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Definition

Given s € (0,1) and a bounded open set @ C R™ with

Cl7-boundary, the s-perimeter of a (measurable) set E C R in
is defined as

Per,(E; Q) := L(ENQ, (CE) N Q)

+L(ENQ, (CE) N (CQ)) + LE N (CQ), (CE) N Q), o

where CE = R" \ E denotes the complement of E, and L(A, B)
denotes the following nonlocal interaction term

L(A,B) :://mdxdy VA,B C R". ©
AJB -

This notion of s-perimeter and the corresponding minimization
problem were infroduced in (Caffarelli-Roquejoffre-Savin, CPAM
2010).
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Motivations

The limits as s \, 0 and s 1 are somehow the critical cases for
the s-perimeter, since the functional in (1) diverges as it is.
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Motivations

The limits as s \, 0 and s 1 are somehow the critical cases for
the s-perimeter, since the functional in (1) diverges as it is.

In (Caffarelli-Valdinoci, CVPDE 2011) and (Ambrosio-De
Philippis-Martinazzi, MM 2011) it was shown that

(1 — s)Pery — Per, ass /1

(up to normalizing multiplicative constants).
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Motivations

The limits as s \, 0 and s 1 are somehow the critical cases for
the s-perimeter, since the functional in (1) diverges as it is.

In (Caffarelli-Valdinoci, CVPDE 2011) and (Ambrosio-De
Philippis-Martinazzi, MM 2011) it was shown that

(1 — s)Pery — Per, ass /1
(up to normalizing multiplicative constants).

4

Surfaces of minimal s-perimeter inherit the regularity properties of
the classical minimal surfaces for s sufficiently close to 1; see
(Caffarelli-Valdinoci, Preprint).
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Asymptotics of the s-perimeter as s \, 0

Preliminaries

We are interested in the quantity

u(E) := lim sPer, (E; Q) 3)

whenever the limif exists.
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Preliminaries

We are interested in the quantity
w(E) = 21\1% sPerg(E; Q) (©))
whenever the limit exists. Of course, if it exists then

WE) = p(CE),

since
Perg(E; QY) = Perg(CE; Q).
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Asymptotics of the s-perimeter as s \, 0

A special case

First we take E c . We have

xe() —xg()* _ s
sPers(E; Q) = sL(E,CE) = /n /n %= y‘n+s =3 [XE]HS(Rn) .
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Asymptotics of the s-perimeter as s \, 0

A special case

First we take E c . We have

xe() —xg()* _ s
sPers(E; Q) = sL(E,CE) = /n /n %= y‘n+s =3 [XE]HS(Rn) .

A result in (Maz’ya-Shaposhnikova, JFA 2002) implies that

. 2
l{%SPeI‘S(E; Q) =wp_1 \XE|L2(RH) )
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A special case

First we take E c . We have

xe() —xg()* _ s
sPers(E; Q) = sL(E,CE) = /n /n % — y‘n+s =5 [XE]ps mny -
A result in (Maz’ya-Shaposhnikova, JFA 2002) implies that

. 2
E{%SPM‘S(E; Q) =wp_1 \XE|L2(RH) )

that is,
H(E) = wn_1|E| = M(E),

the normalized Lebesgue measure.
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Asymptotics of the s-perimeter as s \, 0

Some properties of p

We define £ to be the family of sets E C R” for which the limit
defining p(E) in (3) exists.
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Some properties of p

We define £ to be the family of sets E C R” for which the limit
defining p(E) in (3) exists.

Proposition

wis subadditive on &, i.e. W(EUF) < p(E) + p(F) foranyE, F € £.
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Asymptotics of the s-perimeter as s \, 0

Some properties of p

We define £ to be the family of sets E C R” for which the limit
defining p(E) in (3) exists.

Proposition

wis subadditive on &, i.e. W(EUF) < p(E) + p(F) foranyE, F € £.

