.}

Interface J[¢ (z) at xf (t) separates () into ) = [0, xf ) and Q" = ( xf 1]
Outer expansion u° (¢, x) = u(t,x)'” + su(t,x)" + O(&*)

1 ~
Inner coordinate z = — (x— xl(g) (¢)) and inner variable u(¢,2)" =u’(t,x;{ +£z)
&

Inner expansion #°(t,z) =1 (t,z)"” + & (t,z)"" + O(&?)
Expansionof  x°(£)=x, (1) + ex’ ()" + O(&?)
Matching conditions between inner and outer quantities

it z2) > u @, xV(t) for z—>to ...
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Sharp limit and interfacial entropy production

Cahn-Hilliard entropy production
1 2 2 2
Sen =— (") +ye"(Ou”)
M
In inner coordinates

Esu(2) = E8(xf +£2)

Without viscosity

> 1 J. | N R
H@O = (V@ =@ @ @) 20 wit uy =
I

With viscosity

E0(2) = &) (@ (2)~u, ) + 70,0 (2))*) > 0

PDEs for multiphase advanced materials Cortona September 2012  \

AS)



Sharp limit and interfacial entropy production

Cahn-Hilliard entropy

o =2 () +

F(u)z%uz(u—l)2 M=1 p=1

— 7O®z) =L+ annEEE

) u =0 " =1
2 2 2

In inner coordinates

Esu(2) = E8y(xf +2)

Without viscosity

1

~ | : ~ . + +
= (SO =GO A @0 20 it uy = -
I




Sharp limit and interfacial entropy production

Cahn-Hilliard entropy F(u)= %uz (1 — 1)2 M=1 B=1

& 1 EN2
=— +
§CH M (f ) ) S Lf\[(o)(z) _ l+ltanh(z+a

) u =0 " =1
2 2 2

In inner coordinates
Scn(2) = Een(x) +€2)

Without viscosity

~ | , - _ | .
S @)=/ =E @@ =) 20 with uy=u - O
I

Properties of the Cahn-Hilliard entropy production

[ non-monotone (}) for  u, €[0,1]

u?e[ol] —> gc(g)(z) =< monotone with azgc(g) (z)<0 for u,>1

| monotone with 0_E)(2)>0 for u, <0




Diffuse entropy production versus interfacial entropy production

/—'——j —
0.6 ; ] / —
- /u,=02 - / =2
k3 ] 3] /
204 : =R
N/ :
2z 5=00 N/ | 2
£02 , 2
s \/ —— .
Y01 / ] u, = 1.5
. | :

-75 =5 =25 0 2.5 5 7.5 -75 =5 =25 0 2.5 5 7.5
z
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Diffuse entropy production versus interfacial entropy production

Proposition (Dreyer, Guhlke 2012)

@ u,<[0.1]

. I(O) — O

0 +00
1 (0 0),— 20 0),
@ &'=[CEN@-V)dz+ [(EQ()-£0dz
e 0
@ ¢ < for y=0 u, €[0,1]
@ I(1) > (0 for y>6 (viscous Cahn-Hilliard)
0.6 — - —
— : 8 =
g 0.5 //“0 =0.2 5 / u)=-2
204 f 320 /
s =< e
503w, =0.6 ‘)/ 4 //
) 0 \ ® / ] )
© 0.2 : 2
5 \ - %2 ~<
0.1 / i u0 =1.5
0c_ e ‘ ‘ : ;
-75 -5 -25 0 25 5 15 -75 -5 -25 0 25 5 15

\\
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