Hence, a natural question: is ;. a measure?
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Asymptotics of the s-perimeter as s \, 0

Some properties of p

We define £ to be the family of sets E C R” for which the limit
defining p(E) in (3) exists.

Proposition

wis subadditive on &, i.e. W(EUF) < p(E) + p(F) foranyE, F € £.

Hence, a natural question: is . a measure? No.
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Some properties of p

Proposition

w is not necessarily additive on separated setsin £, i.e. there exist
E F € £ such thatdist(E,F) >c¢ >0, but y(EUF) < u(E) + p(F).
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Some properties of p

Proposition

w is not necessarily additive on separated setsin £, i.e. there exist
E F € £ such thatdist(E,F) >c¢ >0, but y(EUF) < u(E) + p(F).

For this, we observe that if x € B; and y € CBy then
lx —y| < |x| + |y| < 2|y|. therefore

sL(B CB)>cs/dx dy L >cs/+00dp>c
1,Cb2) > c1 s = C2 i = €3
B, Jepy, I g pHte

for some positive constants ¢y, co and cs.
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Some properties of p

Now we take E := CBy, F := Q) := B;. Then

PerS(E'; Q) :L(Bl,CBz),
Pery(F;Q) = L(B1,CB1) = L(B1,CB3) + L(B1,B2 \Bl)
PerS(E UF; Q) = L(Bl,Bz \Bl)

Therefore

s Perg(E; Q) + sPerg(F;?) = 2sL(B1,CBg)+sL(B1,B2\ B;)
> 203 +SL(Bl,Bg \Bl)
= 2c3+sPers(EUF;Q).

By sending s \, 0, we conclude that u(E) + u(F) > 2cs + n(EUF),
SO u is not additive.
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Asymptotics of the s-perimeter as s \, 0

Some properties of p

Proposition

u is not necessarily monotone on &, i.e. itis not frue thatE C F
implies w(E) < u(F).
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Some properties of p

Proposition

u is not necessarily monotone on &, i.e. itis not frue thatE C F
implies w(E) < u(F).

For this we take E such that u(E) > 0 (for instance, one can take
E asmall ball inside ©), and F := R": with this choice, E C F
and Per, (F; Q) = 0,50 u(E) > 0 = u(F).
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Some properties of p

On the other hand, in some circumstances the additivity
property holds frue:

Proposition

u is additive on bounded, separated setsin &, i.e. ifE,F € £, E
and F are bounded, disjoint and dist(E,F) > ¢ > 0,
thenEUF € £ and W(EUF) = p(E) + u(F).

Cortona, September 21, 2012 3IIO /
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Asymptotics of the s-perimeter as s \, 0

The main result

There is a natural condition under which p(E) does exist, based

on the behavior of the set E towards infinity, which is encoded in
the quantity

. 1
o@)=ligs [ o @
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The main result

There is a natural condition under which p(E) does exist, based

on the behavior of the set E towards infinity, which is encoded in
the quantity

1
B) = lims / L, @
o(E) N0 Jmnesy 1M Y
We set -
aE) = &) (5)
Wp—1
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Asymptotics of the s-perimeter as s \, 0

The main results

We have the following:

Theorem

Suppose that Per, (E; ) < oo for some sg € (0, 1), and that the
limit in (4) exists. Then E € € and

WE) = (1- &(E)) M(ENQ) + &(E) M(Q\ E). ©)

v

Cortona, September 21, 2012 31]2 /
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The main results

In particular,

Corollary

Let E be a bounded set, and Per;,(E; ) < oo for somesg € (0, 1).
ThenE € £ and
wE)=MENQ).

In particular, if E C Q and Pers,(E; Q) < oo for some sy € (0, 1),
then w(E) = M(E).

Cortona, September 21, 2012 3113 /
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The main results

Also,
Theorem
Suppose that Per, (E; ) < oo, for some sg € (0,1). Then:
O IFIQ\E|=|ENQ|. thenE € £ and w(E) = M(ENQ).
() IFIQ\E| # [ENQ| and E € &£, then the limit in (4) exists and

 u(E) - MENQ)
B = IonNE - [Ena]

Cortona, September 21, 2012 3114 /
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Example 1

Example

There exists a set E with C*°-boundary for which the limits
defining u(E) in (3) and a(E) in (4) do not exist.

Cortona, September 21, 2012 3115 /
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Some examples

Example 1

Serena Dipierro (SISSA

/

rieste, Italy)
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Example 1

We start with some preliminary comutations. Let a;, := 10%, for
any k2 € N. Foranyj € {0,1,2, 3}, let

Ij = {x cRst. dJkeNst xe [a4k+j,a4k+j+1) }

Notice that [1, +o0) may be written as the disjoint union of
the I;’s.

Cortona, September 21, 2012
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Example 1

We start with some preliminary comutations. Let a;, := 10%, for
any k2 € N. Foranyj € {0,1,2, 3}, let

Ij = {x cRst. dJkeNst xe [a4k+j,a4k+j+1) }

Notice that [1, +o0) may be written as the disjoint union of

the I;’s.

Let p € C([0, +00), [0,1]) be such that ¢ =01in [0,1] Uy, ¢ =1

in Iy, and then ¢ smoothly inferpolates between 0 and 1in I; UIs.

Cortona, September 21, 2012 3117 /
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Example 1

We claim that there exist two sequences v, — +oo
and vy — +oc such that
—+00 —+00

lim o(vgpx)e*dx =0 and lim o(ripx)e “dx = 1.
k—+o0 Jo ’ k—+o00 Jo ’ )

Cortona, September 21, 2012 3118 /
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Some examples

Example 1

We take vy, := agy1/k aNd vy, := ayg,y3/k. We observe that, by
construction, ¢ = 01N [a4, a4r1) ANd ¢ = 1N [asri2, @ari3).

SO ¢(vprx) = 0 forany x € [kbgp, k) and ¢(vqx) = 1in [kby g, k),
where

a a
boy == 4 _ 10-Bk+D) gngd biyi= 4k+2 _ 10— (8k+5)
Q4k+1 A4pi3
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Example 1

We take vy, := agy1/k aNd vy, := ayg,y3/k. We observe that, by
construction, ¢ = 01N [a4, a4r1) ANd ¢ = 1N [asri2, @ari3).

O p(vppx) = 0 for any x € [kboy, k) and p(vy4x) = 1in [kbyy, k),
where

bO,k = Qy4p — 10—(8k+1) and bl,k = A4p+2 _ 10—(8k+5).
Q4p+1 A4pi3
We deduce that

+o0 kbo,k +o00o
/ W(Vo,kx)e_x dx < / e “dx+ / e ¥dx=1—e kbor 4 ok

+o0 k
and / p(v1px)e " dx > / e Xdx = e F01r _ ok
0 E

b1

Cortona, September 21, 2012 19 /
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Example 1

We take vy, := agy1/k aNd vy, := ayg,y3/k. We observe that, by
construction, ¢ = 01N [ag, @4r+1) AN ¢ = 1N [aapi2,Qar+3).

SO ¢(vprx) = 0 forany x € [kbgp, k) and ¢(vqx) = 1in [kby g, k),
where

boj = —2 = 10~ and by, = T2 _ 10~ (Bk+5),
We deduce that

+oo kbo,k +oo
/ p(vopx)e " dx < / e *dx + / e dx=1—e kbos 4 ok
0 0 A

400 k
and / p(v1px)e " dx > / e dx — e F0LE _ ok
0 k

b1

This implies (7) by noticing that

lim kbgr =0= lim kby,.

— 400 H+OO

Cortona, September 21, 2012 19 /
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Example 1

Now we construct our example. We take (2 := By 5 and
E :={x=(pcosy,psiny),p>1,v€[0,0(p)] } C R% where
0 (p) :== ¢ (logp). Then,

+00 9(p
: /Em (CB1) M”’LS / / prts d@ dp

+oo
:s/l 0(p)p1+sdp—s/0 o (F) e dr

_ /0+°° o (H)eax,

by the changes of variable logp =r and rs = x.

Cortona, September 21, 2012 32]0 /
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Example 1

If we set v = 1/s, the limit in (4) becomes the following:
+o0o
a(E) = lim ¢ (vx)e * dx,

V—00 0

and, by (7), we get that such a limit does not exist.

Cortona, September 21, 2012 32] 1/
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Example 1

If we set v = 1/s, the limit in (4) becomes the following:
+o00
a(E) = lim ¢ (vx)e * dx,

V—00 0

and, by (7), we get that such a limit does not exist.

Since [Q\ E| = |By2| > 0= [ENQ|, the limit defining 1(E) in (3)
does not exist either.

Cortona, September 21, 2012 32] 1/
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Example 2

Example

There exists a set E with C*>°-boundary for which the limit defining
w(E) in (3) exists and the limit a(E) in (4) does not exist.

Cortona, September 21, 2012 32]2 /
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Example 2

It is sufficient to modify Example 1 inside 2 = By 5 in such a way
that |2\ E| = |[E N Q|. Then (4) is not affected by this modification
and so the limit in (4) does not exist in this case too. On the other
hand, the limit in (3) exists, thanks to Theorem 3().

Cortona, September 21, 2012 32]3 /
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Example 3

Example

There exists a set E for which Pers(E; Q) = +o00 forany s € (0, 1).
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Some examples

Example 3

We take a decreasing sequence j, such that 5, > 0 for
any k > 1,

+oo
M:=) f <+oo
k=1

but

+oo
Y BLt =400 Vse(0,1). ®
k=1

Serena Dipierro (SISSA - Trieste, Italy)
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Example 3

We take a decreasing sequence j, such that 5, > 0 for
any k > 1,

+oo
M:=) f <+oo
k=1

but N
Y BLt =400 Vse(0,1). ®
k=1

For instance, one can take g := IL

1
and 3, := ——-— for
0g?2 P k

log?k

any &k > 2.
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Example 3

Now, we define
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Example 3

Now, we define

Q=0,M)CR,  om=) B,

“+o0o
Iy, = (om, Om+1), E = Ulzj'

Notice that £ c Q and

+o0o
Per;(E;Q?) = L(E,CE) >ZL (Ioj,I9j+1)
+°° O+l [O%+2
_ / / |1+s dedy. O
02j 02j+1
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Example 3

An infegral computation shows that if a < b < ¢ then

/ab /bc P _ile dxdy = s—(ll—s) [(c—b)lfs—i-(b—a)l’s— (c—a)lfs].

Cortona, September 21, 2012 32‘7 /
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Example 3

By plugging this intfo (9), we obtain

s(1 — s)Pers(E; Q)
+oo

> [(02j+2 — 09741)" " + (09i11 — 095)' 7 — (0gj42 — Uzj)l_s]
j:l

= Z oo + Bojiy — (Bojrz + Bojv1)'™°
(10)
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Example 3

Now we observe that the map [0,1) > ¢ — (1 +¢)1% is concave,
therefore

A+ <14+1-s)t<141—s)t'®
forany t € [0,1), that is

1415 — (1405 > st

Cortona, September 21, 2012 32]9 /
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Example 3

Now we observe that the map [0,1) > ¢ — (1 +¢)1% is concave,
therefore

A+ <14+1-s)t<141—s)t'®
forany t € [0,1), that is
1+t — A+ > sl
By taking ¢ := Bgj12/B9j+1 And then multiplying by ﬂ2 1. We obfain

52J+1 52J+2 (Bojr1 + Bojre)t™ >Sﬂgj+2

Cortona, September 21, 2012 32]9 /
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Example 3

By plugging this into (10) and using (8), we conclude that
Per,(E; Q) Zﬁw =400 Vse(0,1),

as desired.
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Thank you very much for your attention!
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